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NHIEU BAC TU DO

Nguyén Xuan Thanh'*

Tém tat: Tir y tuéng trong céng bd cla Razavi va cong sw (ves) [1], bai bdo nay dé xuét hai phuong phép
tich phén tirmng buéc céi tién trong phén tich phan ing déng ctia céc két cau nhiéu bac tw do. Tuong tw moét
s6 phuwrong phap khéc, gia tbc clia hé két cau duoc gid thiét bién thién véi quy luét béc hai (hodc bac ba). Do
do, sw bién thién cta chuyén vi clia hé c6 dang da thirc bac bén (hodc bac ndm). Khi d6, sé cé ndm (hodc
sau) hé sb clda da thirc can phai xac dinh gié tri trong méi buc thoi gian. Cac phuwong trinh dé tim céc gia
tri nay bao gém hai diéu kién ban ddu nhan duoc ttr buéc phan tich trude dé, phuong trinh cén bang ctia
hé & thoi diém déu va/hodc cudi clia budc thoi gian hién thoi, va hai phuong trinh cudi la diéu kién dé cho
tich phén cta binh phuwong sai sé ctia phuong trinh chuyén déng trong buéc thoi gian dang xét dat cuc tiéu.
Céch thiét Iap nay dan dén dang déi xirng cta ma trén hé sé - la dang duoc wa thich hon trong céc tinh toén
xtr ly s6 - trong phuwong trinh dé tim a_va b, ciia da thirc xap xi chuyén vi. Céc két qué béng sé nhan duoc
trong bai béo nay chi ra réng, véi cung céc diéu kién gidi bai toan nhw nhau, phuong phap duoc dé xuét &
day cho loi gidi bdng sé chinh xac hon mét sé phuong phap théng dung khéc hién nay.

Ttr khéa: dong luc hoc, phuong phap sé, tich phén truc tiép, tich phan tirng budéc, dé chinh xéc.
Improved time step integration methods in dynamic analysis of MDOF structures

Abstract: From the idea proposed by Razavi et al [1], this article proposes two improved schemes of time
integration for dynamic analysis of multi-degree-of-freedom (MDOF) structures. As in some other methods,
the author assumed a quadratic (or cubic) variation of the accelerations of MDOF structure. Therefore, in
term of displacements, there are five (or six) unknown coefficients in the polynomial functions to be found.
The equations to find these coefficients are the two initial conditions from previous step, the one(s) from the
system equilibrium at the end(s) of the current time step, and the last two being the conditions for optimum
value of integral of square of residue over the step length. The the formulation of the proposed scheme
leads to the symmetric form of the coefficient matrix in the equation for finding a_and b_which is preferable
in numerical computations. In addition, numerical results obtained in this article show that, with the same
problem settings, the proposed scheme attains higher accuracy compared with ones from other commonly
used methods.
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@ 1. Gi&i thiéu

Lo&i gidi tim phan (ng cla hé két cAu, ca tuyén tinh Ian phi tuyén, chiu tai trong bién thién theo thoi
gian thweng rat han hivu nhan dwoc & dang gidi tich. Trong cac tinh huéng nay thi cin phai str dung cac
phwong phap sé ma trong mot sé ching la phwong phap tich phan tirng buwéc theo thdi gian. Cac phuong
phap nay dwoc phan nhém thanh cac phwong phap twong minh va cac phwong phap khong twong minh
[2,3]. Mot phwong phap dwoc goi la tweng minh néu phwong trinh chuyén déng dwoc théa man tai thoi diém
bat ddu clia bwdc thoi gian dang xét va phwong phap tinh toan cac gia tri chuyén vi va van téc tai thdi diém
cudi clia bwdc thdi gian dang xét. Ngwoc lai, néu cac phwong trinh chuyén déng dwoc thda man tai thoi
diém cudi ctia budc thoi gian dang xét thi phuong phap duoc goi la phwong phap khéng twéng minh. Cac
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phwong phap twdng minh yéu cau tinh toan it hon trong mdi bwéc thdi gian nhung sé bwdc thoi gian nhiéu,
trong khi d6 cac phuong phap khéng twéng minh lai yéu cau tinh toan nhiéu hon trong méi buéc thoi gian,
v&i budc 1én hon nén sb lwgng cac buéc sé it hon [4].

Hiéu qua ctia mot phwong phap tich phan tirng bwéc theo thoi gian dwoc danh gia qua cac dac truwng
4n dinh, d6 chinh xac va tinh hdi tu ctia phwong phap. Trong cac phuong phap én dinh cé diéu kién, do I&n
ctia mdi buwdc chia theo thdi gian khéng dwoc phép vrot qua budc thdi gian téi han vi néu vwot qua gia tri
nay thi I&i gidi s& nhanh chéng tré nén khong bi chan va sy mat 6n dinh sb ctia nghiém cla bai toan sé xay
ra. Sai sb la van d& khong thé tranh khoi déi véi bat ky mot phuong phap s nao dé giai phwong trinh chuyén
dong cia hé két ciu. D& danh gi sai sb ctia phwong phap tich phan tirng buéc theo thoi gian, ngudi ta
thwong khdo sat hai Chl s6 | sai s vé chu ky riéng (dlspersmn) va suy gidm bién do (dissipation). Tinh 6n
dinh va do chinh xac sé dwoc chi ra 14 phu thudc vao ty sb gitra do Ion clia bwédce thdi gian va chu ky dao
dong riéng co ban cta hé. Theo dinh Iy Lax, thi tinh twong thich va dn dinh ctia phwong phap sé dam bao
|&>i gidi hoi tu dén gia tri chinh xac [3].

