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TINH DAM TREN NEN WINKLER
THEO PHUONG PHAP CHUYEN VI

Pham Hoang Anh ', Nguyén Thanh Luan’

Tém tat: Tir biéu thire gidi tich cla do véng dam, thiét Iap cac phan tir mau dé tinh dam trén nén dan héi
Winkler theo phurong phap chuyén vi. Xir dung cac phan td mau nay, viéc tinh toan co thé thuc hién tha
cong hodc lap trinh tw dong hoa va cho nghiém sd chinh xac.

Tirkhéa: Phurong phap chuyén vi; ddm; nén dan héi Winkler.

Summary: From the analytical formula of beam deflection, typical elements of beam on Winkler's
foundation are established for solving the problem by deflection method. Using the proposed elements, the
calculation can be done manually or automatically, which requires few nodes and gives exact numerical
results.

Keywords: Displacement method; beam; Winkler's foundation.
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@ 1. Giéithiéu

Dam trén nén dan héi la bai toan kha phd bién trong ky thuat. Bé giai cac bai toan da dang, phuong
phap sé thuwérng dwoe st dung. Théng dung cé thé ké dén nhw phrong phap sai phan hivu han (FDM) [1-3],
phwong phap phan tir hiru han (FEM) [4-8], phwong phap luéi tw do (MFM) [9,10]. Théng thwéng, két qua
phan tich tir cac phwong phap s6 1a gan dung. D& tang do chinh xac clia két qua can ¢ lwéi chia twong dbi
min, kém theo 14 ting dang ké sb lwgng an va khdi lrgng tinh.

Khac voi phong phap sé, phuwong phap gidi tich toan hoc cho phép tim nghiém chinh xac cla bai
toan. Biéu thirc nghiém gidi tich d& duorc thiét 1ap cho mét sé trwdng hop téi trong tac dung trén dam dai vé
han [11]. V&i ddm dai hivu han, cac phwong phap truyén théng nhw phwong phap théng sé ban dau [12],
phwong phap céng tac dung [13] cho phép tim nghiém gidi tich cla dam cé diéu kién phire tap hon. Nhin
chung, cac phuwong phap trén thudng din dén tinh toan phirc tap, biéu thire nghiém thu dwoc kha “cong
kénh”.

Géan day, mot sb bai bao da dé xuat nhirng cach khac dé giam khéi lwong tinh toan [14-17]. Trong
[14], tAc gia dwa ra phwong phap tim biéu thirc nghiém suy rong (generalized solutions), c6 thé ap dung cho
trwéng hop ddm co nhiéu tai trong, gian doan vé dé cirng ctia dam va nén. Cac tac gia[15], [16] da dung cac
ham ky di (singularity functions) biéu dién cac tai trong gian doan dé giam khéi lwong tinh toan, tuy nhién chi
dirng lai & ddm c6 dé ciing va hé sb nén lién tuc. Dé xtr Iy cac trudng hop gian doan vé dd clrng dam va hé
s6 nén, Pham (2014)[17] chia dam thanh nhiéu doan va str dung diéu kién lién tuc vé chuyén vi tai cac diém
chia dé tim nghiém giai tich kin cho tirng doan dam. Bac diém chung clia cac phwong phap trén la dung
ham ky di dé biéu dién tai trong va yéu cau thue hién bang cac phan mém tinh toan sé hoc hién dai nhw
Mathematica [15], [17], Maple [16]. Mac du da don gidn héa qua trinh tinh toan, cac phwong phap nay van
con phu thudc vao coéng cu tinh.
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Trong bai bao nay, phwong phap chuyén vi dwoc dé xuét ap dung cho bai toan phang dam trén nén
dan héi Winkler [18] voi muyc dich giam s diém chia, ddng thoi co thé st dung cac cong cu toan théng
thweng. Phan tir thanh mau dugc thiét 1ap dua trén biéu thire nghiém gidi tich clia ddm Euler—Bernoulli
chiu chuyén vi tai dau thanh hoéc chiu tai trong phan bé déu. Mét vi du sé dugc st dung dé minh hoa cho
cach tinh d& xuét.

(® 2.xaydwngphantirmau

Xét dam cé dd clirng chéng udn thay ddi bac, dat trén nén Winkler cé thé cd hé sé nén hdng s hoac
thay ddi bac. Dé tinh toan dam theo phwong phap chuyén vi, bai bao sé& nghién ctru thiét 1ap hailoai phan to
mau bao gdm: ddm hai ddu ngam va dam dau ngam - dau tw do c6 6 clrng chdng ubn va hé sé nén la hang
s6. Thucté, co thé chi can dung phan tir mau dam hai ddu ngam trong tinh toan. Tuy nhién, st dung phan tir
dam déu ngam - dau terdo gitip gidm an sb chuyén vi tai dau tw do clia dam.

