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PHAN TICH DAO DONG TU DO CUA TAM TRUC HUONG
TREN NEN DAN HOI VOT DIEU KIEN BIEN HOAN TOAN TU DO
BANG PHUONG PHAP BIEN DOI TICH PHAN HUU HAN

Pham Thi Toan '

Tém tat: Trong bai bao nay, phuong phép bién dbi tich phan cosin hivu han kép duoc sirdung dé tim tan sé
va cac dang dao déng riéng clia tAm chi nhat triee huéng trén nén dan héi véi bién hoan toan tu do. Trong
qué trinh phén tich, ly thuyét tim chi nhét tric huéng theo Kirchhoff ¢ dién da duoc khéo sat va mé hinh
nén Winkler da duoc sty dung. Do céc phuong trinh déng luc hoc co ban cdia tAm maéng truc hudng trén nén
dan héi dwge chap nhan, khéng can chon nhitng ham bién dang tay y. Nhw véy, nghiém khai trién trong bai
béo nay la hop Iy va cé tinh chét Iy thuyét. Bé minh hoa cho céc céng thirc, két qué sé da duoc biéu dién va
so sanh voicéac baibao khac.

Tir khéa: True hudng; tAm chir nhéat méng; nén dan héi: dang dao déng; diéu kién bién tw do; tan sé dao
doéng riéng; phép bién dbitich phan cosin hiru han.

Summary: The double finite cosine integral transform method is exploited to obtain explicit solutions for the
natural frequencies and mode shapes of the orthotropic rectangular plate on foundation with four edges
free. In the analysis procedure, the classical Kirchhoff orthotropic rectangular plate is considered and the
Winkler elastic foundation is utilized to represent the elastic foundation. Because only are the basic
dynamic elasticity equations of the orthotropic thin plate on elastic foundation adopted, it is not need prior to
select the deformation function arbitrarily. Therefore, the solution developed by present paper is
reasonable and theoretical. In order to illuminate the correction of formulations, the numerical results are
also presented fo comparing with that of the other references.

Keywords: Orthotropic; rectangular thin plate; elastic foundation; vibration modes; free boundary;
eigenfrequencies; finite cosine integral transform.
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(® 1.m&dau

Dao ddng cla tAm chi nhat véi cac didu kién bién khac nhau da duoc nghién clru rdng réi tir nhidu
nam trudre. Cac cdng trinh nghién clru duoc cdng béb trong nhiu tai liéu [1, 4, 5]. Do tinh phikc tap vé mat
toan hoc, cac nghiém gidi tich cho tAm chi cé déi voi diéu kién bién twa don & cac canh. Mt trong nhiing
phuong phap dugc st dung phd bién nhat vé baitoan dao déng tu do clia tAm 1a phwong phap nang luong
clia RayLeigh-Ritz, & day cac ham twong thich két hop véi cac diéu kién bién khac nhau da dwoc chon dé
mé ta dé véng cla tAm. Cac ham dwoc chon hau hét 1a khdng théa man cac phuong trinh vi phan. Gorman
[3] d4 st dung phwong phap chéng mode dé giai bai toan dao déng tw do cho cac diéu kién bién khac nhau
mot cach gan dung. Sw diéu chinh cla cac ham dam tinh da dwoc str dung dé xac dinh tAn sb dao dong cla
tdm dan hoi. Hurlebaus va cong sw [2] da khai trién nghiém Fourier cho cac diéu kién bién phirc tap hon
diéu kién twa don. Cac cach tiép can bang phwong phap sé khac nhw phwong phap phan ti hiru han va
phuwong phap phan ti bién da dwoc nhiéu nha khoa hoc st dung dé phan tich tAm trén nén dan héi.

Bién déi tich phan 1a mét trong nhikng cach tiép can tét nhat dé dat dwoc nghiém hién clia mot sé
phwong trinh vi phan dao ham riéng str dung trong dan héi [6]. Phwong phap nay thwéng dwoc sir dung dé
phan tich mét sb bai toan ky thuat [7]. Trong bai bao [10], cac tac gia da sir dung phwong phap nay dé phan
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tich dao déng cla tAm dang hwéng. Trong bai bao [12], cac tac gia cb gidi thiéu phwong phap nay dé giai
bai toan dao déng clia tAm trrc hwéng. Tuy nhién chi dwa ra phwrong trinh téng quat va két qua sb, khéng co
|&vi gidi cu thé.

