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PHAN TICH DAO DONG RIENG CUA PANEL TRU
VA VO TRU TRON BANG PHUONG PHAP GIAI TICH
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Tém tat: Dura trén ly thuyét bién dang cat bac nhét (FSDT), 16 gidi gidi tich dang nghiém Navier dé duoce xay
dung dé tinh toén tan sé dao dong riéng ctia panel tru va vé tru tron. Cac vi du s6 da dugc thue hién nham
khao sat anh huéng cda cac tham sé déc trung cho hinh dang kich thuéc cia panel try va vé tru tron dén tan
s6 dao déng riéng. D6 tin cay cua loi gidi da durge kiém ching théng qua so sanh voi cac két qua da cong bd
clia mét sé téc gid khac.

Tirkhéa: Vé tru tron; panel tru; Iy thuyét bién dang cét bac nhét; phan tich déng; nghiém Navier.

Summary: Based on the first-order shear deformation theory, Navier's solution is developed to analyze the
free vibration frequencies of circular cylindrical shells and cylindrical panels. The numerical analyses have
been performed to investigate the influence of geometrical parameters on the fundamental free frequency.
Numerical results are compared with those available in existing literature to validate.
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(® 1.M&dau

Két cAu vo voi nhiéu wu diém nhw: kha nang chiu lwc cao so vai két cu thm cung khau do nhip, tinh
thdm my, do d6 dem lai hiéu qua kinh t&, da va dang dwoc str dung phd bién trong cac linh vire xay dwng, co
khi, céng nghiép hang hai, hang khéng, v try,... Xét riéng trong linh vue xay dung céng trinh, két ciu voé
thwdng gap 1a cac mai nha céng nghiép, mai nha cac cong trinh van héa, bé chira va binh chira céng nghiép. ..

Trong trwérng hop téng quat két cu vé cé hai dé cong, tuy nhién trong thue té két ciu vé co mdt dé cong
nhuw: vé tru tron, vé nén, vé con, ... thweng duoc st dung vi dé tao hinh, cling nhw mé hinh héa don gidn hon.

Cho dén nay ly thuyét vé dan héituyén tinh, dwa trén cac quan hé (rng suét-bién dang tuan theo dinh
luat Hooke va bién dang bé thwong dwoc st dung khi mé hinh héa cac két ciu vé. Ly thuyét vé tdng quat
dua trén ly thuyét dan hoi ba chiéu, coi vé nhw la vat thé khéi mé ta chinh xac hon (ng x(r co’ hoc clia cac két
cAu tdm va v, tuy nhién tinh toan theo cach tiép can nay kha phirc tap va céng kénh vé mat toan hoc. Dé co
mé hinh don gidn hon, véi viéc chap nhan mot sé gia thiét, bai toan ba chiéu dwoc dwa vé bai toan hai chiéu
dé tinh toan trén mat trung binh cla vé.

Trong cac tai liéu tham khao, nhiéu nghién clru vé vé véi mé hinh ly thuyét vé cb dién dya trén gia
thiét Kirchhof - Love da dwoc trinh bay cu thé [1-3]. Ly thuyét vé cb dién bd qua (rng suét va bién dang cét
ngang do vay I&i gidi thu dwoe chi phi hop véi vé méng. Khi phan tich teng x( clia vé ¢6 chiéu day trung binh
tré 1&én cAn phai siv dung cac ly thuyét bién dang cat. P4 cé nhiéu cong trinh [4-7] nghién clru vé anh hwéng
clia bién dang cét ngang khi phan tich dao déng cda vé tru tron ddng nhat déng hwéng. Cac tinh toan cla
cac tac gia nay cling nhw cia mét sé nhém nghién clru khac da duoc Leissa bién tap lai trong [8]. Cac
nghién ctru mét 1an nira khéng dinh anh hwéng cia bién dang cét ngang 1a dang ké khi chiéu day cla vé
tang lén. Gan day Reddy [9-10] d& xay dwng cac phwong trinh chi dao, biéu thirc quan hé dwa trén ly thuyét
bién dang cét bac nhét cho vé tru tron, tuy nhién chwa khao sat sé dbi véi vé bang vat liéu dang hwéng.
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Trong bai bao nay, trén co sé ly thuyét vé Reddy, cac tac gia thiét 14p Ievi gidi gidi tich dé tinh toan tAn sb
dao dong riéng clia panel try va vo try tron béng vatliéu déng huwdng lién két khép trén chu vi, str dung dang
nghiém Navier.
( @ 2.Cac hé thirc quan hé va phwong trinh chi dao ctia vo try tron

