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MOT CACH TIM NGHIEM GIAI TICH BAI TOAN DAM
TREN NEN DAN HOI CO PIEU KIEN PHUC TAP

Pham Hoang Anh'

Tém tat: Bai bao gidi thiéu mét cach tiép can méi dé tim nghiém gidi tich cta bai toan phén tich két cau &p
dung cho dam trén nén dan hbi. Phuong phap duoc thuc hién bang céch chia két cdu ddm thanh cac doan
dam va biéu dién céc tai trong dudi dang ham dj thuong (singularity functions), két hop véi cac phdn mém
tinh toén sé hoc hién dai nhw Mathematica, Maple.... dé gidi cac phuong trinh vi phén cho tirng doan dam.
V6i phuong phap dé xuat, viéc giai bai toan dam trén nén dan héi cé tai trong, dé cting, diéu kién nén da
dang c6 thé duoc thure hién khé don gian.

Tirkhéa: Nghiém gidi tich; ham dj thuong; dam trén nén dan hoi.

Summary: This paper proposes a new approach to obtain the analytical solution of the problem of a beam
on elastic foundation. The method is performed by dividing the beam into beam segments and presenting
the loading as sum of singularity functions, combining with the resources of modern computational algebra
programs such as Mathematica, Maple... for the solutions of ordinary differential equations of the beam
segments. By the proposed method, the analysis of beams on elastic foundation with various loads and
structural discontinuities such as jumps in beam or foundation stiffness becomes quite simple.
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@ 1. Gidi thiéu

Trong phan tich trang thai (rng suét-bién dang, cac két cdu dwoc thay thé bang cac mé hinh toan
dudi dang phwong trinh vi phan. Viéc gidi cac phuwong trinh nay cé thé dwoc thue hién béng cac phwong
phap giéi tich hoac phwong phap sb. Cac phwong phap giai tich thuwéng ap dung trén cac mé hinh toan lién
tuc va kho c6 thé thue hién khi két cau cé hinh dang, tai trong, diéu kién bién phirc tap, gian doan. Trong
truwdng hop két céu tiép xtc véi méi trwdng dan hdi (vi du nhw ddm, ban trén nén dan héi) thi viéc tim
nghiém giai tich cang tré nén kho khan do nghiém cla bai toan la cac ham sé siéu viét. Cac phwong phap
s6 nhu sai phan hivu han (FDM), phwong phap phan tr hivu han (FEM), phwong phap wéi tw do (MFM). ..
khac phuc dwoc nhwoc diém ctia cac phwong phap giai tich théng qua viéc giai trén mé hinh toan réi rac.
Béng cach dé, nghiém clia bai toan phirc tap dwoc xap xi béi tAp hop nhiéu nghiém trén cac mién nhé.

Mac du vay, do nghiém giai tich dwo'c xem la “hinh dnh chinh xac” cGia (ring xtr clia két cAu nén déng
vai trd quan trong trong nhirng trwd'ng ho'p nhw: nghién ctru anh hwédng clia cac dic trwng két ciu dén (rng
x(r clia hé, lam co sé lwa chon cac tham sé cling nhw danh gia mtrc do chinh xac vatin céy cla cac phwong
phap sb, phwong phap gan dung phucng phap xac suét, phwong phap phi xac suét. Vi vay, viéc tim
nghiém gidi tich ciia (rng x(& clia két cAu van cé y nghia trong cong tac hoc tap nghién ctru.

Bai bao nay dé cap dén viéc tim 16i gidi chinh xac (nghiém giai tich) cho mét bai toan phan tich két
cAu trong thuec té thwdng gép la dam trén nén dan héi. M6 hinh ddm trén nén dan hdi dwoc ap dung réng réi
dé phan tich cac két ciu cong trinh xay dwng, giao théng, thay loi. .., vi du nhw méng bang trén nén dat hoac
nén coc, cau phao, dwdng ray trén ta vet, coc don chiu tai trong ngang, twdng cir gia ¢ thanh vach hé dao.
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Bai toan xac dinh nédi lyc trong dam | mét dang bai toan siéu tinh dac biét, trong dé phan Iwe nén la mét hé
Iwe phan bé lién tuc trén chiéu dai clia ddm va phu thudc vao bién dang clia dam cting nhw mé hinh nén [1].
Cac phuong phap giai tich dé xac dinh bién dang, néi luc trong dam c6 thé ké dén nhw phwong phap théng
s6 ban dau [2], phwong phap cong tac dung [3], [4], phuong phap bién ddi Laplace [5], thwdng doi héi khoi
lwong Ién cac tinh toan todn hoc phire tap, nhat 1a khi tai trong, d6 cirng, diéu kién nén thay ddi doc chiéu dai
dam.

