PHAN TiCH KET CAU TAM SANDWICH CHIU UON
THEO LY THUYET CHUYEN VI BAC CAO
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Truong Dai hoc Xay dung

Tém tat: Muc dich cua bai bao la danh gié sai s giita céc mé hinh tinh theo cac
ly thuyét bién dang cét khac nhau trong phén tich tng x& tinh cta két céu tdm
composite dang sandwich. Loi gidl gidl tich dwoc xdy dwng theo phwong phap
nghiém Navier cho két céu tdm twa bén 1é trén chu vi. Céc két qua sb duoc so
sé&nh véi cac két qué cua moét sé tac gid khac da céng bdé nham kiém chirng 1o
giai cta cac mé hinh tinh ma bai bao duwa ra.

Summary: The goal of the present study is to assess the accuracy of few
computational models based on different shear deformation theories in predicting
static behaviors of sandwich plates. The performances of various models are
evaluated on simply supported sandwich plates. The equations of equilibrium are
obtained using the principle of minimum potential energy. Analytical solution
method is based on Naviers technique by solving the boundary value problem.
The accuracy of each model is established by comparing the present results with
the elasticity solutions and the results are already available in the literature.

1. M& dau

Két cdu sandwich |& mét trong nhitng két cdu dwoc s dung rong rai nhéat trong cac
nganh céng nghiép hang khéng, vi try, tau, thuyén, 6 to,..., va nhiéu linh vic cdng nghiép dan
dung khac. Két cu nay cé nhiéu loi thé so véi két cdu théng thuweng nhw dd bén va do cing
ubn cao, trong lwong nhe, cach am, cach nhiét tét, gia ca hop ly. Cac két cdu dam va tdm
sandwich dién hinh thwong bao gébm phan 16i dang té ong, dang bot, hay bot gé nam gitra hai
I&p bé mé&t ddng huéng hodc di hwdng. Cac I6p bé méat duoc thiét ké dé chiu dwoc chi yéu
(ng suét ubn, trong khi I&p 18i chl yéu chiu trng suat ct. Bang cach dua I6p vat liéu bé mét ra
xa mat trung binh, d6 cirng udn cua két ciu duoc ting cwdng twong tw nhw dam tiét dién chiv 1.
1,2, 3]

Ly thuyét tAm nhiéu I&p cd dién [8] phat trién trén co s& ly thuyét tAm cb dién, bd qua &nh
hwéng cla bién dang cét ngang da khong con thich hgp khi phan tich cac két ciu tAm nhiéu
|&p, va dac biét 1a tAm sandwich. Ly thuyét bac nhét cta Reissner-Mindlin [4;6] da gia thiét
trwdng chuyén vi bién thién bac nhat doc theo chiéu day két ciu, tuy nhién can phai xac dinh hé
sb hiéu chinh cat khi chiéu day tAm tang lén. D& khac phuc han ché nay cua ly thuyét bac nhét,
ly thuyét chuyén vi bac cao da dwoc dé xuét khi ké dén cac sb hang bac cao trong khai trién
chudi Taylor ham chuyén vi theo toa d6 chiéu day két ciu. Sé lwong cac sb hang bac cao la
cac an sb can tim phu thudc vao tirng ly thuyét.
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2. Cac m6 men chuyén vi
Dé phan tich trwong (ng suét va bién dang trong két cu tAm sandwich chiu uén, ngudi

ta thwong st dung cac mé hinh chuyén vi sau day:
a. M6 hinh 1 [12]
U=Ug (X, Y)+26 (X, y)+22Ug(X, )+ 2365 (X,Y)
V=g (X, Y)+20, (X, ¥)+ 22V (X, ¥) + 226 (X, Y)

W=Wo (X, Y)+126, (X, y)+2w’s(x, ) + 2%, (x, y)

(1)

trong do: Uy, Vg, Wy la cac thanh phan chuyén vi cia mat trung binh theo cac phwong x, y ,z.
6,6, 1a cac goc xoay clia mat phap tuyén quanh hai truc y, x.