2.1 Trwwomg chuyén viva bién dang

Reddy [9] gia thiét tridrng chuyén vi bac nhat ¢ dang:

u(x,0,z,t) = u,(x,0,t) +z.9,(x,0,t)

V(x,0,2,1) =v (X 0,t) +z.d(x, 0,t) (1)

w(x,0,z,t)= w,(x0,1)
trong do: u (x,61), v (x,6t),w (x,0,t) 1a chuyén vi ciia diém trén mat trung binh (z=0); ¢, (x,0.t), o, (x,0,t) la goc
xoay clia phap tuyén mat trung binh quanh truc ©,x. Quan hé bién dang - chuyén vicoé dang:

e | [ & Ky
& |& ] |%
Yoz |=|Yee [+2{ O (2)
T | |Ve 0
T Y Ko
trong do: &2 = ;ljf ;K :Zq)): &g :%+%; = sg% ; Yor = s\gg —%O*f% Ve 2%“1& ;

o _OUy OV __ 3¢ O
"o =Rae " ax " TRae ' ox
Trwdng hop riéng, Iy thuyét vé co dién (CST):

oW, w4 e
Ré6 R~

0 0 e 13 oW,
=0:v,, =0 (tcla: ¢, =— —0
Yez H Fsz ( ¢9 X
2.2 Trrong teng suét
Véi vat lidu dang hwéng, ddng nhét, ta co quan hé (rng suét - bién dang:
Ox Q, @, 0 0 0 Ey
Oy Q, Q, 0 0 0 &g

Gy, |=| O 0 Q44 0 0 |- Yoz (3)
Gy, 0 0 0 Q, 0 ||V
Gy 0 0 0 0 Q) Yy
; E E vE E
trong do: Q,, S Q,, = ot Q,, P Q= 21+v) =G, Qs =G, Qe =G
2.3 C4c thanh phéan trng Iurc

Céac thanh phan (rng Iuc trén phan té vé dwoc xac dinh theo cac bidu thirc:
h/2

[N, N,, M, M, T = _[ £ Oy T0: 205 }T dz
—h/2
hi2

’
[Ne Nex MB Mex]T: J.{Ge Gex ZGG ZGBX} dZ, Gxe zcﬂx (4)
h/2 ka h/2
Q, =K, [c,dz Q, =K, [o5,dz;Ks=5/6Iahé s hiéu chinh cit
=h/2 -h/2

2.4 Cac phwong trinh can bang

Ap dung nguyén ly Hamilton, theo [9] ta nhan dwoc hé phwong trinh can bang:
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qu/ 1 o ouv; (R
2u 82
X + N(')X :J 0 X
ax RoB T T e T e
oN, &N, Q v %,
— X4 0 =, =2+ =2
Ra6  ox TR PTG T
aQ 0Q, N, o*w (5)
"|" - — 4 :J — 0
RoO R =705
2 2
%+6_Mm<_QX=J1a_L'2tJ+J25¢2x
ox R0 ot ot
My M, o vy P,
ax TRoe T at‘f 2 ot
trong dé: R 1a cac ban kinh tru tron; q,, q,, q, la cac thanh phan luc bé mat theo cac phwong X; 0; zva
h/2 (»:,WO ¢’ -

| = ; i= ; Trwéng hop riéng, ly thuyét vo cb dién (CST), ¢, =—
J; 41?..2 pzdz (i=0,12), Trwéng hop riéng, ly thuyét vé co dien ( ), By Ré’@ R

ba an s6 doc lap la u,, v,, W,, vy chi can 3 phwong trinh déc lap dé giai, n6 chinh la ba phwong tr|nh dau cla
hé (5), v&i chl y rang phwong trinh the ba thu dwgre bang cach rat Q,, Q, tir phwong trinh thir bon va thir nam
sau d6 thé vao phwong trinh thir ba clia hé (5).
@ 3. Lo giai giaitich

- Bai toan panel tru: Xét panel tru c6 chigu dai theo phwong x Ia L, chiéu dai theo phwong cong 8 1a a
(lrng v&i goc mé la ¢ ), ban kinh panel tru R, chiéu day h (Hinh 1a). Diéu kién bién 1a géi twa don trén chu vi

panel tru:
Wzv:Mx:Nx:0|x=0,L (6)
W=U=M9 =Ne = Olﬂ:ﬂ,l{:

