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Tém tat: Bai bao trinh bay cac ly thuyét xodn thuan tuy va xoan kiém ché cia thanh thanh méng tiét dién kin.
Terdo, da thiét lap duroc céc cong thike tinh toan déc trung hinh hoc khi xodn cta tiét dién thanh thanh méng
kin. Mot vai vi du duge thue hién dé lam ré céch tinh toan mémen quén tinh khi xodn thuén tay, biéu dé toa
dé quat va mémen quan tinh quat.

Ttr khéa: Thanh thanh méng; tiét dién kin; tiét dién kin - hé; xodn kiém ché; toa do quat; mémen quan tinh
quat: mémen quan tinh khi xodn thuén tay; dac tring hinh hoc tiét dién.

Summary: This paper presents uniform torsion and non-uniform torsion theories of thin-walled members of
closed section. Formulas for the calculation of the geometrical properties of thin-walled closed sections
subjected to torsion are established. Some examples are performed to bring out the calculation of the Saint
Venant torsion constant, diagram of sectorial coordinates and warping constant.

Keywords: Hin-walled section; closed section; closed-opened section; warping torsion; sectorial
ordinates; warping section constant; torsion section constant; geometrical properties of section.
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(® 1.m&dau

Thanh thanh méng dugc tao hinh ngudi (dap ngudi, can ngudi) da dwgc ap dung nhiéu & trén thé gidi
(chau Au, My, Uc,...) va bat dau phat trién & Viét Nam (qua san phdm cla cac cong ty nuéc ngoai Zamil
Steel, Bluescopes). Ly thuyét thanh thanh méng tiét dién hé co dién da dwgc Viasov [1] phat trién tir nhirng
nam 30 cda thé ky 20 va hién nay nhiéu nuéc da cé quy pham, tiéu chuan vé tinh toan, thiét ké két cau thanh
maéng (chau Au [2], My [3], Uc [4], Trung Quéc). Khi tinh toan thanh thanh méng viéc xac dinh cac dic trung
hinh hoc cla tiét dién la budc dau tién va quan trong. Dua trén cac cong thire tdng quat ciia Murray [6], mét
nghién ctru truére day [5] da lap mét chwong trinh tinh toan cac dac trwng hinh hoc clia thanh thanh mong tiét
dién hé bat ky. Bai bao nay la phan nghién ciru tiép theo ap dung cho thanh thanh méng tiét dién kin va tiét
dién kin-hé két hop. Loai hinh két cu nay xuét hién nhiéu trong xay dwng nhuw: dam hép, dam nhiéu ban
bung, 16i cirng bé téng cbt thép trong nha cao tng. Viéc nghién ctru cach tinh toan dac trung hinh hoc cla
cac loai tiét dién do 1a can thiét trong phan tich két cau.

Dua trén ly thuyét tinh toan thanh thanh méng tiét dién hé cla Viasov, Von Karman va Christensen [7]
da thiét 1ap ly thuyét gan dung tinh todn thanh thanh méng tiét dién kin. Gia thiét co ban nhat cla ly thuyét gan
dang nay la bién dang trurot gay ra bdi xodn kiém ché bang khéng, ,=0 va chi co ké dén bién dang truot gay
ra do xoan thuan tdy Saint-Venant (1853). Diéu do co nghia la quan hé gitva (rng suét tiép T, va bién dang
truegt v, khdng dwoc stk dung dé tinh toan T, Viéc xac dinh T, duoc thwe hién bang cach xét diéu kién can
bang theo phuwong truc thanh. Diéu do twong tw nhw gia thiét tiét dién phang ctia Bernoulli trong ly thuyét
dam. Gia thiét Bernoulli din dén bién dang truot bang khéng va luc cit dwoc tinh toan dwa trén can bang cla
phan té theo phwong truc dam.