Trong bai bao nay, tac gia da phat trién cac két qua nghién clru ctia [10] cho trwéng hop tAm truc
hwéng. Phuong phap bién dbi tich phan cosin hivu han kép dugc st dung dé tim nghiém chinh xac cho tan
sé va dang dao déng cla tAm chii nhat méng tric huéng trén nén dan hoi Winkler véi bién hoan toan ty do.
Cac két qua tinh tan sé va dang dao déng nhan dwoc da dwoc biéu dién va so sanh véi cac két qua da céng
bo khac.

(@ 2.Phwongtrinh vi phan dao déng uén ciia tim méng trire hwéng trén nén dan hai Winkler

Phwong trinh dao déng cta tAm trirc hwdng trén nén dan hoi theo ly thuyét cha Kirchhoff cb dién cé
dang nhw sau [5]:

a*w atw
Dx_ax4 + DXY—axzayZ + Dy 7y Y Fkw+ ph at2 =0 (1)
. Exh® Eyh? Geyh® o e L s .
trongdé:Dy = ——— ,D, = —X— = —X—|3 cac dd clrng udn va xoan clia tam; E,vaE
12(1-vyvy) 12(1-vyvy) XY 12 Y

la md dun dan hditheo cac phu=0fng xvay, G, laméduntruot, v,vav,lacaché sb Poisson theo cac hudng x
vay twong (rng, h va p la chidu day va mat do khdi ctia tAm. Ham w(x,y.t) 1a d6 véng ctia mét trung hoa va
klahé s& phan lwcnén.

Déi véidao dong didu hoa:

w(x,y,t) =W(x,y) sin wt (2)
trong d6: W(x,y) la ham dang dao dong va o 1a tin s6 vong clia tdm. Thay phuwong trinh (2) vao phwong trinh
(1), tadwoc:
a*w a*w a*w
Dxﬁ + Dyy ox2oy? + Dy — ay* —+tAW =10 (3)

O dayA = k — phw?.

Péi voidiéu kién bieén hoan toantw do, taco:

Q, =- (Dxax2+H ) Otaix=0vax=a (4)
MX——(Dx%+D1'§:T‘:)=0taix=0véx=a (5)
Mxy:—Zny;:—;;=0 taix=0vax=a (6)
Qy——ai(Dyisz+H?3—‘:)—0ta1y—0vay b (7)
My, = — (Dyaz+D162)—0taly—0vay b (8)
Mxyz—znxy%=0 taiy=0vay=bh (9)

Dé giai dwoc phwong trinh (3), ta str dung phép bién déi tich phan cosin hiru han kép. Ham W(x,y)
duoctimdwdi dang chudinhw sau

W, y) = EW(O 0) + (m, 0) cos ay, X %Z (n,0) cos B,y o)

(m, n) cos oy, xcos By

ab m e
b

Trong do: W (m,n) = HW(x,y)cosa xcosP, ydxdy 0y, =—";B =
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Dé tim cac sb hang vé bén phai clia phwong trinh (10), trwéc hét ta nhan hai vé phwong trinh (3)
v&icosa,xcosBytrongdom=1,2,...;n=1,2,...;0<x<a,0<y<b, sau dé 4y tich phan hai vé theox va
yta du’0’0'

— 5 cosa, xcos B ydxdy +

v g

shl sh2
,, (1)

~~
sh3

a

ik

COS 0y, X €0S Bydxdy; sh2 = ffa 0y 5 €OS X €os Bydxdy

b

[ (o'W

= Jf ay* €oS A, X cos PBydxdy
00

Bang cach bién ddi tich phan tirng phan cta cac biéu thirc trén ta nhan dwoc :

oW ow ow
-— o [(—1)’" — :|} cos 3, ydxdy
ow

o ol o
i| cosa xdx
ay =0

shl =o' W (m,n) + I{(—l)'” Aid
x

x=a

0 x=a ox k=0

as=pionns i 2] 2 gelen

Sé hang thir hai trong (11) dwoc tach lam hai phan. Phan thi nhét tinh tich phan theo x trwéc, phan
thtr hai tinh tich phan theo y truwére, ta co:

0 b

T ow oW 1 aw| aw L=
sh2= || (=) — —— cosP ydy—a || (<1)'—| -—| |coso xehx+o’B W (m,n)
: ovex| , ovaox|, = ., Il
| ew| &w S ow
sh2= || (-1) -— cosaxe— B || (=" =—| —=| {cosB ydy+a’B W (m.n)
. o’ ., oo, ]| AL O e OX |
bat
al” {6
1 ow ow | ow ow
I=|D)— -— :|COSOLdex;J” = | )" -—— :|oos[3nyajz
* ay y=b a}; =0 (.)_ ax X=a X x=0

0=
Thé cac phwong trinh trén vao (11) va cha y dén cac diéu kién bién (4), (7), ta dugc:
(DB, +Ha, ), + (Do, +HB)J,

W(m,n) = z 12
o, +2Ho2B2+D B+ (12)
Thay (12) vao (10) cho két qua:
W(x,y) = Zam (HI,,+D,J, )C,qcosa, x+z B2(D, L, + HJ, )Cy, c08 B,y
=1 (13)
+2 (DB +Ha ), + (Do’ +HBHJ, |C,, coso,xcos P,y
ZZ[ . ]
2

T do: C, =
rong do: C,, ab(Dxaj?+2Ha,iB,f+DyB:+l)
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Cong thirc (13) théa man cac diéu kién bién (6) va (9). Thay cong thirc (13) vao cac diéu kién bién (5)
va (8) tanhan dworc:

—ZHam Al +ZZAW(DB +Ha)I, cosP,y

m=0n=1

+3I D24, + 3 D02+ BB cosp (14)

n m=1

0
-2 382 D, cospy + FadaD, |0
n=1

%iBfHBMJn +ii3mn(Dx0t,i +HB’)J, cosa, x
n=0

n=0 m=1

Ms

+
0

{ Ho’B,, + ZB"’" (DB, + Ha,i):|lm cosaL, X (15)

l\)lv—‘ﬁ

[ZBZD Bo 1y +ZaliBm0J coso x:|—0

Trong d6: 4,,, = 2C,,,[1+(=1)" | (D@2 + DiB)  Byn = 2Cyn [1+ 1" | Dy + D, B)
Nhan phuwong trinh (14) véicos By (=0, 1, 2,...) va sau do tich phan theo y trong mién [0, b], cho ta:

2 2 L) % 2 2
[ HBJAOJ + Z (D Mo +HBj)Amjj|Jj +;DyBjAOjIO+mZ:1Amj(DyBj +Ho ), = (16)

j=0.1.2.... j=123..

Twong tw, nhan phwong trinh (15) v&icos ax (i=0, 1, 2, 3,...) va sau do6 tich phan theo x trong
mién [0, a]:

2p 2 2 L2 o2 2
2Hal IO+ ZB (DyB”+Hai) ]i+;aiDBIOJO+ ZBm( o; +HBy, )y =0 (17)
i=0,1,2,3,... =133,
Cac phuong trinh (16) va (17) lap thanh mét hé phuong trinh dai s6 thuan nhatchracacan|, vaJ,

(1
(m=0,1,2,3,...; n=0,1,2,3,...). D& hé phwong trinh trén c6 nghiém khoéng tAm thuéng thi dinh thire clia
ma tran hé sé phai bang khong, dé dén phwong trinh xac dinh tan s dao déng riéng clia tAm nhw sau:

l,m2
~Hp24
2HB0 00
0 0 0 0
$ 2 2
+ I a2 +mha
m=1
1 m2
HBl o1
1,42 2 2
0 " 0 . 2DyB1 s [DyBl + Ha] ]A“
+ X (Da? +HP2)4
x m 17" ml
m=1
=0
Lo
5 o Bg
0 0 0 0
9]
+ X |DB2+Ha2 B
yn 0) On
n=1
La2s
5 7110
2 2 2 2
1o [vaxl + HP; ]B” [Dx(xl + Hp2 ]312 . 0 . . .
2 7x 1710 +n§1[Dy'3" + Hof ]Bln
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(., 3.Kétquaso

T phwong trinh (18) ta co6 thé xac dinh tan sé dao dong riéng ctia tAm st dung MATLAB, tir d6 xac
dinh cac dang dao déng riéng twong tng. Chon m=n va cho cac gia tri tang theo m, két qua ta nhan dwoc
cacgiatriclatan sériéng.