US,VS,WS,@:,H;,H: la cac thanh phan bac cao trong khai trién chudi Taylor.
b. M6 hinh 2 [8]
V&i gia thiét chuyén vi phap tuyén 1a hang sé theo toa do chiéu day, phwong trinh (1) tré

thanh:
U=Ug (X, Y)+26 (X, Y)+Z2°Ug(X, ¥) + 2%, (X, Y)
V=V (X Y)+26, (X, ¥)+ 22 (X, ¥) + 2°F, (X, Y) )
wW=Wy (X, Y)

c. M6 hinh 3 [9]
Trwdng chuyén vi dwoc gia thiét dwéi dang:

u=Up(xy)+20x(xY)
V= (X y)+260y (x.y) ®3)

w=wp(X,Y)

d. M6 hinh 4 [9]
Theo mé hinh nay, trwéng chuyén vi gia thiét dwéi dang sau:

u=up(xy)+ Z{ex (x y)—g(ﬁf {ex (x, y)+%}}

V=g (X, y)H{@y (%, y)—g(ﬁf {ey (x, y)+%}}

w=wp(X,Y)

(4)

e. M6 hinh 5 [9]
Khi gia thiét chuyén vi phap trong mat trung binh cé thé phan tich thanh hai thanh phan

chuyén vi phap Wy do udn va chuyén vi phap WG do cét, treong chuyén vi co dang:
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0
u=ug(x,y)-z—>r-——=
0(%y) X 3p2 OX
owy 423 owg
v:vo(x,y)—z—o——z—O (%)
o 3hc Oy

w = wg (X, y) + WG (X, Y)

V6&i cac md hinh chuyén vi k& trén Azar [1], Liaw va Little [3], Reissner [5] da xay dwng |&i
giai giai tich theo mé hinh chuyén vi bac nhat véi cac két qua sé cho cac két ciu va vat liéu cu
thé. Mé hinh chuyén vi bac cao duo’c Reddy [8] T.M.Tu [10],... st dung dé xay dwng thuat toan
phan t& hiru han cho tinh toan sb cac két ciu tAm va vd composite 16p.

Trong bai nay, tac gia xay dwng |&i gidi giai tich v&i hai mé hinh chuyén vi: bac ba day du
(md hinh 1) va bac ba khéng day dd (mé hinh 2) cho két cAu tAm sandwich chir nhat tya ban 1&
trén chu vi nham cung cap thém mot két qua dé kiém chirng véi cac 1o gidi phan t& hivu han
trong moét sé trwdng hop riéng.

3. Trwerng bién dang va (rng suat

Xét tAm sandwich co I1&p bé mat gdm céac I&p composite cbt soi ddng phwong, 1&p 16i co
chiéu day khéng dbi va 16n hon nhidu so véi chiéu day Iép bé mét. Kich thwdc hinh hoc cla
tdm sandwich thé hién trén hinh vé 1.

£.3
1 MAT
TRUNG FiNH

Jl.='_i!4I 1_[.=1

Hinh 1. Kich thuwéc hinh hoc tdm sandwich
T& m6 hinh chuyén vi bac ba day da (1), ta nhan dwoc trwdng bién dang cé dang sau:
Ex =Uny = &40+ 2Ky + 226, + 23Ky

* 3 *
0 t+2°ky

—U. = 2
gy =Uy, =&y+2Ky+2%,

&1=Uy =650+ 2K 122650+ 2°K; g = Uy +V = g0 + ZKyy + 22050+ 2Ky (6)