'ThS, Khoa Xay dung dén dung va cong nghiép, Trirong Bai hoc Xay dung. E-mail: stream.80@gmail.com.
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Trwéc hét, bai bao trinh bay Iy thuyét xodn thuan tdy cla Saint-Venant sau d6 trinh bay ly thuyét cia
Von Karman va Christensen. Céac céng thire tinh toan cac dac trng xodn cla tiét dién 1an lugt dwoc thiét
lap, cu thé 1a mé men quén tinh khi xoén thuén tay, biéu dé quat va mé men quan tinh quat. Cac céng thirc
dwoc ap dung vao mét vai dang tiét dién kin dién hinh dé cé dwoc cac két qua & dang gidi tich clia clia cac
d&c trwng xoan. Nghién ctru cling thue hién tinh toan s6 véi dang tiét dién kin - hér két hop.
(@ 2.Lythuyétxodn thuan tay thanh thanh méng tiét dién kin - Iy thuyét Sain - Venant

Theo ly thuyét ctia Saint - Venant, déi v&i dam cé tiét dién khong ddi chiu uén thuan tay thi trén tiét
dién chitén tai ('ng suat tiép.

Hinh 1. Tiét dién kin mot khoang

Trong treéng hop tiét dién kin cd mét khoang nhuw trén Hinh 1, xét can bang phan t6 Atheo phwong
trucz.

ntdz=t,t,dz  — T,=T, (1)
trong dé: T, va T, la (ng luc tiép tt. Nhw vay, (ing lwc tiép quanh tiét dién kin 1a khéng dbi. LAy mémen cla
lwc trén phan td C dbi véei mot diém B batky.

dM =Tpgds (2)
Béang cach tich phan theo chu vi clia tiét dién, co dwoc:
M=2TF (3)

trong do: F la dién tich dwoc bao b&i dwdng trung binh clia thanh méng.
Géc xo0an dwgc tim bang cach can bang cong ngoai lwc va céng ndi luc.
%qu;: J é ytdsdz 4)
Thay phwong trinh (3) vao phwong trinh (4) nhan duoc:

ds
w_ 1o omd, 5)
dz 2GF 't G 4F?
} _4F?

!
J, dwgc goila mémen quan tinh khi xoan thuan tay.
Nhuw vay, mdé men xoan thuan tiy trén tiét dién dwoc xac dinh.
do
M@ g (7)
. d ! : ; ,

Doi vai tiét dién kin-hé két hop, vi du tiét dién bao gom mdt khoang kin va cac khoang hé, ta cé thé
dung nguyén ly cdng tac dung. M& men xoan thuan tay trén toan tiét dién bang téng clia cac md men xodn
trén phan tiét dién kin va trén phan tiét dién hé.

p d
M=(E M) +M,, = 073 (&,) +0,), |- Gd—dz’.J,, 8)
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M& men xoan thuan tay trén phan tiét dién kin va trén phan tiét dién hé dwgc xac dinh nhw sau:

J J

M, =M ( P)km : (ZM) -M (Z P)hu (9)
Jp ho Jp

Khi tiét dién bao gdm mot vai khoang kin nhw Hinh 2, xét can bang tai diém néi.

TSIy (10)

Déi véikhoang thir i, tir biéu thire (3): M,=2TF,
Va cho toan bé tiét dién: M=22TF (11)

‘LQ
BD ’

Hinh 2. Tiét dién kin nhiéu khoang
Goc xoan cla khoang thir i dwoc tinh tir biéu thire (5).

D c

B || =5 -1 [T, [ (12)
dz  2GF |7t |, 2GF o it t ot
Biét rang dd/d= 1a khdng déi ddi vei moi khoang, dat:

T.
W, =—

G@ (13)

dz
Hé phuong trinh (12) dwoc bién dbi:
1 Fds ds Cds
— |~y [y 4= -y 12 (=1 14
2E|: ‘lej[t W: ¢ \UmJI] ( )
Giai hé phuong trinh (14) nhan duoc cac gia tri y,, thay vao (13) rdi vao (11) s& nhan duoc quan hé sau:
M=GR3 (15)
. M

d G 2v.F) &Y

Mé men quan tinh khi xoén thuan tay cla tiét dién kin nhiéu khoang dworc xac dinh:

J, =2y F, (17)
Khi tiét dién kin chi cd mot khoang va tir céng thire (5), ta co:
VE"d s (18)
Gt =
dz t

(@ 3.Lythuyétgan dang khi xodn ctia thanh thanh méng tiét dién kin - Ly thuyét Von Karman va
Christensen

3.1 Gia thiét ctia Von Karman va Christensen

Hinh 3 thé hién mét phan t6 thanh méng dzds véi cac ds
chuyén vi u, v trong mét phang theo cac phwong z, s; w 1a \
chuyén vitheo phuong vudng goéc véi mét phéng phan té. {

Trong ly thuyét xodn thanh thanh méng tiét dién hé, \

W W

gia thiét co ban cla Vlasov la bién dang truot toan phan

trong méat phang tAm bang khéng. . v

Hinh 3. Phan té thanh méng
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Yz¢:@+@:0 (19)
Oy Oz
Déi v&i xoan thanh thanh méng tiét dién kin, Iy thuyét gan dung ctia Von Karman va Christensen gia
thiét bién dang trwot toan phan bang bién dang trwgt thuan tay Saint-Venant y, hay ndi cach khac la bé qua
&nh huéng clia bién dang trugt do xoén kiém ché y,.

Yos =Y+ T =Y (20)
ou ov T,
=t —= — 21
RIS eT L
Céng thire (21) viét cho tirng khoang kin véi T, la (ng luc tiép gay ra do xodn thuén tay trong thanh
maong clia khoang thiri. Thay céng thirc (13) vao cong thire (21).

_V.do
 =rith (22)
B B0
— =t —=1t— 23
Vs a% " 1 & 23)

3.2 Xéac dinh céac chuyén vi
3.2.1 Chuyén vitrong mét phang tiét dién thanh
Xét tiét dién thanh thanh méng quay xung quanh gbc C batky mdtgéc theo chiéu kim dong ho.

7 §i|~
Es |
A :
s/
I '>:7£ i
i .
)t /"/ / \T“
i |
2 4 /
C' — P i

¥
Hinh 4. Chuyén vi cda diém i khi diém A quay xung quanh géc C mét gécd
Theo Hinh 4, xac dinh dwoc chuyén vi £ va 1 ciia diém i khi diém A quay xung quanh géc C mot ¢ ,
doan Ai coi nhu tuyét déi cing.
£, =& ,—xi+xicosp — y,sind (24)

M, =N~ Y, +xising +y, cosd (25)
Khi gbc xoay nhé, st dung gan ding sau

sind = ¢, cosd =1 (26)
Dods:

Ci=C4—U; 0 (27)
ﬁi=ﬁA+3_ci¢ (28)
Tuwong tw, ta cd thé biéu dién chuyén vi cla diém B bat ky qua chuyén viclia diémA:
E,B:EA_.';B‘b (29)
Mg =N4+XB0 (30)

Tw cac cong thire (27) + (30) co thé biéu dién chuyén vi cia diém i qua chuyén vj ctia diém B va goc
X04n ¢.
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QUA , D 1a
& =8~ (= vl (31)
M, =N+ (4= 1) (32)
Tw Hinh 5 va cac cong thire (27),(28) xac dinh dwoc chuyén viv va w qua chuyén vi clia diém A
=&, cosa+m, sina =& , cosa+n , sin&+[3c,- sina—y, coso-t}a) (33)
w=-§,sina+n, cosa =—& ,sina+m Cosd+[5c; cosaL+ y, sind}a (34)

Trong dé chuyén vi v theo phwong tiép tuyén con chuyén vi w theo phwong vuéng géc véi méat
phang tam tai diém i, ca hai chuyén viw, v déu nam trong mét phang tiét dién thanh thanh mong.