- Baitoan vé tru tron: Xét vé tryu tron cé chidu dai theo phwong x I L, ban kinh vé tru tron R, chiéu day h
(Hinh 1b). Diéu kién bién |a tyra gbi don trén chu vi hai dau vé try tron:

W=V =Mx=Nx=0|x=0,L (7)

zZ,W

b)

Hinh 1. Dang hinh hoc cta panel try va vo tru tron

Chon nghiém chuyén vi théa man diéu kién bién (6) v

Up(%.0,t) =D up(ticos(ax)sin(pO);

o(x,0,1)

¢, (x,0,t)

ZZWmn(t sin(ax)sin(B0); ¢.(x0,t)

=23 dim(B1sin(axicos(B0)

Vo(x.8,)=>"> v (t)sin(ax)cos(p6)
=22 dmaltlcos(ax) sin (B6)

a(7),theo Reddy [9] cd dang:

(8)
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Trong do, véi panel tru: o :%—; B 0 ;votru tron: o :T iB=n

D& giai baitoan dao déng riéng, ta gia thiét cac hé sé phu thudc théi gian clia (8) co dang:

Unnn(8) =Un€" " s Vinolt) =Vinn €' s Wi () =W €2 0,0 (1) = 0,008 Boma (1) = o€, Vi (0 12 tAN 56
goc, iladonviao, i*=-1.

Sau do thay (8) vao hé phwong trinh (5), ta nhan dwgc hé phwong trinh:

(K] —M)) {A}= {0} ®)
trong d6:  {A}={Up Vi + Wnys B+ B}
Kin Kz Kig Ky Kis M, 0 0 M, 0
K21 K 22 K23 K24 K25 0 M22 0 0 M25
[K] = K31 K 32 K33 K34 K35 ; M]=| O 0 M; O 0 (10)
Ki Kiz Kys Ky Kgs M, O 0 M, ©
Kei Ko Ky Ky Kgg 0 My O 0 My

Cac hé sb K, va M, xem chi tiét phan phu luc. Giai bai toan tri riéng ctia hé (9) ta tim dwoc tan sb riéng,
., ’ng v&i mdi cap (m,n) va dang dao déng twong trng, {A}.
(® 4.Kétquasé

Dua trén co sé ly thuyét trinh bay & trén, cac tac gia tién hanh viét code chwong trinh tinh toan sé trén
nén Matlab. Két qua sd duoc so sanh véi két qua tinh toan cla Asadi [11] cho bai toan panel tru (bai toan 1)
va Loy [12] cho bai toan vé tru trdn (bai toan 2).Tiép theo, anh hwéng clia ty sé h/R cha panel tru va vé tru tron
dén tn s6 dao dong riéng khi i s6 L/R=0.5, 1.0 dwoc khéo sat.

Cac tan s khéng thir nguyén (tham s6 tAn s6) dwoc trinh bay trong cac baitoan 1,2, 3, va 4 la:

Q,=0l%p/E Ih? ; Q, =aL(1+v)p/E : Q, =oR\(1-v)? p/E

4.1 Kiém chirng két qua

- Baitoan 1: Kiém chng tn sé dao dong riéng cla panel tru

Béang 1 trinh bay két qua tan sé dao déng khéng thir nguyén Q, clia panel try ddng hwéng, didu kién
bién gbi don gian (L/a=1, v=0.25), két qua tinh theo ly thuyét bién dang cat bac nhat (FSDT) va ly thuyét vé cd
dién (CST) clia bai bao so sanh véi két qua giai tich clia Asadi [11] tinh theo ly thuyét bién dang cat bac nhat
FSDT caitién:

Bang 1. Tan sé dao déng riéng khéng thir nguyén cia panel tru (L/a =1, v = 0.25)

Kich thwéc | Ma hinh tinh toan T ET ((r:;')) =5 =5
E. Asadi [11] 7.5651 14.422 16.401 23.200 28.149

L/h=20: CST 7.6156 14684 16.614 23.786 29.061
LR=0.5 Sai khac so vai [11] (0.67%) | (1.82%) | (1.30%) | (2.53%) | (3.24%)
(h/R=1/40) FSDT 7.5648 14.421 16.401 23.199 28.148
Sai khac so vai [11] (0.00%) | (0.01%) | (0.00%) | (0.00%) | (0.00%)