P4 c6 nhidu phwong phap tich phan tirng buéc theo thdi gian dwoc dé& xuét, trong d6 cé nhirng
phwong phap quen thuéc nhuw cac phuong phap sai phan, cac phuo’ng phap trong ho phwong phap f- New—
mark, phuong phap 6-Wilson. Mét sb phwong phap khac it dwoc biét dén hon nhuwng ciing c6 mét sé wu
diém nhat dinh nao do, chang han nhw phwong phap duoc [1, 5, 6] d& xuét. Trong [1], Razavi vcs da dé
xuét mét phwong phap véi nhiéu tinh ndng wu viét. Phwong phap nay cé bwdc thdi gian téi han 1én dén
1,247 v&i T 1a chu ky dao ddng riéng khong can ciia hé két cAu mét bac tw do. Ngoai ra, phuong phap nay
c6 do chinh xac cao hon mét sé phwong phap théng dung khac. Bac héi tu ctia phwong phap nay 1a bén,
trong khi d6 bac hdi tu cia phwong phap pf-Newmark chi la hai. Tuy nhién, khi ap dung phwong phap cho
hé nhiéu bac tw do thi sai s6 tang 1&n, 1am gidm do chinh xac clia phwong phap. Nam 2013, Nguyen [7] dé&
xuét mét cai tién nang cao d6 chinh xac ctia phwong phap Razavi. Cac ddc trwng tinh hiéu qua khac cla
phuwong phap sb cling dwoc cai thién dang ké&, dwoc thé hién trong bai bao Nguyen vcs [8] vao ndm 2014,
Vao ndm 2015, phwong phap nay ciing da dwoc ap dung vao gidi quyét cac bai toan phi tuyén vat liéu [9].
Viéc ap dung phwong phap nay vao bai toan hé két ciu nhidu bac tw do chua dwoc xét téi. Trong nghién
clru nay, tac gid sé& dé xuét hai phwong phap cai tién dé c6 thé ap dung vao giai bai toan hé nhiéu bac tw
do v&i d6 chinh xac dwgc nang cao. Cac dac trwng sb khac nhw dd &n dinh va do hoi tu sé dwoc trinh bay
trong cac nghién ctru tiép theo.

Bai bao bat dau véi viéc gidi thiéu tém tit cac phwong phap do Razavi ves dé& xuét ndm 2007 [1] va
Nguyen dé xuét nam 2013 [7]. Sau dé, bai bao trién khai cong thirc cu thé ctia cac phwong phap cai tién.
Trong céc trién khai nay, tac gia tiép can giai bai toan theo ca 2 hwdng: gidi truc tiép phan &ng cta hé, va
giai thong qua td hop cac phan &ng theo cac mode. Cac biéu thirc nhan dwoc tiy cac trién khai nay dwoc
cu thé hoéa trong chwong trinh ma ngudn mé dwoc viét theo ngdén ngl Julia la DirectSteplntegration.jl cho
phép nguwoi siv dung tiép can va phat trién cai tién chwong trinh mot cach dé dang. Céc vi du bang sb ¢
so sanh véi két qua nhan dwoc tir cac phwong phap thwdng diing khac sé minh hoa cho hiéu qua clia cac
phwong phap dé xuét.

@ 2. Tém tat phwong phap dwoc dé xuét trong [1] va [7]

Trong [1], chuyén vi ddng u(z) clia hé mot bac tw do & budc thdi gian ther n dwoc gia thiét 1a ham da
thirc bac bon:

u)=ar+br+cr+drte, (1)
trong d6:a, b ,....e, 1a cac hé sb can phai duoc xac dinh. Bién ¢ chay trong khoang [0,4], trong d6 4 la d6 Ion
clia bwdre thoi gian da dwoce chon trudece.

Gia tri ban dau u va i & budc thoi gian thir n dang xét, bang voi cac phan ¢rng ctia hé & thoi diém
cudi ctia budc thoi gian trwdc do. Voi diéu kién nay, khi cho 7= 0, ta c6 duoc hai hé sb e, va d nhu sau:

eﬂ = uﬂ; dn = u”l (2)

T cac biéu thire (1) va (2), két hop véi phwong trinh chuyén dong & thoi diém ban dau clia buwéc
thoi gian th& », xac dinh dwoc hé sb ¢, nhw sau:

¢, =(P - Cii - Ku)/(2M) 3)
trong do: M, C, K twong (rng la khdi lvong, hé s6 can nhét va do cirng clia hé; P, la gia tri cta lwc tac dung &
thoi diém ¢ . Chi con can xac dinh tiép a, va b . Razavi dé xuét dung hai phwong trinh sau day. Phuong trinh
th nhat 14 phwong trinh chuyén déng clia hé & thoi diém cudi ctia budc thoi gian ther » dang xét:
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M (12a,h> +6b,h+2c, )+ C(4a, i’ + 30,1 + 2¢,h+d, )+ K (a,h* +b* +c,° +d h+e,) =P, (4)
trong do: cac hé sé ¢, d, va e da biét & cac biéu thirc (2)va (3).