2.1 Dam hai dau ngam chju chuyén vi

Xét mot phan tl dAm co chiéu dai L va d6 cirng El nam trén nén dan hoi Winkler véi hé sb nén k. Moi
dAu thanh cé hai thanh phan chuyén vi: 1 chuyén vi thang tinh tién theo phwong vuéng géc véi truc thanh va
1 chuyén vi xoay (Hinh 1). Chiéu dwong clia cac chuyén vi duwgc quy wée nhie trén hinh vé.

q1 6]3T

Hinh 1. Phén tir mau: ddm chiu chuyén vi

Khi c6 cac chuyén vi nay, trong ddm sé phat sinh ndi lwc mémen udn va lyc cét. Ta sé thwe hién tinh
toan cac gia tri ndi lwc tai dau thanh twong trng voi tirng tredrng hop chuyén vig,i=1..4 ,béng donvi. Ky hiéu
cacthanh phan néilycnayla r,i=1..4,j=1..4 nhw hinh vé trong Bang 1.

Dé xac dinh ndi luc, trwdc tién can xac dinh chuyén vi trong thanh. St dung biéu thirc giai tich do
vong cla thanh khi khéng c6 tai trong tac dung [19]:

u(xy=e™ (Clsin [ox ]+ C2cos [ox])+e * (C3sinforx ]+ C4 cos [orx])

a=% (1)

trong dé, cachang sé C,, C,, C,, C, dwoc xac dinh theo didu kién bién:

u)=q,; w(0)=q,; ull)=q;; (L) =gq,; (2)
Mémen uén va lirc cét trong dAm dwoc xac dinh theo:
du(x) dM (x)
M(x)=Er 249, I 3
(x) e O(x) i (3)

LAn lwgt cho tirng chuyén vi g, bang don vi G xac dinh céc gia tri r,. Cac phép tinh dwoc thie hién
béng chwong trinh Mathematica, véi cac dong Iénh nhuw trén Hinh 2. Két qua thu dwoc trong Bang 1. Cé thé
thay, ma trén [r],,, v&i cac thanh phanr,, i=1..4, j=1..4 1ay theo Bang 1 chinh 1a ma tran do ctrng cta phan tr
dam trén nén dan héi Winkler.

r=Table [Table[0, {4}],(4}];
u=Exp [a*x]* (Sin[a*x] *C1l+Cos [a*x] *C2) +Exp [-o*x] * (Sin [a*x] *C3+Cos [a*x] *C4) ;
du=D[u,x];
For[i=1,i<4,
g=Table[0, {4}1; qllill=1;
Ci=Solvel[{ (u/.{x—0})==q[[1]],[du/ {fx—0})==q[[2]],
(u/. {x—~L})==q[[31], (du/. {x-'l.})mti['i]]},{c1,02,03.04}] [
U=u/.Ci;
M=EI*D[D[U,x],x]:0=D[M,x];
r[[1,111=0/. {x—0kx[[24]]=-M/. {x—0);
r[[3,i]1=-0/ . {x—L)r[[4]]=M/{x—L};
Print["q=",ql; Print[Simplify[Cil];
it+];
Print[Simplify[r]//MatrixForm];

Hinh 2. Céc dong lénh Mathematica dé xéc dinh céc néi luc ddu dadm do
chuyén vi don vj tai déu thanh géy ra
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Bang 1. Noi luc tai dau dadm do chuyén vi bang don vi géy ra

i 5, =40 (~1+e* +2" sin[2La ]) EIB
- r, =20* (1+¢* - 2¢"* cos [2Lo. ])EIB

r, =—8e"a’ ((—1 ige )cos [Zo ]+ (1 e )sin [Lex ])E[B
1, =8¢ (—1 o )(:L3 sin[ Lo |EIB

iy =2t (I+ e —2e™ cos [2Lot ])EIB

Ly =20 (—1 +e'* —2¢* sin [2].& ])EIB

B, =-8¢™ (~1+¢™" Jau’ sin [Za. JEIB

r, =—4e™ af(-1+¢"* oos[LoJ- 1+ )sin [La ] E7B
5, = —8e™ qj((—l +et )cos [ch ]— (l + e )sin [lu ]) EIB
1, = =8¢ (~1+¢™ Jo* sin [La ]EIB
5, =da’ (—1+¢" + 26" sin[22a ]) EIB