N 4

P,
Al X
o —
v E
AT .7: »
= ”Eé% i//_\({&
s N4 2
-~ R
o i
2%
O | =
2y (|
o\
%
™ | &

y
Hinh 5. Phan tich chuyén vj €, 1, theo hai phurong clia chuyén vi v, w tai diém i
Biéu thirc trong ngodc vudng cla cac cdng thirc (33), (34) chinh la cac thanh phan cia véc to Ai
chiéu theo hai phwong clia chuyén viv, w. Goi p, la thanh phan clia véc to Ai theo phwong clia w, d6 chinh la

khoang cach tir Adén duwdrng tiép tuyén véi dweng trung binh cia thanh méng taii nhw trén Hinh 5. Tir cdng
thire (33):

v=_E, cosa+1,sina =& , coso+1  sino+p ¢ (35)

Twong tw, tir Hinh 5 va cac cong thire (31), (32) xac dinh dwoc chuyén vi v va w qua chuyén vi cla
diém B:

v=E ,coso+n , sina+ [(XJ—XB)Sina— (y,- yB)cosa}ﬁ; (36)

w=—£ ,sino+n, cosd+[(5c,-—3ca)cosd+ (jz,.—sz)sino_t}b (37)

Nhu trén, biéu thire trong ngodc vudng clia cac cong thire (36), (37) 1a cac thanh phan clia vécto Bi

chiéu theo hai phwong clia chuyén viu, v. Goi p,, 1a khodng cach tir B dén dudng tiép tuyén véi dwong trung
binh ctia thanh mdng. Tty cong thirc (36):

v=E ,COSQL+T ,sina+p, b (38)
3.2.2. Chuyén vingoai mat phang tiét dién thanh
Tl cac cong thire (23), (38) nhéan duorc:

av

o _Widy o o
as t dz oz
@__déa(z) = T]B( ) d([)(z) .2

LAy tich phan phwong trinh (40) theo duwéng trung binh clia thanh méng tr diém gbc V dén diém i
dang xét (Hinh 5), khoang cach Vila s tinh tir V

dés(z) | = dﬁs(z) T. - do(z) i - v, (2) s
u= = Jcosa(s)ds T4 Jsma(s)ds = d—ZZ ﬂ:p 2(8)— E}ds +C(z) (41)
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trong d6, £(z) 1a héng sé tich phan déivéitoa doss.

béyrang ) )
d x =dscoso(s) dy =dssina (s) (42)
P&t wa(s)= j{pg(s) “’((ﬂ (43)

®s (5) dwoc goila toa dd quat cia tiét dién thanh méng kin.

Lwu y: theo ly thuyét thanh thanh méng tiét dién hé cia Viasov, toa d6 quat dwoc xac dinh theo cong
thirc sau:

05(s) = [P y(s)ds (44)
0
Céng thirc (44) c6 thé nhan dwoc bang cach sir dung céng thire (19) thay thé cho cdng thic (23)

trong cac bién ddi cia muyc 3.2.2. Cac cong thirc xac dinh toa do quat (43) va (44) néu rd sw khac nhau gitra
ly thuyét thanh thanh méng tiét dién kin va ly thuyét thanh thanh méng tiét dién hé.

Thay (42) va (43) vao cong thirc (41) nhan dwoc cdng thirc thé hién chuyén vi ngoai méat phang tiét
dién thanh (chuyén vi doc truc thanh thanh méng):

dé (Z)X(S') dﬂB(Z) () ¢’( )0) +C(Z) (45)

(® 4.viduapdung

4.1Vidu 1: Tiét dién hép kin mét khoang

Hay xac dinh cac dac trwng hinh hoc cta thanh thanh méng tiét dién hdp chir nhat kin mot khoang
(Hinh 6).

a’bt,- ab't, -a’bt+ab't,
D A 4(at,+ bty v 4(at,+ bt,)

t
t C=M t X CEM\ X
|2 2 - \ i

& B -a’bt+ abt, a’bt,-ab't,
a 4(at,+ bt,) @ 4(at,+ bt,)