Phuwong trinh th hai la phwong trinh 1am cho ham tich phan ciia sai sé trong khodng thdi gian dang
xét, dwoc dinh nghia nhu trong phwong trinh (5) dwéi day béng 0.

1= [ (Mii(c)+ Ci(7)+ Ku(z)~ P(c))dz =0 (5)

R& rang rang, phuong trinh nay dan dén két qua chi tét khi s6 dw (biéu thirc dwéi ddu tich phan) cé
mot du (dwong hodc am), diéu ma ching ta khong chac chén dwoc. Dé khic phuc diéu nay, ndm 2013,
Nguyen [7] da d& xuét dung cac phwong trinh cwe tiéu héa ham binh phwong sai sé trong buéc thdi gian
dang xét nhw sau:

h
1= [(Mii(z)+ Cii(¢) + Ku(z) - P(7))" dr - min ©)
0
trong d6: ham da thirc xap xi chuyén vi c6 bac 1a nam:
u=a,r> +brtve, +d ot ver+f, (7)

Diéu kién dé ham s6 1 trong phwong trinh (6) dat cuwe tiéu sé cho ta hé phuwong trinh dé tim a, va b
ol ol

Ao Loy

oa, b ®)

C6 thé xem chi tiét cac biéu thirc nhan dwoc clia a, va b, trong [7]. Cac két qua gidi bai toan mot bac
tw do chiu cac nguyén nhan khac nhau cho thy phwong phap dé xuét cé d6 chinh xac cao [7].

@ 3. Dé xuét cai tién cac phwong phap va (rng dung giai hé nhiéu bac tw do

Cac phuong phap sb c6 thé duwoc ap dung trwc tiép vao gidi hé nhidu bac tw do véi cac &n sb 1a
chuyén vi thwe clia hé hodc c6 thé dwoc ap dung vao gidi hé nhiéu bac tw do véi cac an sb 1a cac chuyén vi
theo mode cta hé [10]. Trong nghién ctvu nay, cac phwong phap cai tién dwoc dé xuat va ap dung vao giai
bai toan trong ca hai trwérng hop véi an sé 1a chuyén vi thue clia hé va &n sé 1a chuyén vi theo mode clia hé.
Céc cong thirc clia phwong phap twong rng cho ca hai trwdng hop nay déu sé dwoc trinh bay duéi day.

3.1 Céi tién phwong phép dwoc dé xuét trong Razavi ves [1]

Trong cai tién nay, véi hé nhiéu bac tw do, ham da thirc cho véc-to chuyén vi u la ham bac bén nhuw
trong phwong trinh (9).

u(r)=a,r*+b,r +e,r7 +d, T +e, 9)
trong d6: véi tredng hop hé nhiéu bac tw do, cac hé sb can dwgc xacdinha, b ,....e déula cac véc-to.

Gié tri ban dau clia véc-to chuyén vi u va véc-to van téc u clia hé & budc thoi gian thiy 1 dang xét
bang vé&i cac phan (rng clia hé & thdi diém cudi clia bwéc thdi gian trwdc d6. T do, ta co:

e=u;d=u (10)
Phwong trinh chuyén dong & thoi diém ban dau ctia budce thoi gian thiv n nhw sau:
Mii(0)+Cu(0)+Ku(0)=2Mc, +Cd, +Ke, =P, (11)

trong do: M, C, K twong tng la cac ma tran khéi lwgng, ma trn can nhét, va ma trén do ciing cla hé; P 1a
véc-to lyc tac dung tai thoi diém t . Tir cac biéu thire (9) va (10), ta xac dinh duoc hé sé ¢, nhu sau:

¢,=M"'(P,-Cu,-Ku,)/2 (12)

Sau khi tim dwoc cac hé sb e, d vac tr phwong trinh (10) va (12), cac diéu kién dé cho phiém
ham I dat cuc tiéu dwoc st dung, v&i I dwgc xac dinh nhw trong phwong trinh (13). Day la mét cai tién so
véi dé& xuét ban dau ctia Razavi ves [1] nhw duoc thé hién trong phwong trinh (5) cho hé cé mét bac tw do.

h
1= [R"Rdz - min (13)
0
trong dé: R 13 véc-to cac sb dw cé sb thanh phan dung bang sb bac tw do cla hé:

R =Mii(z)+Cu(7r)+Ku(z)-P(7) (14)
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véi P(7) 1a véc-to cac ham tai trong trong khoang thdi gian dang xét. Néu ham nay kha tich, thi cé thé nhan
dwoc biéu thirc gidi tich ctia 7 d& dang va chinh xac. Trong nhiéu trworng hop, ham P(z) c¢é thé phirc tap hodc
dwoc cho dwéi dang bang cac gia tri rdi rac (rng vé&i cac thdi didm nhét dinh, nén phai tinh tich phan (13)
gan dung bang mét phwong phap x&p xi nao d6. Khi do, cling cé thé xap xi P(z) bang ham da thirc hodic mot
ham kha tich khac dé& dwa vao tinh toan phiém ham 1. Khi x&p xi P(z) bang ham da thirc, d6 chinh xac clia
két qua nhan dwoc sé dwoc cai thién khi st dung céc da thirc bac cao. Bé don gian, trong nghién clru nay,
su bién thién ctia P(z) trong khodng thoi gian dang xét dwoc gia thiét cé dang tuyén tinh:
P.-P

P(T):Pn +—( n+l h n)T

Diéu kién dé cho phiém ham 7 dat cwc tri, dwoc thé hién trong phuwong trinh (16), sé& cho phép xac
dinh dwoc caché sba vab :

/4 /4

or _ 0; or _ 0 (16)

oa, ob,

Cu thé, tir phwong trinh (16), ta co:

Q, Q| a, _| T (17)
Q. Qx|b, Sy

trong do:

(15)

o°1 o1 o°1 o1
da,oal’ Q. = ob,oal’ 1= Py = Q0 v Q= b, ob?
var, s twong tng la phan con lai trong cac biéu thirc (16a) va (16b). V& mat hinh thirc, co thé viét:

Q11 = (18)

ol X or
& =g_qllan —qpb,; vas, 25_%1% —dyb, (9)

Cac biéu thirc trién khai cia Q,,, Q,,, Q,,, Q,,, r, va's, cho bwéc thoi gian thir n dwoc cho cu thé trong
goi chuwong trinh tinh toan DirectSteplntegration.jl dwgc noéi dén trong Muc 4.

Sau khi da xac dinh dwgc cac dai lwgng trén, ta cé:

|:an:|=|:Qll Q12:| 1|:rn:| (20)
b, Q, Qy Sy

T d6, phan &ng clia hé & thoi didm cubi ctia budc thoi gian dang xét la:

u,, =ah'+b i’ +c b’ +d,h+e,; va u,, =4ah’ +3b k> +2c h+d, (21)

Céc véc-to nay sé dwoc st dung lam cac didu kién ban dau cho tinh toan phan tng clia hé trong
bwéc thoi gian tiép theo. Qua trinh nay sé I3p lai cho dén khi tim dwgc phan trng cla hé & budc thdi gian
cubi cuing trong khodng thoi gian cho trwéc. Trong trudng hop 1y &n sb 1a chuyén vi theo mode, thi méi
phan &ng theo mode sé& 14 nghiém ciia mét bai toan mét bac tw do (rng theo tirtng mode. Luc nay, tat ca cac
dai lwong véc-to xuét hién trong cac coéng thirc ctia phwong phap cai tién trén day Itc nay d&u suy bién
thanh cac dai lwgng v6 hwdng twong tng. Sau khi xac dinh dwgc phan (rng theo mode cla hé, cac phan
&ng theo mode nay dworc t& hop tuyén tinh véi nhau dé dwoc phan tng thuc cia hé [10].

3.2 Cai tién phwong phép dwoc dé xuét trong Nguyen [7]

Trong [7], da thirc x4p xi cla u trong khodng thai gian thir n dwoc gia thiét cé bac 5, I6n hon bac cla
da thirc xap xi trong Razavi ves [1] mét bac. Mét cai tién khac dwoc dé xuét trong [7] 1a viéc st dung cac
phwong trinh cyc tidu héa ham binh phwong sai sb trong buéc thoi gian dang xét, nhw trong cac phuong
trinh (6) va (8). Tuy nhién, cac cong thirc nhan dugc moi chi ap dung cho trvong hop hé mot bac tw do. Vi
hé nhiéu bac tw do, sai s& clia phwong trinh chuyén dong khong con 1a mot ham sb (hay mét dai lwong vé
hwo’ng) thay ddi theo thdi gian nira ma 1a mot véc-to R ¢é sb thanh phan bang sé bac tw do clia hé. Vé&i sw
thay ddi nay, can phai diéu chinh lai cac cbng thirc da néu trong Nguyen [7]. Viéc diéu chinh cac cong thirc
nay bat dau véi viéc gia thiét da thirc x&p xi véc-to chuyén vi u van la bac ndm theo theo thoi gian:

u(z)=a,r +b,r* +e,0 +d,77 +e,r +1, (22)
trong do: cachéséa, b ,...f déu la cac véc-to can tim.