Vidu 1: Kiém chirng dé tin cay cla két qué tinh toan

Theo baibao [12], ta dwa vao cac sé liéu nhw sau:

a=b=4.0m;h=0.2m;k=5.5x10"N/m’;u,=0.18;u,=0.12;

E,=30x10°N/m*; E,=20x10°N/m"; G = 15x10°N/m*; p= 1750 kg/m’;

Két qua tinh tan sb dao dong riéng theo [12] va két qua tinh trong bai bao nay dwoc trinh bay trong
Bang 1. O day bac c6 nghta la thi ty nghiém (rng véi chi s6 m = n thay di. Vidu m = n = 10, trong két qua
tinh toan pham vi tan s6 dao ddng tlr 30 dén 50 ta c6 4 nghiém theo thir tw tang dan.

Bang 1. Két qua tinh toan tan sé riéng

Bac
Téan sb ! 2 2 i
Bai bao [12] 36,7694 39,8403 41,1277 41,4417
Bai bao hién tai 42,0352 43,5676 48,0804 50,028

Vidu 2: TAm tric hwdng lam béng vat liéu glass-epoxy véi cac tinh chat vat liéu va hinh hoc dugc
chonhwsau:

a=b=4.5m;h=0.2m;k=5.5x10"N/m’;u,=0.25;u,=0.0836;
E,=53.8x10°N/m*; E,= 18x10°N/m*; G=9x10°N/m*; p = 340 kg/m’

Bang 2 . Két qua tinh toan tam truc huéng

Tén sé i
1 2 £ 4 5

m=n=2 36.57 39.43 50.27 63.1

m=n=4 34.66 39.43 46.93 57.1 59.58
m=n=6 34.21 2719 3943 43.62 48.1
m=n=8 34.03 36.12 39.43 42.33 47.47
m=n=10 33.95 35:55 39.43 41.64 47.19
m=n=12 33.9 35.2 39.43 41.22 47.04
m=n=14 33.86 34.97 39.43 40.92 46.95
m=n=16 33.84 34.8 39.43 40.72 46.89

394328

Hinh 1. Dang dao déng bac 2 véi m=n=2 Hinh 2. Dang dao dong bac 1 véi m=n=4
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Hinh 3. Dang dao dng béc 3 véi m=n=4 Hinh 4. Dang dao dong bac 5 véi m=n=8

39.4328

Tl bang 2 ta nhan thay tan sé riéng giam nhe

khi m tang. Khi gia tri cia m cang tang, sé lwong tan sé i e
riéng tdng nhanh va c6 gia tri gan nhau. Tan sb riéng 001
khéng thay ddi dang ké khi ting gia tri ciia m thé hién 04
tinh héi tu cao ctia nghiém. o0

002

008
B

Hinh 5. Dang dao dong bac 2véim=n=12

(® 4.Kétiuan

Bai bao da chira rang tan sé riéng va dang dao déng riéng ctia tAm ch nhat trwc hwwéng trén nén dan
héi theo cac gia thiét ctia Krichhoff v&i bién hoan toan tw do c6 thé dwgrc tinh toan bang phwong phap bién
déi tich phan. Céach tiép can dwa vao phép bién ddi tich phan cosin hiru han kép cho phwong trinh vi phan
chuyén déng co dién ctia thAm moéng. Mét trong nhirng loi ich clia phwong phap la két qua hoi tu nhanh va co
thé tinh toan véi dd chinh xac theo yéu ciu. Cac nghiém tan sé va dang dao déng riéng dwdi dang hién cia
tAm maéng trén nén dan hai véi bién hoan toan ty do cé thé st dung cho nhiéu tng dung trong thue té.
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