O day, bai bao dé xuat moét cach tiép can khac dé gidi bai toan dam chiu ubn trén nén dan hoi
Winkler [6] dwa trén y twéng rdvi rac hoa két cdu ctia phuong phap FEM va strc manh cla cac phan mém
tinh toan sb hoc hién dai. Wu diém ctia phwong phap nay la cho phép tim nghiém giai tich mét cach don
gian va nhanh chéng ngay ca khi tai trong, dé clrng ctia dam va nén 1a khéng lién tuc. Hiéu qua ciia phwong
phap dwoc minh hoa théng qua hai vi du sé.

@ 2. Phwongtrinhviphan dé véng ciia ddm chiu udn trén nén Winkler

Xét can bang mot doan dam co chiéu dai / tach ra tir két cAu dam trén nén Winkler. Chiéu dwong
cua taitrong, do vong va ndi lwc dwoc quy wée nhw trén hinh 1. Ta cé:
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Hinh 1. Doan dam trén nén dan hoi Winkler

- Phan lwe cta nén:
r = kbw
- Bién dang doc truc trong dam:

(2)

- Ung suét trong dam:
d*w
2 dx?

3)

o, =Ee, =—E
trong d6 w 1a d6 véng ctia dam, k 1a hé sé dan héi ciia nén, b 1a bé rong dam tiép xdc véinén, £1a mé dun dan
hoi chia doan dam.

- Thé nang bién dang ctia dam:
1 1t (dPw)?
UD—EJ; U‘x.Ede—ELEf ﬁ dx

- Thé nang bién dang ctia nén:
1 1
Uy = —f kbw? dx
2
0

- Téng thé ndng bién dang ctia hé dAm-nén la:
1t d*w\’
U=U Ur== El| — kbw?|d
b + f ZJ; (dxz) +kbw X
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- Cong cua ngoai lwe tac dung:
dw dw :
W =QWwliey — Mi——| — Qowl,- s 1 J. pw dx
X =t X lx=0 0
trong do /1a mé men quan tinh cta tiét dién dam, p la tai trong tac dung trén dam, M,, O,, M,,0,twong ting la

moémen udn va lwc cat tai dau trai va dau phai dam.
Phiém ham thé nang toan phan do dé duorc viét nhw sau:

10 (dPw\?
A=U—W=—f El\——| +kbw?|dx
2J, dx
o] dw —_ de J’1 :
— QiW|y= — Wlyeo = Mg—| — | pwdx
Wl x|, oWlx=0 udxx=n up

Thue hién bién phan dbi véi (8) thu dworc:

d
5A = f El( ) ( )dx+ f Kbw ow dx = Q6wl,wy + M, 6 (S ) + 0wl o
x=

_ M6 (— - f Sw dx
0 dx e . P
Tich phan tirng phan va bién déi (9) thu dworc:

sa=[ (5% + o v [ s (2
J. d“+wa+ dz(dx

dw dw
+ M8 (E) i + QoéWlyo — My & (_)

) B 35w] — Qi6Wl,es

dx

Diéu kién can bang (diéu kién dirng) ctia hé 1a 5A = 0 véi moi dw # 0, hay:
d*w
El—+kbw—-p =0
o (1)
d?w d*w
=Qo; ~El=| =M; -El=| =Q
x=0 x=] x=l
Biéu thirc dau tién trong (11) chinh 1a phwong trinh vi phan dé véng ctia doan dam dang xét. Cac
biéu thirc con lai biéu dién diéu kién bién tai hai ddu doan dam. Nghiém ctia (11) la ham sé w(x) cé chira cac
thamsb M, 0, M, O, a cac gia tri ndi lwc tai hai dau doan dam

Nhw vay, néu chia mét két chu dam trén nén dan héi thanh n doan dam, ta sé thu dwoc n phwong
trinh vi phan cho n doan dam. Cac phuwong phap gidi tich [2], [3], [4] dé tim nghiém cho (11) thwérng dAn dén
tinh toan phrc tap khi tai trong tac dung trén doan dam |a khéng lién tuc. O’ cac phan tiép theo, tac gia trinh
bay mét cach tiép can don gidn hon dé tim nghiém giai tich cho phwong trinh vi phan cé diéu kién bién (11).

(@ 3. Thay thé tai trong bang ham di thwéng

C6 thé gidm khéi lwong tinh toan khi gidi phwong trinh vi phan (11) bang cach biéu dién tai trong
dudi dang téng dai s6 clia cac ham di thudng. Bang cach nay, tai trong sé tré thanh mot ham sé va co thé
thue hién cac phép tich phan hay vi phan nhw cac ham sé lién tuc théng thwong. Y twéng nay do Clebsch [7]
dwa ra va sau dé dwoc phat trién béi Macaulay [8]. Betten [5] va Dinev [9] 4p dung cac ham di thudng vao
giai bai toan dam trén nén dan hdi co dé clirng va hé s6 nén khéng gian doan.