E. Asadi [11] 11.048 14.466 21.216 24.408 27.856

Lih=20: CST 11.120 14.818 21.403 25.028 28.862
L/R=1 Sai khac so vai [11] (0.65%) | (2.43%) | (0.88%) | (2.54%) | (3.61%)
(h/R=1/20) FSDT 11.047 14.463 21.215 24.405 27.851
Sai khac so vai [11] (0.01%) | (0.02%) | (0.00%) | (0.01%) | (0.02%)

E. Asadi [11] 17.977 14.656 33.550 28.482 26.723

L/h=20: CST 18.068 15.292 33.709 29.197 28.093
LIR=2 Sai khac so vai [11] (0.51%) | (4.34%) | (0.47%) | (2.51%) | (5.13%)
(h/R=1/10) FSDT 17.973 14.649 33.542 28.470 26.706
Sai khac so vai [11] (0.02%) | (0.05%) | (0.02%) | (0.04%) | (0.06%)
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Bang 2. Tan s6 dao dong riéng khdng thir nguyén cia vé tru tron

i

- 7 e . . n
Kich thwéc Mé hinh tinh toan 7 > 3 7 E
Loy [12] 1.33748 1.32359 1.52804 1.92722 2.44692
m=1; L/IR=1; CST 1.41840 1.46761 1.78084 2.33490 3.06493
h/R=0.3 Sai khac so voi [12] (6.05%) (10.88%) | (16.54%) | (21.15%) (25.26%)
FSDT 1.34659 1.32595 1.51716 1.89653 2.39374
Sai khac so vai [12] (0.68%) (0.18%) (0.71%) (1.59%) (2.17%)

- Bai toan 2: Kiém chirng tAn s6 dao dong riéng cltia vo tru tron

Téan s6 dao dong riéng khéng thir nguyén Q, clia vo tru tron dang huéng, diéu kién bién géi don gian
(m=1, L/R=1, h/R=0.3) trinh bay trong Bang 2, k&t qua tinh theo ly thuyét bién dang cat bac nhat (FSDT)valy
thuyét vé cb dién (CST) clia bai bao so sanh véi két qua gidi tich ctia Loy [12] tinh theo ly thuyét 3D:

Qua két qua & Bang 1 va Bang 2 & trén ta co thé thay nghiém giai tich da xay dwng va chwong trinh
tinh theo ly thuyét bién dang cat bac nhat (FSDT) |a dang tin cay (sai s6 nhd hon 0.06% véi panel tru va nhé

hon 2.17% véi vé tru tron kha day h/R=0.3).

4.2 Khao sat anh hwéng ctia mét sé tham sé kich thuréc dén tan sé co'ban

- Baitoan 3: Anh huéng cla ty sé h/R dén tin sb co ban cla panel tru khi L/R=0.5,1.0,2.0,L/a=1.

Bang 3 trinh bay tan s6 dao dong riéng co ban khdng thir nguyén Q, ctia panel try déng huéng, diéu
kién bién twa don trén chu vi (L/R=0.5, 1.0 va L/a=1), két qua tinh theo Iy thuyét bién dang cét bac nhat
(FSDT) dwgc so sanh véi Iy thuyét vé cb dién (CST): Tan sb dao dong riéng co ban khdng thir nguyén bién

thién theo ti s6 h/R thé hién trén Hinh 2.

Bang 3. Tan sé dao déng riéng khéng thir nguyén ctia panel tru (L/a=1)

Mé hinh h/R (L/a=1)
e tinh toan 001 | 003 | 005 | 0.07 0.1 012 | 017 | 02
csT 0523 | 0.821 [ 1.209 | 1615 | 2.221 | 2610 | 3507 | 3.981
Q5 FSDT 0523 [ 0.813° |10l 1.537 2.026 2.309 2.876 3.134
Sai s6% 0.12% [1.01% | 2.65% | 4.86% | 8.78% | 11.53% | 17.99% | 21.26%
csT 0.234 | 0.457 | 0.532 | 0.592 | 0.702 | 0.782 | 0.997 | 1.128
1.0 FSDT 0.233 | 0.451 | 0.528 | 0.584 0.683 0.754 0.929 1.029
Sai s6% 0.39% [ 1.36% | 0.69% | 1.34% | 2.64% | 3.69% | 6.76% | 8.78%

Tir cac két qua cla Bang 3 va quan sat
Hinh 2, ta thay ddi v&i panel tru khi ty sé h/R tang
thl tn s6 co ban tang va khi L/R tang thi tn sé cor
ban giam. Khi ti s6 h/R téng |én thi sai sé gitra ly
thuyét vé cb dién va ly thuyét vé bac nhat tang lén
phan anh dlng hiéu qua cia mé hinh vé bac nhét
$0 v&i md hinh vé ¢d dién.