L, =—2a> (1 +et —2e?cos [Zbot])EIB

5, » ? n, = 8e™ (—1+¢” Jo” sin [ Lo JEIB
4

By =—4e™ {1+ Joos [Lot ] (1-+e¥* )sin[ Lot ) E1
5, = 20> (1 +et e e0g [ZLQ])E[B

Ty =—2a (1-e** +2¢*sin [2 Lo ])EIB
1
1-4e™2 +e*2 +2e%2 cos [2at ]

B=

2.2 Dam hai dau ngam chiu lwc phan b6 déu

Trwéng hop thanh chiu tai trong phan b déu p,(Hinh 3). Biéu thirc @6 vong ciia thanh dwoc cho nhw

sau[19]:
Po
Hinh 3. Dam chiu lyc phan bé déu
u(xy= % +e** (Clsin [orx ]+ C2 cos[oux]+ )+e ™ (C3sinJox ]+ C4cos [ox]) (4)
Cachangsé C,, C,, C,, C, dwoc xac dinh theo diéu kién bién:
uM=0; '0)=0; wul)=0; (D=0 ; (5)

Két qua tinh bang Mathematical véi cac 1énh nhw trén Hinh 4, dwoc cho trong Bang 2.

R=Table [0, {4}]7

u=p/k+Exp [a*x] * (Sin[a*x] *C1l+Cos [a*x] *C2) +
Exp [-oa*x]* (Sin[a*x] *C3+Cos [a*x]*C4) ;
du=D[u, x] ;

Cci=8olve|[{ (u/.{x—>0})==0,(dw/ {x—=0)=0u/{x—L})==0, (du/. {x—L})=0},
{C1,C2,C3,C4}1[[1]1]:

U=u/.Ci;

M=EI*D[D[U,x],x];Q=D[M, x];

R[[1]1=0/. {x—0}RI[2]]=-M/. {x—0};
R[[3]1=-0/. {x—L}RI[4]|=M/{x—L};
Print[Simplify[Cil];

Print [Simplify[R]//MatrixForm];

Hinh 4. Céc dong lénh Mathematica dé xac dinh céc néi luc ddu ddm do lic phan bé déu géy ra
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Bang 2. N6i e tai ddu dam do e phan bé déu gay ra

R, =—4’ 1+ —2¢" cos[La]) Ely
Do & R, =-20% (—1+¢¥ — 2 sin[La])Ely
T 1T 1

R

Ry, =4’ (1+¢™* —2¢" cos[La]) EFy
Rap

R,, =20’ (—1+eﬂ“ — e Sill[LOL])E]’}’
By

r= k(—l +e 426 sin [Iﬂ,])

va chiu lyc phan bb déu dwoc cho trong Bang 3 va Bang 4.

V@i cach lam tuong tu, ta cling xay dwng duoc cac phan tir mau dam dau ngam-dau ty do va dam
dAau tw do-ddu ngam. Céc biéu thirc ndi lwc dau dam twong (rng véi trwérng ho'p chiu chuyén vi bang don vi

Bang 3. Noi luc tai ddu ddm conson do chuyén vij bang don vi gay ra

1. Dam Bau ngam-dau twr do
i1
r, =40 (-1+e" + 26 sin [220. ])Em
r
1, =20 (1+ e* —2e* cos[2La ])E]n
1 =2a’ (1+ e* —2¢™* cos [2La ])Eln
2 r, =—2a (1-¢"* +2¢** sin[2La ])EM
2. Dam Péu tr do-déu ngam
1
7 5, =4’ (-1+¢"* +2¢* sin [2Lo. [)EM
g=1 r, =—2a’ (l +e** —2¢**cos 2La ])EIT]
F12 ,=—2a’ (]+e“‘“ —2e* cos [2[11])15]1’1
______________ S
e r,, = —20 (1-e** + 2" sin [2La ])EMm
B 1
i 1+4e™ +¢*™ +2e*™ cos [ZLOL]
Bang 4. Noi luc tai ddu ddm conson do luc phdn bé déu géy ra
1. DAm Pau ngam-déu tw do

y R, =—4a’ (—1+e"* +2¢** sin[2La ] )Elp
T T 1 ’ ( )=

)y =207 (l +e* —2e™ cos[2La ])Elcp

2. Dam Péu tyr do-dau ngam

; p’? ; ﬁzp R, =40 (~1+¢" +2¢* sin[2La. ])Elp

\ Ry, = 20.° (I O ) cos[ZLu ])Eltp

P

(P=kﬂ

(® 3.Tinh dimtheo phwong phap chuyén vi

Trinh ty tinh toan két cAu thanh theo phwong phap chuyén vi dwoc trinh bay chi tiét trong [20]. Tém
tat cac bwée thwe hién nhw sau:
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+ Phan chia ddm thanh cac phan t&r mau, cac phan tir nay ndi véi nhau béi cac nat; xac dinh cac an
s6 (1a cac chuyén vi déc lap clia dau phan tlr - théng thwérng chinh 1a cac chuyén vinat);