Céc ham di thuwéng dé bidu dién tai trong bao gdm:

-Ham Dirac delta, 5(.)

0 khi x#a
8(x—a) = (12)

( ) {1 khi x=a

-Ham Heaviside, H(.)

_ 0 khi x<a 13
HE “)'{1 khi x>a i)
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Mét Iwe tap trung P sé dworc viét dudi dang:
Pé(x-a)
trong d6 a la khodng cach tir dau trai dam dén vi tri dat luc.
M6t le phan bd p trén dam trong khodng 0<c<x<d<| sédwoc viétduéidang:
p=pH(x-c)-pH(x-d) (15)
@ 4. ’ng dung phan mém tinh toan sé hoc

Cac phan mém nhuw Mathematica, Maple 1a cac hé chwong trinh tinh toan sé hoc hién dai cho phép
thwe hién cac phép tinh phirc tap véi cac ham khéng lién tuc va ham di thwong. O day, tac gia dé xuét
phuong phap tim nghiém giéi tich cho bai toan dam trén nén dan héi bang cach chuyén déi cac tai trong
sang dang ham di thwéng va két hop véi phdn mém toan hoc Mathematica dé gidi n phwong trinh vi phan
(11). Trinh tw thwe hién nhw sau:

- Chia ddm thanh mét sé doan dam (n doan);

- Chuyén cac tai trong (khéng lién tuc) trén méi doan ddm sang dang ham di thuéng:

- Thuc hién giai ttrng phwong trinh vi phan cé diéu kién bién trong (11), thu dwo'c cac ham chuyén vi

w(x),i=1...nchondoan dam;

- Buwa cac diéu kién vé chuyén vi va bién dang (diéu kién bién va diéu kién lién tuc) va giai hé
phuong trinh tuyén tinh dé tim gia tri néi lwc tai dau cac doan dam.

- Tinh médmen uén va lwc céttrong tirng doan dam theo:
dzwi
Fdx?’

@ 5.Cac viduminh hoa

Céc vi du trinh bay dwéi day cho thay hiéu qua cta phwong phap dé xuét. Cac tinh toan dé tim
nghiém giai tich dwoc thuwe hién st dung phan mém Mathematica.

dM;
M;(x) = —EI Ql(x)=E,i= 1..n (16)

5.1 Dam c6 dé cirng thay déi va tai trong gian doan

Xétdam trén hinh 2 véi hé sb dan héi clia nén k = 4803.14kN/m”. DAm cé chiéu dai | = 20m, bé réng
b=0.5m, d8 clrng El = 1125000kN/m”. Tai trong tap trung F = 500kN, tai trong phan b6 q = 50kN/m.

ZER Vs U4 S g

any

/2 l/2

Ny
2]

le
I“\

\l/
/I‘\

Hinh 2 . Dam c6 do cimg thay dbi va tai trong gidn doan
Chia dam thanh 2 doan dai /2 = 10m. Ky hiéu M va Q 1&n lugt 1a mé men ubn va luc cét tai tiét dién
gilradam.
Taitrong tap trung trén doan dam trai dwoc biéu dién theo ham Dirac delta nhw sau:
plx) =Fd(x-5) (17)
Taitrong phan bé g trén doan dam phai dwoc biéu dién theo ham Heaviside nhw sau:
p(x) =qH(x-5) (18)
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Phwong trinh vi phan cé diéu kién bién cho doan trai va doan phai viét theo (11) 1an lwot la:

f
1.5E1

d*w,

dx*
2

1551 LM

’ dx?
T e

’ dx3

dz
~15E1—

3

+ kbw, = F§(x — 5)

0)=0

0)=0

/) =M

"

d*w,

El
dx*

+ kbw, = qH(x — 5)
d*w
—51?22(0) =M
d3*w,
“EIW(O) =¢

d?*w,

~E1——(1/2) = 0
d

d*w Sw
—15E] dx; (1/2) =0 | -EI dx32 (1/2)=0

Didu kién lién tuc tai tiét dién gitva dam la:
dw, dw,
w; (1/2) = w,(0); E(UZ) =7 @

Giai cac phwong trinh trén véi cac dong Iénh Mathematica don gidn nhw sau:

w1=w[x]/.DSolve[{1687500*w""[x]+2401.57*w[x]==500*DiracDelta[x-5],
-1687500*w"[0]==0,-1687500*w"[0]==0,
-1687500*w"[10]==M,-1687500*w"[10]==Q},w[x],x][[1]];

w2=w[x]/.DSolve[{1125000*w""[x]+ 2401.57*w[x]==50*Heaviside Theta[x-5],
-1125000*w"[0]==M,-1125000*w"'[0]==Q,
-1125000*w"[10]==0,-1125000*w"[10]==0},w[x],x][[1]];