42 TAP CHi KHOA HOC CONG NGHE XAY DUNG



_ _ 2.* 3%

Vxz = Uy + Wiy = ¥y00+ZKyg + 277450 + 27Ky,

_ _ 2.% 3,*

Vyz =V Wy =750 +zky, +2 Vy20 + 2Ky,
T

* T * *
Exo €y0 7xy0} { y+VOx} Hew anf={0, 36

;
yy 0 Oyx +9X'y}

- - & . T
b, 0 6,,+0,|

X'X yy

&
{
fke Ky K, kXy}T:{HX.X 0,
{
| T

Vyz0 7sz}T:{9y+W0'y QX"'WO'X}

oy

730 7;zO}T =36 39§}T {5 k;Z}T :{% %; }

T
T * 00, * 00,
{kXZ kyZ} = {ZUO + aXZ 2V0 + z }

(7)

V&i vat liéu dan hdi tuyén tinh, tng suét trong 16p thir k dwoc suy ra tir dinh luat Hooke:

o [Qu Q Qs Q. 0 0] [g
o, Qe Q Q 0 0| |g
9| _ st Q34 0 0 &,
O-XY Q‘IM 0 0 . 7/ Xy
o DX Qs Q| |7n
0% ], Qs ), [7a)s

(8)

trong d6 QIJ la cac hang s6 ma tran dd cing 16p vat liéu thir k trong hé truc toa dd tbng

thé cla két ciu, dwoc xac dinh qua ma tran bién déi hé co s& (rng suét, bién dang va cac hng

s6 ma tran d6 cing Qij cla l&p vat lieu xac dinh theo cac mé dun ky thuéat [10].

Tich phan cac thanh phan (ng suét doc theo chiéu day tdm ta thu dwoc cac thanh phan

noi lwc.
N M N N
Ny My Ny My :Zn:hk oy [1 . 2 Z:-;sz
N, Mz N 0| idy |92
Ny My, Ny My 7
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* * n hk
O S Qi Si =ZJ[GXZ} [1 7 72 23sz 9)
Q Sy Q Sy| ian L7k

Quan hé nodi lyc - bién dang co thé biéu dién dwéi dang sau

* * * * * T
{NX Ny Nx Ny N, Ny My My My M MZ} -

: (10)
[A]{SXO Ey0 &x0 €y0 €20 €20 kx ky ky ky K,
ny
N;y * * * * * T
M =[B]{€xo &yo &x0 &y0 €20 €20 Kx Ky Ky ky kz} +
Xy
My
y
(11)
7xy0
J{B'] 7xy0
Kxy
Kxy
QX 7XZO }/yZO QZ 7)(20 7/yZO
* * *
> - Q * .
(gx =[D] 7xz0 +[DJ 7y20 ; y =[E] 7xz0 +[E} 7yz0 (12)
X I(XZ kyZ Sy kxz kyz
Sx Kxz k;,z Sy Kxz k;z

Biéu thirc cu thé clia cac ma tran [A], [A], [B], [B’], [D], [D], [E], [E] dworc thé hién trong [6].
4. Hé phwong trinh can bang

Cac phuong trinh can béng ctia tAm dwoc thanh 1ap bdi nguyén ly cuc tiéu thé néng toan
phan [4].

* N*
Ny, Ny . aNX+a W _2s,=0
x oy ’ x oy X

*oN
Ny Ny . Ny Ny o,
x oy ’ ox oy y

0 " Q * 2

—aQX+—Qy+pz: , R —L_om; " P, =0 (13)
ox oy x oy

T oM
6'\/IX Mxy _Q _ al\/IX + Xy —BQ* 0
x oy F X oy X
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aMxy+aMy_Q B aMxy+aMy_3Q .
—Y_qQy=0; -
X oy OX oy y

s st Sv .« 13
aS—X+—y—Nz+hpZ:0; —X+—y—3Nz+h—pZ:0
ox oy 2 ox oy 8

Biéu dién cac thanh phan bién dang trong (10), (11) va (12) theo cac thanh phan chuyén vi
trong (7) ta nhan duwoc biéu thirc cac thanh phan ndi lwc theo chuyén vi. Thay cac thanh phan noi
Iwc biéu dién theo chuyén vi vao (13) ta nhan dwoc hé phuwong trinh can bang theo chuyén vi.