Y Y
y y

Hinh 6. Biéu dé toa dé quat cia thanh thanh mdng tiét dién hép kin mét khoang

M6 men quan tinh khi xoan thuan tay cua tiét dién chir nhat cd mot khoang kin nhuw trén Hinh 6 dugc
xac dinh theo céng thirc (6)
_4F* _ Aab)®  2a°bt,
Poogds 2a . 2b 0 at,+by
i & &
Do tiét dién co hai truc ddi xirng nén trong tdm C va tdm xoan M cia tiét dién trung nhau va chinh la
giao diém cla hai truc ddi xtrng. Tl cdng thire (18)
_2F _ 2ab _ abtt,
ds  2a 2b  at,+b,

t AR
Xacdinh toa dd quat d6i véi tam xoan M theo cong thirc (43)
B J.(_* abt, Ys = abt +ab2 . . (B) =— o, (4)
M at, + bt, Aat,+bt) ~ . .
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Mé men quan tinh quat tinh theo phuwong phap nhan biéu dé

2 b3 2
bt, —ab“t
1= J‘w2dA:;Z(cof +0F +@,0,), 4 zé("ﬁ +brz)w
© Y -

(at, +bt,))’
Khit,=t,=1
2a’b*t —a*b+ab® a’b—ab?
= L 0, (4)= =927, (B)=0,/(D)=L7"9
P ael 0, (4)=0,(C) 4a+b) ®,(B)=0,(D) Xa+b)
_a’b*(a-b)’t
2 12(a +b)

Cong thire tinh J, khi bé day thanh méng khéng ddi trung véi cac két qua da dwgce néu trong cac tai
ligu[8, 9].

Khitiétdién hdpkinvudnga=bvat,=¢,=t¢

J,=a’t ; 0,(4)=0,B)=0,(C)=w,D)=0; 1,=0

Nhuw vay, tiét dién hdp kin vuéng c6 bé day thanh méng khdng ddi khéng bi vénh ra ngoai mat phang
tiét dién khi chiu xodn, cé nghia la thanh thanh méng tiét dién hép kin vuéng chi chiu xodn thuan tiy ma
khéng c6 xoén kiém ché.

4.2 Vidu 2: Tiét dién hép kin ba khoang déu nhau

Hay xac dinh cac dac trieng hinh hoc cla thanh thanh méng tiét dién hép chik nhatkin ba khoang déu
nhau (Hinh 7).

Déivei mdikhoang f{@:Ml
t t . S 6a’b + 3ab’- 5b° 5 i
fa’b +5ab'- 4b e 6a’b + 5ab'- 4b
" 8a+ 12b "\& 8a+ 12b
C—MN\\ X
It V \\&\> i
K Ba’b + 5ab’- 4b° 6a’b +5ab’- 4b’
8a+ 12b 8a+12b
Y Ba’b + 3ab’-5b°
y 8a + 12b
Hinh 7. Biéu db toa do quat cla thanh thanh méng tiét dién hép kin ba khoang
. [ds_b
Boivéimoiban bung & gitra: ) = 7
T cong thire (14), ta thiét lap dwoc hé phuong trinh
; 1 [2(a+b) b
boivéikhoang1: —|——v, —— =1
9V 2l ¢ ' d 2}
: 1[ b 2a+h) b
Boiveikhoang2: 5 |~ Vit~ 2 ¥ =1
. 1| b 2(a+b)
Béivoikhoang3: 5 7|~ W2+ Vs |=1
2b(a+b)r, _ 2b(a+2b)

Giai hé phwong trinh trén co: W,=W;=m, 2 2a+3b

Xac dinh toa d quat déi trén chu vi hinh hdp, véi thm xoén M theo céng thirc (43) va chon diém gbc V
nhwtrénHinh 7.
b2 2 2 3
3a 2bla+b 6a-b+5ab™ —4b
0y, (A) = J.|:?_ 2( ):|d" = ;
; a+3b 4(2a+3b)