T cac diéu kién ban dau ctia chuyén vi clia hé & buwéc thdi gian thl n dang xét, ta co:

zu;e =i (23)
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T phuong trinh chuy&n déng & thdi diém ban ddu cla bwéc thdi gian thir n:

Mii(0)+Ci(0)+ Ku(0)=2Md, + Ce, + Kf, =P, (24)
ta xac dinh duoc hé sé d_ nhw sau:
d,=M"'(P,-Cu, —Ku,)/2 (25)

Luc nay, con ba hé sb can phai xac dinh la a, b, va ¢,. S dung phuong trinh chuyén dong & thoi
diém cubi ctia budc thoi gian thi u:
M(20a,/2* +12b,1* + 6¢,h+d, )+ C(5a,h* +4b, I +3¢,h* +2d,h +e, )

(26)
+K(anh5 +b, 1t e P +d, h e b+ fn) =P,
ta xac dinh dugc hé sé ¢, 1a ham cia hai hé séa va b nhuw sau:
__ 2 3\7! 3 4 5 2 3 4
¢, =—(6MA+3Ch* + KN’ [(20Mh +5Ch* + KI® Ja, + (12MA* + 4C> + Kh* )b, @)

+(M +Ch +Kk2)d" +(C+Kh)e, +Kf, - P, |
Tiép theo, sau khi thay f,e,d vac, trcac phwong trinh (23), (25) va (27) vao cac biéu thrc cla
u(z), u() va ii(r) va thé vao cong thirc (14) xac dinh sai sé R trong buéc thdi gian dang xét, ta thay R luc nay

chi con la ham cda hai hé sb chua biétlaa vab .

R =Mii(7)+Cu(r)+Ku(r)-P(7) (28)

Cac hé s6 chwa biét nay dwoc xac dinh tir diéu kién dé& cho 7 nhw trong bidu thivc (13) dat cuc tiéu.
ol ol

oa, ob, (29)

Céc bién dbi bidu thirc trén, tuy cdng k&nh, nhwng khéng phirc tap va coé thé dwoc thwe hién tha
cong hodc nho s tro gilip clia cac chwong trinh toan hoc c6 kha nang tinh toan trén ky hiéu, chdng han
nhw wxMaxima, Mathematica,... Do khudn khd cé han, bai bao tac gia khong trinh bay cac cong thirc cu thé
xac dinh a vab _trong cong thirc (20) & muc trwde cling nhw & phwong phap céi tién nay. Nguoi doc c6 thé
tham khao truc tiép cac cong thirc nay trong phan méa ngudn cla géi chwong trinh DirectSteplntegration.jl
dwoc nhic dén trong Muc 4.

Sau khi xac dinh tt ca cac hé sb, phan (rng clia hé & thoi diém cudi clia buwéc thoi gian dang xét 1a:

u,, =ahk +b ' +c b’ +d h’ +e h+f,;

u,,, =5a,h* +4b i’ +3¢ h* +2d,h+e,

Cac véc-to nay sé dwoc st dung 1am cac diéu kién ban ddu cho tinh todn phan (ng clia hé trong
bwéc thdi gian tiép theo. Qua trinh nay sé I1&p lai cho dén khi tim dwoc phan tng clia hé & bwéc thi gian
cudi cung. Trong trwerng hop 1y an sé 1a chuyén vi theo mode, ciing giéng nhw trong Muc 3.1, thi cac cong
thire trén day dwoc van dung cho cac hé mot bac tw do voi 4n sb 1a cac phan (rng theo ttrng mode. Cac phan
&ng theo mode nay sau d6 dwoc td hop tuyén tinh véi nhau dé& dwoc phan (ng thwe clia hé.

(30)

@ 4. Goi chwong trinh DirectSteplntegration.jl

Céc chuwong trinh tw ddng héa tinh toan dwoc viét trén ngdn ngl Julia [11]. Ngén ng Julia la mot
ngdn ngl¥ mé&i ra d&i nhwng c6 nhidu wu diém vuot trdi so véi cac ngdn ngi tinh toan khoa hoc khac [12].
Cac chwong trinh tkris4 va tkris5 twong tng véi hai phwong phap cai tién trén, va duwoc dong goi véi tén
chung |a DirectSteplntegration.jl. Ngudi dung da cai dat ngdn ngl Julia cé thé tai xubng géi nay dé co
thé thwc hién lai cac vi du clia bai bao hodc tw do st dung trong cac bai toan riéng ctia minh (V&i nhirng
nguoi dung MATLAB, do géi chwong trinh DirectSteplntegration.jl cé6 ma ngudn mé va cé cd phap lénh
gan gidéng nhw céc 1énh ctia MATLAB nén ma ngudn cla goéi chwong trinh nay c6 thé chuyén dbi dé dang
sang céac lénh twong (rng clia MATLAB.) Cac buéc thwe hién tinh toan rat don gidn véi cac 1énh dwoc
thwe hién tlr ddu nhc cta Julia nhw sau (ndi dung phia sau dau # Ia ghi chu, néu thay khéng can thiét,
c6 thé bd qua):