Sol=Solve[{(w1/.{x->10})==(w2/.{x->0}),

(D[W,X)/.{x->10})==( D[w2,x]/-{x->0}}.{M,Q}I[1]I;

w1=w1/.Sol; w2=w2/.Sol;

Noi le trong cac doan dam dwoc xac dinh theo (16) bang cac lénh sau:
M1=-1687500*D[D[w1,x],x]; Q1=D[M1,x];
M2=-1125000*D[D[w2,x],x]; Q2=D[M2,x];

Két qua thu dwoc wi, w2, M1, M2, O1, 02 1a cac ham sé ctia chuyén vi, mé men uén va lwc cat theo toa

dd x trong cac doan dam. Tir d6 cé thé xac dinh gia tri cia chuyén vi/ndi lwc tai mot tiét dién bat ky trén dam
hay biéu dién dwéi dang d6 thi nhw hinh 3.
M(x) Q(x)

200

-200
- 400
-600

Hinh 3 . Biéu dé mémen uén M(x)-kNm va luc cat Q(x)-kN

5.2 Coc don chiu tai trong ngang

Bai toan phan tich két cAu coc chiu tai trong ngang c6 thé xem xét gibng nhw dam trén nén dan héi.
Diém khéc biét 1a chi c6 tai trong tap trung tac dung trén dau coc va hé sé dan hdi cia nén bién déi theo
chiéu sau.
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Vi du sau minh hoa cach tinh mét két ciu coc béng phwong phap dé xuét. Coc c6 dé ciing El =
101600kNm?, tiét dién HP 360x174 v&i bé rong 378mm chiu moét lwc tap trung theo phwong ngang tai dau
cocla F=50.78kN. Chiéu dai coc la /= 10m, trong d6 c6 3m bén trén nam trong tang dat yéu, 7m tiép theo
xuyén vao nén dat tét, dau coc ngam vao dai coc. Gia thiét hé sé dan hdi ctia 3m dat bén trén 1a k=200kN/m®
,clia 7m dat bén dudi la k=1000kN/m’

Phwong trinh can bang cGia 3m coc bén trén nhw sau:

d*w, 3
EIW‘F 200bw1 =0
Phwong trinh can bang clia 7m coc xuyén trong nén dat tét la:

d*w

2
El it + 1000bw, = 0

Diéu kién bién tai du coc va mii coc twong tng la:

3
1

- EIdWO—F
: dx3()_

d2W2 d3W2
—El—— (7)=0; ~El——=(7) =0

Céc dong lénh Mathematica dé giai hé nhw sau:
w1=w[x]/.DSolve[{101600*w""[x]+75.6*w[x]==0,
-101600*w"[0]==M0,-101600*w"[0]==-50.78,
-101600*w"[3]==M,-101600*w"'[3]==Q},w[x],x][[1]];
w2=w[x]/.DSolve[{101600*w""[x]+378.0*w[x]==0,
-101600*w"[0]==M,-101600*w"'[0]==Q,
-101600*w"[7]==0,-101600*w"[7]==0},w[x],x][[11];

Sol=Solve[{(D[w1,x]/.{x->0.0})==0,

(w1/.{x->3})==(w2/.{x->0}),

(D[w1,x])/ {x->3})==(D[w2,x]/.{x->0})},{MO,M,Q}][[11];

w1=w1/.Sol; w2=w2/.Sol;

M1=-101600.*D[D[w1,x].X];

M2=-101600.*D[D[w2,x].X];

Hinh 4 va hinh 514n lwot mé ta chuyén vi va mé men uén trong coc.

w(x) M(x)

2 4 6

Hinh 4 . Chuyén vi cta coc, m Hinh 5. Mémen uén trong coc, kNm
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@ 6. Kétluan

_ Théng qua cac vi du cho thay phwong phap dé xuét cho phép xac dinh nghiém gidi tich ctia két cau
dam trén nén dan hoi véi kha nang:
- Tinh d&m c6 nhiéu tai trong tac dung;
- Ap dung dworc diéu kién bién tai dau dam:;
- Ap dung cho trwdng hop dam, nén c6 dé cirng khong lién tuc:
- Cothé dung dé phan tich cac dam co cac géi twa/khép doc chiéu dai dam:;
-Viéctinh toan duorc thye hién don gidn véi cac phan mém sé hoc hién dai.

V&i nhivng wu diém trén, phwong phap nay co thé 1a cong cu hivu ich trong céng tac nghién ciru. Két
qua chinh xac cia nghiém giai tich la can clr so sanh nhuw trwdng ho'p riéng clia két qua nghién ctru theo cac
phuong phap khac (phwong phap s, phuong phap gan ding, phuong phap xac suat hoac phi xac xuét...).
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