5. L&i giai giai tich
V&i tAm chi¥ nhat twa ban 1& trén cac canh, diéu kién bién gom:
Tréncanhx =0vax =a:
V=0, wp=0, 6,=0, 6,=0, M, =0, v;=0,

wy=0, 6, =0, ¢, =0, My=0, N,=0, Ny=0.

Tréncanhy=0vay=a:
Up=0, wy=0, 6,=0, 6.=0, M,=0, up =0,

wy=0, 6,=0, 6, =0, M,=0, Ny,=0, Ny=0.

Céac ham chuyén vi dwoc chon dwdi dang chudi kép Fourier thod man diéu kién bién (14)
va (15):

o oo o 00
mzx . nzy * * mzx . nry
Ug = Ugmn COS——Ssin—=; u, = u cos——sin—+
m=1n=1 m=1n=1
o mzx _ nrzy o mzx _ nry
- * -
Vo = Vomn SIN——Cos—— ; v, = v sin——cos—=
— mzx . Nnzy e * mzx . Nnzy
Wo :mz_:lnz_‘iw()mn sstmT Wy :mz_:lnz_:womn sstmT
o mzx . nzy o mzx . nzy
. * * .
Oy :rnz_:lnz_;exmn cosTsmT N =mz_:1nz_:6’xmn cosTsmT
nzy © e mzx _ nzy
Oy = 7 —cC0s——; 6 = 0 sin ——cos——
y ZZ Ymn S b y ZZ Ymn a b
m=1n=1 m=1n=
mzx
QZ_ZZHZmn X sjn V7Y y 0" _ZZHZ smism Ey (16)
mn
m=1ln=1 m=1n=1
Khai trién tai trong dwéi dang:
mrzXx nry
p; = Z Z Pzmn sm—sm 5 (17)

m=1n=1
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Thay (16), (17) vao hé phuwong trinh can béng theo chuyén vi (nhan dwoc tir (13)) ta thu

duwoc phwong trinh:

0
UO 0
Yo Pz
WO O
0, 0
49y h
6, Pz 2

*

[H ]12X12 U = 0 (18)
v 0
Wi p h?

0 7,
N 4
Ox 0
5k
0, 0 ,
* h
92 12x1 Pz ?

v&i gia tri bat ky ctia m, n. Cac sb hang clia ma tran [H] duwoc xac dinh véi sy tre gitp ctia phan
mém tinh toan MAPLE 10

6. Két qua so

Céac vi du sb dwéi day dwoc thye hién nham tinh toan trwéng chuyén vi va trwdong (g

suét trong tAm sandwich theo cac md hinh chuyén vi khac nhau. V&i mé hinh bac nhét, 14y hé
sb hiéu chinh cat bang 5/6. Céac vat liéu st dung khi tinh toan c6 cac hang sé dan héi sau [9]:

-Lop bé mat: : E1=131 GPa; Ex=E3= 10,34 GPa; G1,.=G23=6,895 GPa; G13=6,205 GPa;
V12:V13=0,22; V23=0,49.
- Lop l6i; Ei1=E,=Es= 2G=6,9.10_3 GPa; G12=G13=G3= 3,45.10_3 GPa; vis=v13=123=0.

Cac dai lvong khéng thir nguyén tinh theo:

- [100n3E, - [100n3E, —  [100n3E,
u=u 7 , V=V Z o w=w Z )
Poa Poa Poa

- A I N he |
Ox =0y 2 1 Oy =0y 2 1 OXy =Oyxy 2 )
Poa Poa Poa

Céc thanh phan chuyén vi va (ng suét I&n nhat xac dinh tai cac diém cé toa do:
u(0, b2, #h/2) o5, o(a/2, bl2, #h/2)
V(a/2,0, #h/2) S (, 0, #0/2) : W(a/2, b2, 0)

Két qua dwoc so sanh voi:
a. Loi giai gidi tich cda Kant va Swaminathan [9] theo cac mé hinh:

- M6 hinh 3 - mé hinh chuyén vi bac nhét.
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- M hinh 4 - mé hinh chuyén vi bac nh4t cai bién (a4p dat thoa man diéu kién bién trng
suat c&t ngang mat trén va dudi bang khong).