# Cac buworc khdi tao

Pkg.clone(“https://github.com/tkris1004/DirectSteplntegration.git”); # Tai g6i chuong trinh vé
push!(LOAD_PATH,pwd()); # Dat duong dén
using DirectSteplntegration; # Khai bao st dung goi
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# St dung tkris4 va tkris5 v6i cac tham sé méc dinh
u,ud,u2d=tkris4(); # Véc-to chuyén vi: u, véc-to van téc: ud, véc-to gia téc: u2d
hodc: u,ud,u2d=tkris5(); # Véc-to chuyén vi: u, véc-to van tée: ud, véc-to gia tbe: u2d
# St dung tkris4 va tkris5 v6i cac tham s duoc xéc dinh tir nguoi ding
u,ud,u2d=tkris4(dth,tz,ic,p); # Véc-to chuyén vi: u, véc-to van téc: ud, véc-to gia toc: u2d
hodc: u,ud,u2d=tkris5(dth,tz,ic,p); # Véc-to chuyén vi: u, véc-to van tée: ud, véc-to gia tbe: u2d
Céc tham sbé can dwoc khai bao trwdc khi st dung cac cau Iénh tkris4 va tkris5 gém co:
- dth: khai bao vé dac trwng clia hé dwei dang:
dth=(M,C,K); # V6i M,C,K la ma tran khéi lrong, ma trén can nhét, va ma trén dé ciing cta hé.
- tz: khai bo vé& céc thdi diém cach déu nhau can xac dinh phan (ng clia hé dwéi dang:
tz=(h, t_end); # V&i h la dé I6n budc chia theo thoi gian va t_end la thoi diém cudi;
t_end phai I&n hon h nhwng khdng nhét thiét phai la boi sé cla h.
- ic: khai bao vé diéu kién ban dau & thoi diém ¢ cla hé, nhw sau:
ic=(cvbd,vtbd);
trong do: cvbd la véc-to chuyén viban dAu va vtbd |a véc-to van tdc ban ddu ctia hé. S thanh phan
trong moi véc-to nay dung bang sé bac tw do cla hé.
- p: khai bao vé tai trong, chwong trinh cé thé tw déng nhan biét khi p dwoc khai bdo & mét trong hai
dang sau:
p=(td_i,tt_i);
hoac:  p=(delta_t,tt_i);
trong d6: td_i=[t_1;t 2:...;t N] & véc-to cac thoi diém ma tai d6 cé khai bao cac gia tri tai trong
tti=[p_1;p_2;...;p_N] twvong L’}:ng, voip_ila v(?c-tcy hang gia Fri clia cac tai tropg téc’dung vao cac
bé,c tw do clia hé. Cac thoi djém nay khéng can phai c’éch déu n‘hau. Thoi diém cudi cung t_N cé
thé I&n hon, nhé hon hodc bang t_end. Khi cac thoi diém cach déu nhau moét khodng la delta_t thi
khai bao p dung theo cach thw 2.

Gia tri mac dinh cla cac tham sé (theo vi du 13.8 trong [13]) nhw sau: M = [2 0;0 1]; C = [0 0;0 0];
tz = (0.1,10.0); K = [96 -32;-32 32]; dth = (M,C,K); cvbd = [0 0;0 0]; vtbd = [0 0;0 O]; ic = (cvbd,vtbd); p =
(0.1,0nes(15,1)*[0 100]);

@ 5. Cac vi du minh hoa

Muc nay chon trinh bay ba vi du: (1) hé mét bac tw do chiu tac dung cla tai trong dang xung ntra
hinh sin; (2) hé hai bac tw do chiu tac dung cla tai trong héng sb dat dét ngdt; va (3) hé hai bac tw do chiu
tac dung cua tai trong dong dat. Trong hai vi du dau, tac gia so sanh két qua clia cac phuong phap dé xuét
va mét sd phwong phap théng dung khac nhw phuong phap gia tdc tuyén tinh, phwong phap Fox-Goodwin
(trong nhém phwong phap B-Newmark), phwong phap 6-Wilson, ... véi nghiém giéi tich. Trong hai vi du cudi,
két qua nhan dwoc tir cach gidi truc tiép ra phan (ng thuwc va cach giai gian tiép thong qua td hop phan &ng
theo mode dwoc trinh bay. Anh hwéng clia d6 16n buwédc chia theo thoi gian cling dwoc khao sat va dwoc chi
ra trong vi du cudi. Trong cac vi du nay, d& dam bao viéc so sanh dwoc nhat quan, dé Ién budc thdi gian
dwoc lay theo cac vi du da co - thuwdng 1a nhé hon 1/10 chu ky dao déng riéng nhé nhét - va déu thda man
nhd hon buéc thdi gian t&i han dé ddm bdo d6 én dinh sé cua cac két qua.