+ Xac dinh ndi lyc tai cac dau thanh do tirng chuyén vi n(t co gia tri bang don vi va do tai trong phan
b trén phan tl g4y ra (theo cac bang phan t& mau d lap);

+ Viét phwong trinh can bang Iwe tai cac nit. V&in chuyén vi nat can tim, ta sé thiét 1ap hé n phuong
trinh can bang, tuyén tinh, cé thé viét dwéi dang matran nhw sau:

[R] ig} +{F,} = {F} (6)
trong do: {q} la véc to' c6 thanh phan la n chuyén vi nat can tim, g,.k = 1..n; [R] 1a ma tran cac hé sb, voi R,
tinh bang téng ndi lwe tai cac dau thanh twong ng véi chuyén vi thi k, do chuyén vi m bang don vi gay
ra;{F }la véc to ¢é thanh phan F,, tinh bang téng noi lwrc tai cac dau thanh twong trng véi chuyén vith k do
tai trong phan b6 déu trén cac thanh gay ra va {F} la véc to ngoai lwc tac dung tai cac nit (e tap trung theo
phuwong thang dirng va mé men tap trung).

Sau khilap dwoc hé phuwong trinh (6), ta sé xac dinh dwgc cac chuyén vinut, t&e d6 xac dinh dwgc ndi
lwe va chuyén vitrong ddm. Cu thé, cac chuyén vi nit dwoc dinh béi:

fq}=[R]" ({F}—{F,}) (7)
Biéu thirc 6 véng cla thanh thir k-th dwoc xac dinh theo nguyén ly cong tac dung:
u?(x)=q"U,+;°U, +q:"U; + U, +U, = (U g} + U, (8)

Bang 5. Cac hang sé trong biéu thirc chuyén vi thanh hai ddu ngam

g’ =1| Cl=(-1+&"* cos[2Lo ]+ sin[2La])p: C2=(1-2¢* +&™ cos[2La ]-e™ sin[2La]) B
C3=c (¢ —cos[2La ]+sin[2La])B: C4=e" (-2+e™ +cos[2LaJ+sin[2La])p

¢ =1| Cl=(1-c" +™ sin[2La])p /a; C2=-2" sin[La]’ B /a
C3=e¥™ (-1+e —sin[2La])B /a; C4=2e"sin[La]’ B /ot

g¥ =1 Cl=e™ (~(-1+e¥ kos[La ]+ (-3 +¢*)sin[La])p
c2=e ((=1+¢¥ Yoos[Lo ]+ (1+¢*)sin[La )
C3=—e™ ((1+¢¥ Joos[La J+ (-1+3¢*)sin [La ])B
4= ((=1+¢* os[Lo]+(1+¢* Jsin[Lo])B

(k) =1

4y Cl=e* ((-1+¢* Jeos[La]-2sin[La )B /a; C2=—e™ (-1+&**)sin[La]B /ot

C3=(em - ):05[L0L]+233“‘ sin[Lo]B/a: C4=c™ (—l+e2m)sin[1_ﬂ,]j3 /o

P=Po | cr1=(-1+¢" cos[Lo]-e" sin[La]) y: C2=—(~1+e" cos[Lo]+e™ sin[La])y
C3=—¢™ (e““ —cos[Lo ]-sin [Zot ])7; C4=—c*(e"™ —cos[Lo ]+sin[La Jy

“.i=1..4 1a cac chuyén vi tai dau thanh k, |4y twong (rng theo cac thanh phan chuyén vi trong

Véiq
{q}; U, i=1..4 1a biéu thirc G0 véng cla thanh do q = 1 gay ra; U, la biéu thirc d6 véng do luc phan bd déu
trén thanh gay ra. Cac biéu thirc nay duwoc xac dinh theo (1) va (4), véi cac hdng sé C1, C2, C3, C4 cho
trong Bang 5.