- M6 hinh 4 - dwa trén ly thuyét chuyé&n vi bac nhét, phan tich chuyén vi theo phwong
chiéu day thanh hai thanh phan: chuyén vi do uén va chuyén vi do lwc cét (thod man didu kién
(ng suat cat ngang mat trén va dudi bang khong).

b. Loi gidi cta Pagano [14]

Pagano dwa vao ly thuyét dan hdi ba chiéu xay dwng I&i gidi giai tich cho tAm composite
I&p va tAm sandwich.

Vi du 1: TAm sandwich vuéng (0%16i/0°) chiéu day h. Chiéu day méi I&p bé mat la h/10.

Chuyén vi va (rng suét khong thir nguyén tinh véi cac ty s kich thwéc a’h khac nhau thé
hién trong bang 1.
Béng 1. B6 véng va (g suét khdng thir nguyén cia tdm sandwich vuéng (0°/18i/0°) chiu tai
trong vuéng géc phan bé hinh sin

a/h M6 hinh w ox oy o xy
Pagano [14] - 1,512 0,2533 0,1437
M6 hinh 1 (Tac gia) 7,0549 1,5131 0,2646 0,1377
4 M6 hinh 2 (Tac gia) 7,1540 1,5028 0,2388 0,1406
M6 hinh 3 [9] 7,0873 1,4182 0,2365 0,1383
M6 hinh 4 [9] 5,6205 1,5765 0,0780 0,0623
M hinh 5 [9] 4,7666 0,8918 0,1562 0,0907
Pagano [14] - 1,152 0,1099 0,0707
M6 hinh 1 (Tac gid) 2,0757 1,1520 0,1100 0,0679
10 M6 hinh 2 (Tac gia) 2,0842 1,1491 0,1039 0,0682
M& hinh 3 [9] 2,0629 1,1300 0,1030 0,0679
M6 hinh 4 [9] 1,6458 1,1746 0,0581 0,0464
M6 hinh 5 [9] 1,5604 1,0457 0,0798 0,0552
Pagano [14] - 1,110 0,0700 0,0511
M6 hinh 1 (Tac gid) 1,1928 1,1107 0,0701 0,0511
20 M6 hinh 2 (Tac gid) 1,1934 1,1088 0,0678 0,0500
M& hinh 3 [9] 1,1876 1,1039 0,0679 0,0502
Mb hinh 4 [9] 1,0704 1,1164 0,0552 0,0441
M6 hinh 5 [9] 1,0524 1,0830 0,0612 0,0466
Pagano [14] - 1,099 0,0569 0,0446
M6 hinh 1 (Tac gia) 0,9290 1,1051 0,0577 0,0444
50 M6 hinh 2 (Téac gid) 0,9286 1,0983 0,0572 0,0443
M6 hinh 3 [9] 0,9284 1,0980 0,0565 0,0445
M& hinh 4 [9] 0,9090 1,1001 0,0545 0,0435
M hinh 5 [9] 0,9063 1,0947 0,0554 0,0439
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C6 thé thay rang cac két qua ma bai bao dwa ra theo mé hinh chuyén vi bac cao c6 sai
s6 nhd (= 0,1%) khi so sanh vé&i két qua clia Pagano véi moi gia tri ctia ti sb a/h. Khi so sanh
voi cac két qua tinh theo mé hinh 2, 4, 5 cla Kant (bac nhat va bac nhat cai bién) cho thay sai
sO I&n khi ti s6 a/h nhd (tam day).