5.1 Vidu 1 (Vi du 5.4 trong [10])

Xét hé mét bac ty do co cac dac treng M = 0,2533kip.s?/in., C = 0,1592kip.s/in., va K = 10kips/in.. Khi
bat ddu chiu tac dung cla tai trong, hé & trang thai nghi. Phan tng clia hé duwoc xac dinh & cac thoi diém
cach nhau 0,1s (&ng v&i h = T /10). Tai trong xung c6 dang ntra bwédc séng hinh sin trong 0,6s dau tién voi
p(t) = 10 sin(nt/0,6)kips. T&r Bang 1 ta nhan xét réing cac két qué nhan duwoc & cac thdi diém tir phwong phap
cai tién thuwdng bam sat nghiém giai tich hon. Bwéc chia theo thdi gian min hon ciing da dwoc kho sat cho
ra cac két qua con kha quan hon niva khi so sanh véi cac phwong phap khéac.
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5.2 Vidu 2 (Vidu 13.8 trong [13])

Xét hé hai bac tw do khdng can, chju tac dung cua tai trong, véi cac dac trng nhw sau:

w2 O [0 o] 96 2] To .
=lo 1F1l0 o K| 32 3 [ ¥ PO 10 (31)

Khi bat dau chiu tac dung cua tai trong, hé & trang thai nghi. Phan (ng clia hé dwoc xac dinh & cac
thoi diém cach nhau 0,1s. Bang 2 so sanh cac két qua chuyén vi u, va u, twong (ng & bac tw do 1 va 2.
Gia tri trong cot (a) nhan dwoc khi gidi trwc tiép ra phan (rng thuwc ctia hé, gia tri trong cot (b) nhan dwoc khi
giai théng cac phéan ng theo mode q,(t) va q,(f) rdi td hop lai theo phwong trinh (32) dwdi day.

miﬂ -[o MB((ZH (32)

1 1
voi ¢, {2} vaé, {_J la cac mode dao dong riéng clia hé, dwoc xac dinh tir bai toan gia tri

riéng. Ta ciing thay réng cac phwong phap d& xuét bam sat nghiém giai tich, chinh xac hon déi chit so
v&i phwong phap cta Razavi ves [1], va ¢ do chinh xac vwot troi so voi cac phwong phap khac. Cac gia
tri trong hai cot (a) va (b) rat sat nhau (hdu nhw trung nhau), chi*ng té ring, vé mét tinh toan sb, cach giai
trwe tiép tim phan (rng thue clia hé cé thé thay thé hoan toan twong dwong cho phwong phap gidi gian tiép
théng qua t6 hop cac phan (ng theo mode. Diéu nay cé mét thuan loi la ta cé thé tranh dwoc céc bai toan
gia tri riéng.

Bang 1. So sanh cac phuwong phap - hé mét bac tw do

t (s) | Giaitich tu?l?ntf,i:lh G°F°°d"v;in ?;V:"f;'; Razavi | tkris4 tkris5
0.1 00328 | 00300 | 00155 | 00280 | 00318 | 00318 | 00318
0.2 02332 | 02193 | 02056 | 02053 | 02275 | 02275 | 02274
0,3 06487 | 06166 | 06223 | 05791 | 06335 | 06336 | 06336
0,4 11605 | 1,130 11462 | 10544 | 11337 | 11338 | 1,1339
0,5 15242 | 14782 | 15281 | 14242 | 14893 | 14893 | 14895
D oe 14814 | 14625 | 15019 | 14568 | 14478 | 14476 | 1,4480
07 09245 | 09514 | 09357 | 103290 | 09038 | 09034 | 09036
0.8 00593 | 01273 | 00558 | 02958 | 00584 | 00580 | 0,0579
09 | 07751 | 06954 | -0,7929 | -04913 | —0,7571 | —-0,7573 | —0,7577
10 | —12718 | —12208 | 12973 | —1,0669 | —1,2428 | —1,2425 | —1,2432
0.1 09567 | 08995 | 09273 | 08414 | 09351 | 09358 | 09354
0.2 31383 | 29819 | 30621 | 27942 | 30674 | 30682 | 3,0680
0,3 49674 | 47716 | 48623 | 45146 | 48553 | 48552 | 48558
0,4 48408 | 47419 | 47526 | 46201 | 47319 | 47304 | 47317
_ 0,5 19783 | 21082 | 19502 | 23568 | 1,9347 | 19320 | 1,9333
“ | 0s | —30849 | 26911 | -30021 | —19762 | -3,0138 | 30164 | —3,0161
07 | —7.4006 | —7,468 | -7.4842 | —6,1924 | -7.4611 | 74612 | 74631
08 | -87279 | -87758 | -89256 | —8,0835 | -8,8759 | 88729 | —-8,8762
09 | —67347 | 71539 | —69710 | —7,1976 | -6,9192 | —69141 | —6,9171
10 | -2,3696 | -30508 | -25461 | —4,0084 | —2,5205 | —2,5155 | —2,5165
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Bang 2. So sanh céc phuong phap - hé nhiéu béc tw do