~ “Tb 2Wa+h)], _6a’brab’—6b . (p _ _ e VBT
0 (B) =00, (4) + ,,j[z — ]ds- P 00 (B) =0, (O =04 (D) =0 (H)

Wy (A) = _O)M(D) =0y, (E) =y, (K)
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Déi veiban bung BH, chon diém géchhu’trén Hinh 8.
2 . (B)_"'f a__26° |, _2d’b+3ab’ —4b°
2a+36" M 2 2a+3b 4(2a +3b)
M& men quéan tinh khixoénthuéntuyduqctmhtheo céngthire (17)
2
By = 2[2 20a+by 2b(a+2b)tab] _ 4ab’(3a+4b)t
2a+3b 2a+3b 2a+3b
Mé& men quém tinh quat tinh theo phwong phap nhan biéu dé
512 473 3.4 215 6
j'wl i Z (ki o e g (272a°W? +292a*h — 3(()85a flzbz)z,za b* +113ab® +32b7)
o

Wi =W =Wy =

4.3 Vidu 3: Tiétdién kin - hé'két hop
Hay xac dinh cac déc trweng hinh hoc ctia thanh thanh méng tiét dién kin-hé két hop (Hinh 8).

: 700
wn
0 }_155 390 155 gat57.4p 0415742 135844.92
3 | | 12y | V 3 |4
.r L ! 1 —T .
| | 64157.42
1 1
| 135844.92 |
1 1
2
ol o c=M| X c= Mi OLL
| S —_—— —— _—t =
[=2] (2] (=)}
10 ] 10 135844.92
- Y y
t ! 64157.42 ! /‘
| gl 7 | I's s
9 150 400 | 150 64157.42
700 135844.92

Hinh 8. Biéu dé toa dé quat ctia thanh thanh mdng tiét dién kin - hé két hop
L . o 2F  2x390x925 5
Twcongthiec (18): w = ds = 2><390+2x925 =3337.19mm
t 25 10
Chon diém gbc V nhw trén Hinh 8.

Xac dinh cac toa d6 quat cho phan tiét dién kin véi tam xodn M va diém gbc V theo cong thirc (43)
cda ly thuyét Von Karman va Christensen

‘T(% ~ 3337 19
Xacdinh cac toa dé quat cho phan tiét dién hé, ap dung céng thire tinh toan toa dé quat theo ly thuyét Vlasov

155925
o, =64157.42+ j—de_13584492mm = -, = -0, =T,

)ds*-6415742mm =—m, =—W, =0,

M6 men quan tinh kh| x0an thuan tay la téng clia phén tiét dién kin va phan tiét dién hd

_ _4F? 4x(390x925)* 1 :
Ty =) Q= +Z( 2)(3,90+2X925+4><(§><155><25 )
& 25 10

J, =2407.78x10° +3.23x10° = 2411.01x10°mm"*

R& rang mé men quan tinh khi xodn thuan tly cha phan tiét dién hé rat nhé so phan tiét dién kin. Vi
vay, khi xac dinh mé men quan tinh khi xodn thun tay cla cac dang tiét dién kin-hé, c6 thé chi can xét phan
tiét dién kin dé don gian baitoan.

M6 men quan tinh quat dugc xac dinh theo phwong phap nhan biéu do

I = Imsz=%;(mf +0F +0,0,), 4, =213.78x10" mm"*

A
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@ 5.Kétluan

Bai bao trinh bay cac ly thuyét xoan thuan tly va xodn kiém ché thanh thanh maéng tiét dién kin.
Théng qua hai ly thuyét noi trén, Ian lwgt cac cdng thire tinh toan cac déc trung xodn cla tiét dién thanh
méng kin duoc thiét 1ap, d6 1a mé men quan tinh khi xoén thuan tuay, biéu db toa dd quat va mé men quan
tinh quat. Cac vi du dwoc thuc hién véi mét vai tiét dién thanh maong kin nham lam ré qui trinh tinh toan. Mot
sb két qua biéu dién & dang gii tich co thé ap dung trong thuc té tinh toan két cau.
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