Vi du 2: TAm sandwich vuéng véi Iép bé mat gdbm hai I&6p composite ddng phwong, léch
truc va bat dbi xing [30%/-30%16i/-30%30°]. Ti sé6 chiéu day Iop 16i va chiéu day 16p bé mét
hioi/hbm=4. Chuyén vi va (rng suét khéng thir nguyén tinh véi cac ty s6 kich thwéc a/h khac nhau
thé hién trong bang 2.

Béng 2. b6 véng va tng suét khéng thir nguyén cia tdm sandwich vuéng
[309/-30%/16i/-30°/30°] chiju tai trong vudng géc phén bd hinh sin

a/h Mb hinh W Ox oy oxy
M6 hinh 1 (T4c gia) 13,0331 1,0173 0,5014 -0,5856

Mb hinh 2 (T4c gia) 13,2427 1,0105 0,4981 -0.5930

4 Mb hinh 3 [9] 8,1972 0,5576 0,3002 -0,3694

Mb hinh 4 [9] 8,0144 0,6495 0,2744 -0,3269

Mb hinh 5 [9] 2,5977 0,2803 0,1510 -0,1948

M6 hinh 1 (T4c gia) 2,9391 0,4217 0,2049 -0,2621

Mb hinh 2 (T4c gia) 2,9519 0,4240 0,2105 -2,6181

10 M6 hinh 3[9] 1,9692 0,3531 0,1699 -0,2139
Mb hinh 4 [9] 1,9047 0,3847 0,1610 -0,1992

Mb hinh 5 [9] 1,0182 0,3222 0,1415 -0,1787

Mb hinh 1 (T4c gia) 1,2838 0,3521 0,1568 -0,1994

Mb hinh 2 (T4c gia) 1,2867 0,3525 0,1583 -0,1985

20 M6 hinh 3 [9] 1,0300 0,3367 0,1471 -0,1850
Mb hinh 4 [9] 1,0107 0,3462 0,1445 -0,1806

Mb hinh 5 [9] 0,7884 0,3304 01396 -0,1755

Mb hinh 1 (T4c gia) 0,8031 0,3365 0,1424 -0,1793

Mb hinh 2 (T4c gia) 0,8042 0,3360 0,1423 -0,1781

50 M0 hinh 3 [9] 0,7627 0,3338 0,1403 -0,1762
Mb hinh 4 [9] 0,7594 0,3354 0,1398 -0,1754

Mb hinh 5 [9] 0,7237 0,3328 0,1391 -0,1746

Bang 2 cho thay khi tAm day (a/h = 4-10) sy sai léch vé két qua git*a mé hinh bac cao
(mé hinh 1 va 2) va mé hinh bac nhat (mé hinh 3, 4, 5) 1a 1&n. Khi tAm mdng dan (i sé a/h tang
lén) thi do sai lIéch nay gidam dan. Diéu nay hoan toan phu hop véi thyc té tinh toan, Iy thuyét
tAm cd dién chi phu hop véi thm méng, ly thuyét tAm bac nhat chi phu hop véi tAm cé chidu day
trung binh.
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7. Két luan

Bai bao da dwa ra I&i gidi giai tich khi phan tich tinh két cAu tAm sandwich chiu ubn theo

ly thuyét chuyén vi bac cao. L&i gidi c6 dd tin cay khi so sanh véi 1&i gidi dan hdi ctia Pagano
trong trwrng hop vat liéu I&p bé mét co cau hinh ddi xirng vudng goéc. Két qua sé ciing cho thay
sw can thiét phai st dung ly thuyét chuyén vi bac cao khi tinh toan cac két ciu tAm sandwich 1a
nhirng két cu co chiéu day Ién. Cac két qua nay co thé duoc st dung dé kiém ching véi cac
I&i gidi s6 khac khi nghién ctru cac két ciu tAm composite dang sandwich.
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