t (s) G’iéi Gi‘a tc‘>’c Fox- 6-Wilson | _ i tkris4 tkrisS
g tich tuyen tinh | Goodwin | (6=1,4) (a) (b) (a) (b)
0,1 0,006 0,012 0,006 0,015 0,007 0,007 | 0,007 | 0,006 | 0,006
0,2 0,096 0,109 0,095 0,124 0,096 0,096 | 0,096 | 0,096 | 0,096
0,3 0,424 0,430 0,423 0,446 0,424 0,424 | 0,424 | 0,424 | 0,424
0,4 1,103 1,081 1,104 1,057 1,103 1,104 1,104 1,103 1,103
0,5 2,089 2,027 2,091 1,922 2,089 2,089 | 2,089 | 2,089 | 2,089
“in 0,6 3,144 3,060 3,147 2,876 3,144 3,144 | 3,144 | 3,144 | 3,144
0,7 3,929 3,867 3,931 3,670 3,929 3,929 | 3,929 | 3,929 | 3,929
0,8 4,160 4,165 4,159 4,060 4,160 4159 | 4,159 | 4,160 | 4,160
0,9 3,748 3,837 3,745 3,915 3,747 3,747 | 3,747 | 3,748 | 3,748
1,0 2,848 2,993 2,845 3,265 2,848 2,849 | 2,849 | 2,848 | 2,848
0,1 0,487 0,475 0,487 0,468 0,487 0,487 | 0,487 | 0,487 | 0,487
0,2 1,800 1,763 1,801 1,715 1,800 1,800 1,800 1,800 1,800
0,3 3,562 3,510 3,563 3,409 3,561 3,561 3,561 3,662 | 3,562
0,4 5,329 5,286 5,329 5,166 5,329 5,329 | 5,329 | 5329 | 5,329
0,5 6,762 6,750 6,761 6,665 6,762 6,762 | 6,762 | 6,762 | 6,762
Yan 0,6 7,714 7,732 7,713 7,717 7,715 7,714 | 7,714 | 7,714 | 7,714
0,7 8,209 8,233 8,208 8,274 8,210 8,210 | 8,210 | 8,209 | 8,209
0,8 8,330 8,331 8,330 8,377 8,330 8,330 | 8,330 | 8,330 | 8,330
0,9 8,107 8,081 8,109 8,090 8,106 8,107 | 8,107 | 8,107 | 8,107
1,0 7,487 7,465 7,486 7,448 7,486 7,486 | 7,486 | 7,487 | 7,487
5.3.Vidu 3
Xem xét hé hai bac ty do cé M va K nhw trong Vi du 2. Xét hé trong trwdng hgp khéng can va coé can.
C:{o 0} hoic c{ 4/3 —4/15} (33)
00 -4/15 8/15

Hé chiu tac dung clia chuyén dong nén dat dwoc cho theo ban ghi gia téc nén clia tran dong dat El
Centro 1940 (phu luc 6 trong [10]). Khi bat dau chiu tac dung clia tai trong dong dat, hé & trang thai nghi. Do
I&n bwée thoi gian 1an lwot bdng 0,02s va 0,1s. Cac két qua dwoc chira trén Hinh 1 va Hinh 2. Phwong phap
dé xuét thir hai dwoc st dung do né c6 do chinh xac cao hon. Viéc giai truc tiép tim phan &ng thwc (u, () va
u,(t)) ctia hé cho két qua hoan toan trung khop voi viéc gidi bai toan thong qua té hop cac phan tng theo
mode cula hé (q,(t) va g,(f)) nhw trong phwong trinh (32). Hon niva, khi so sanh cac dd thi & cot bén trai voi
cac db thi & cot bén phai, ta thay cé thé st dung bwéc chia h twong ddi I16n (trong vi du cu thé nay h = 0,1s,
I&n hon 1/10 chu ky dao déng riéng nhé nhét 1a T, = 2z/8) trong qua trinh gidi bai toan.

h=0,02s]

I

01

0.0

il
il

Hinh 1. Phéan (g cta hé hai bac tw do véi do 1on bude chia theo thoi gian khac nhau - hé khéng can
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Hinh 2. Phéan (g cua hé hai bac tw do v&i dé Ién bude chia theo thoi gian khac nhau - hé c6 cén

@ 6. Két luan

Bai bao da trinh bay hai d& xuét cai tién phwong phap tich phan tivng budc theo thei gian, st dung
tiéu chudn cuc tidu cta phiém ham tich phan cta binh phwong sai sb trong bwédc thei gian dang xét (Muc
3.1), va két hop véi viec nang bac clia da thire xap xi chuyén vi (Muc 3.2). Cac cong thirc déu cho hé tuyén
tinh tham sé hang nhiéu bac tw do. D6 chinh xac ctia cac phwong phap cai tién nay déu cao hon mot sé
phwong phap tich phan tirng bwéc thdng dung khac. Bai béo ciing dé gidi thiéu géi chwong trinh ma ngudn
mé DirectSteplntegration.jl d& ngwoi st dung co thé tiy bién ap dung vao cac bai toan ctia minh.

L&i cam on: T4c gia bai bao bay té s cdm on dén hd tro clia d& tai nghién ctru khoa hoc trong diém cép
trweong, mang méa sé 145-2017/KHXD-TD.
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