N&i luc ddm cé thé xac dinh théng qua d6 véng u®(x) theo (3). Mat khac, cling cé thé xac dinh truc
tiép ndi lurc tai du thanh theo quan hé:

RO =g+ R, }© 9)

trong d6 {R} ' = {R™, R, R{*, R{" Yla vécto cac thanh phan néiluc du thanh k; [1]", [R.]” xac dinh theo
Bang 1va 2 (hoac Bang 3 va4)twong (rng cho thanh k.
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Két cAu dam trén nén dan hoi trong tai liéu [17] dwgc tinh theo phwong phap chuyén vi. Vi du nay
dung dé kidm tra cac phan tir mau da thiét lap. DAm gdm 2 doan, doan thir nhat dai L,=10m, c6 d6 clrng
El,=1687500kNm’, chiu lwc tap trung 500kN tai gitta doan; doan thir 2 dai L,=10m v&i do cling la
El,=1125000kNm’, chiu lwc phan bd déu 50kN/m trén nia cubi cla doan (Hinh 5). H&é sé nén

k=2401.57kN/m’.
I(l)l 00K | _S5m 50kN/m
| s

>~
ra

Hinh 5. D&m c6 do ciing thay doi trén nén dan hdi
Hé co ban theo phwong phap chuyén vi dwoc lap nhw trén Hinh 6, bao gdm 4 phan ti thanh, danh sb
k=1..4 phia trén mi phan ttr. Trong d6 phan t& 1 twong (rng véi ddm dau t do-dau ngam, phan tlr 2 va 3
twong (eng véi dam hai dau ngam va phan tlr 4 twong (eng véi dam déu ngam-déu fuir do. V&i md hinh phan
tl nhw vay, hé c6 3 nat (dwoc danh sé phia dwdi mdi nat), 6 bac siéu déng bao gbm 3 chuyén vixoay q,, q,,
g, va 3 chuyén vithang q., q., g, dwoc quy wéc chiéu dwong nhu trén Hinh 6.

S00KN SOKN/m

RN Y S sany!
g

Hinh 6. Hé co ban theo phuong phap chuyén vi

Hé phwong trinh can bang viét cho hé theo (6) sé nhu sau:

[Rlg6 1@ 16 + {Fp} 16 = 1F e (10)
trong dé:
{F}={0 0 0 -500 0 oY (11)

[R]sxs, {F,} 1x6 dwoc xac dinh theo nhw muc 3, st dung cac bang phan tir mau dé thiét 1ap. Ta thu
duwoc:

(F}={0 0 570629 0 0 234934} (12)
(1446395.92  672859.927 0 379920.503 —403145.49 0 ]
2255707.19 447862.014 403145491 -135002.04 —268147.41
[R] = 993449.215 0 26814741 —245730.69 (13)
177965.546  —160459.65 0
278910396 —106461.4
| bXx. 123738.443 |

Két qua tinh chuyén vi, mémen ubn va luc cat trong ddm dwoc cho trong Bang 6, véi ndi luc dau
thanh dugc xac dinh theo (9). Cac két qua nay triing véi két qua tinh theo phirong phéap gidi tich dworc trinh
bay trong [17] (C4c gia tri tinh theo [17] dwgc thé hién trong dau “()” & Bang 6).

Bang 6. Chuyén vj va néi luc tai cac nut dém

Nut D6 voéng (m) Goc xoay (rad) Mémen uén (kNm) Luwe cit (kN)
1 -0.0187148 0.000613529 585.529 Trai: 232.710 (232.710)
(-0.0187148) (0.000613529) (585.529) Phai: -267.290 (-267.290)
-0.0139465 0.000892106 -232.944 -70.043
= (-0.0139465) (0.000892106) (-232.944) (-70.043)
-0.0126346 -0.00033736 -193.775 83.116
2 (-0.0126346) (-0.00033736) (-193.775) (83.116)
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Chuyén vi ciia ddm xac dinh theo phwong u
trinh (8) dworc biéu dién trén Hinh 7 cling hoan toan o 5 w15 Tt
tring va&i két qua giditich. 0.005

Hinh 7. Chuyén vi cia ddm, m

(.: 5. Kétluan

Bai bao lap ra mdt s6 phan t& mau dé phan tich két cAu dam trén nén dan héi Winkler theo phwong
phap chuyén vi. S6 lwong phan tir cho mé hinh tinh chi can du dé biéu dién tai trong (tai trong tap trung hodc
lwc phan bb déu) va cac gian doan vé dd cieng.

V&i cac phan ti mau nay, nguwdi tinh ¢6 thé dung cac céng cu tinh toan théng thuwéeng dé tinh tha
cbng hodc lap trinh tinh toan tw déng va thu duoc két qua sb chinh xac clia dé véng, goc xoay, médmen ubn
ciing nhw lwc cét trong dam.
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