- Baitoan 4: Anh hwéng cda ty sé h/R dén
tan sd co ban clia vo tru tron khi L/R=0.5, 1.0, 2.0.

Tan sb dao déng riéng co ban khéng thi
nguyén Q, clia vé try tron dang huéng, twa don
trén chu vi & hai dau vé tru (L/R=0.5, 1.0) thé hién
trong Bang 4, két qua tinh theo ly thuyét bién
dang céat bac nhat (FSDT) dwoc so sanh véi ly
thuyét vé cb dién (CST). Bién thién cla tan sb
dao dong riéng co ban khang th(r nguyén Q, cla
vo tru tron theo ti sd h/R bidu dién trén Hinh 3.

TAP CHi KHOA HOC

Tan so co ban khong thu nguyen
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T

——— FSDT
3.5H — CST

L/R=0.5

0 0.02

0.04 006 0.08 0.1

012 014 0.16 0.18 02

ty so h/R

Hinh 2. Anh huéng clia ty sé h/R dén
tdn sé dao déng riéng co ban clia panel tru khi L/a=1
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Baéng 4. Tan s6 dao dong riéng co ban khéng thir nguyén clia vé try tron

LR Mb hinh hiR
tinh toan 0.01 | 0.03 | 0.05 | 007 0.1 0.12 0.15 0.2
CST 0.466 | 0.796 | 1.030 | 1.214 | 1.465 | 1.638 | 1.907 | 2.352
0.5 FSDT 0.465 | 0.791 | 1.016 1.196 1.421 1.563 1.768 2.069
Sai s6% 0.24% | 0.63% | 1.29% | 1.48% | 2.96% | 4.56% | 7.27% | 12.03%
cST 0.230 | 0.393 | 0.501 | 0.598 | 0.697 | 0.772 | 0.850 | 0.970
1.0 FSDT 0.228 | 0.389 | 0.494 0.591 0.681 0.746 0.830 0.926
Sai s6% 0.50% | 1.01% | 1.34% | 1.18% | 2.39% | 3.38% | 2.37% | 4.48%

25 T T T T T T T T T

Tir cac két qua trén Bang 4 va quan sat
dd thi trén Hinh 3, ta thay cling nhu véi panel
try, khi ti sé h/R téng thi d6 clrng clia vo tang, 2k
dan t&i tAn s6 dao déng riéng co ban cha vo try
tron cling tang. Khi vé cang day (ti sé h/R cang
I&n) thi sai sb gitra hai ly thuyét vo cb dién va
vé bac nhét cang tang. Anh hwéng cla cac ly
thuyét vé dén vé ngan (L/R=0,5) la ré rét hon
so v@ive co L/IR=1.

1.5

Tan so co ban khong thu nguyen

0.5

0

0 002 004 006 008 01 012 014 016 018 0.2
ty so h/R

Hinh 3. Anh huéng clia ty sé h/R dén tan so co ban cla vé try tron

(® 5.Kétluan

Dwa trén ly thuyét bién dang cat bac nhat (FSDT), bai bao da xay dwng nghiém gidi tich tinh toan tan
sb dao déng riéng cla panel tru lién két khép trén chu vi va vé tru tran c6 lién két khép trén chu vi hai dau
chiéu dai try. Chwong trinh tinh trén nén Matlab da dwoc viét dé khao sat sb cac lép bai toan. Qua so sanh
v&i mot sé nghién clru dd cdng bé, dé tin cay cla l&i gidi da dwoc khéng dinh. Cac vi du sé da chira sw cén
thiét phai st dung ly thuyét vé bac nhét véi vé cé chiéu day trung binh tré 1én. Cac nghién cleu trinh bay
trong bai bao nay 1a co sé cho cac nghién ciru tiép theo clia cac tac gia ddi véi vo lam bing vat liéu maoi.
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