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Tom tat

Bai bao phan tich dao dong tu do ciia cic dim vi mo lam bang vat lidu c6 co tinh bién thién (FGM) dat trén nén dan hdi
Winkler—Pasternak dwa trén 1y thuyét dim Timoshenko va 1y thuyét cap tng suit stra di c6 xét dén hiéu umg kich thudc.
Céc dic tinh vat liu dim thay ddi theo chidu cao dam theo quy ludt phan bd Iy thira va dugc ddng nhét héa bang ky thuat
Mori—Tanaka. Mot m6 hinh phﬁn tur hitu han phu thugc kich thudc véi cac ham dang phi b dién méi duge @& xudt, tir do
thu dugc cac ma tran d§ cing va ma tran khéi luong cua dim Timoshenko vi md b?mg FGM. Anh hudng cia hiéu ung kich
thudce, tham s6 vat lidu, hinh hoc va diéu kién bién dén tan s6 dao dong riéng va dang dao dong duogc phan tich. Két qua
nghién ctru nay c6 thé ap dung cho cac loai vét liéu FGM khéc ciing nhu céc két ciu dim vi mé phirc tap hon.

Tir khod: ddm micro FGM; MCST; ham dang phi c¢b dién; tin s6 dao dong; dang dao dong riéng.

FREE VIBRATIONS OF FGM MICROBEAMS BASED ON THE MODIFIED COUPLE STRESS THEORY
Abstract

The paper analyzes the free vibration of microbeams made of functionally graded material (FGM) resting on a
Winkler—Pasternak elastic foundation, based on Timoshenko beam theory and the modified couple stress theory considering
the size effect. The material properties of the beam, which vary along its thickness according to a power law distribution,
are homogenized using the Mori—Tanaka technique. A size-dependent finite element model with new non-classical shape
functions is proposed to derive the stiffness and mass matrices of FGM Timoshenko microbeams. The effects of size
dependency, material parameters, geometry, and boundary conditions on natural frequencies and mode shapes are analyzed.
The results of this study can be applied to other types of FGMs as well as more complex microbeam structures

Keywords: FGM microbeam; MCST; non-classical shape functions; natural frequency; mode shape.
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1. Mé dau

Vat liéu ¢6 co tinh bién thién (FGM) 1a mot loai vat liéu composite thé hé méi véi cac dic tinh
co - nhi¢t ddc dao nén ching dugc ting dung nhidu trong hé théng vi co dién tut (MEMS), trong cac
nganh hang khéng, sinh hoc, cong nghé k¥ thuat cao, ... Cac két cdu vi md nhu dam, tdm 1a cac cau
kién co ban, quan trong, dugc st dung rong rai trong cac thiét bi. Vi thé, cac két cAu lam tir FGM ngay
cang thu hit nhiéu sy chu ¥ ciia cac nghién ciru trong va ngoai nude.

Céc 1y thuyét dan hoi phi ¢ dién da cung cap 10i giai thoa dang cho cac két cdu vi mo do xét dén
hiéu tmg kich thudc & cap do micro/nano. Trong d6 1y thuyét cap tmg suét sira d6i (MCST), chi st
dung mét tham s6 chiéu dai vat liéu dé biéu dién ung xu két cau vi mo d3 duoc nhiéu tac gia Iyra chon
dé phan tich cac két cdu micro.

Céc phan tich do bén, dao dong riéng, dao dong cudng buc va on dinh cta ddm micro FGM da
duoc nhiéu tac gid nghién ctru, tir d6 da thiét 1ap cac phuong trinh co ban theo cac 1y thuyét dam
Euler Bernouli, ddm Timoshenko, bién dang trugt bac cao, ... phu thudc vao tham sb kich thude. Pa
c6 nhiéu cong trinh [ 1-14] nghién ctru tng xir udn tinh va dao dong riéng ctia dim vi mé FGM ding
1y thuyét MCST. Nateghi va Salamat-talab [15], Babei va cs. [16], Jalali va cs. [17] d nghién ctru anh
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huong cua nhiét do dén hién tuong 6n dinh va dao dong riéng ctia ddm vi moé FGM. Kliewer va Glisic
[18] d3 phan tich udn va dao d()ng riéng ctia dim vi mé6 FGM c() vat liéu ap dién. Arbind va Reddy
[19] da so sanh d¢ vong ph1 tuyen ctia dim FG phuy thudc vao ciu tric vi mé st dung 1y thuyét darn
Euler—Bernoulh va 1y thuyét dim Timoshenko (TBT). Lu va cs. [20] d4 nghién ctru hién tuong sau 6n
dinh cua 6ng vi mo composite nhidu 16p gia cuong graphene co chira sai 1éch hinh hoc ban du dya
trén 1y thuyét dam bac cao co hiéu chinh. Ke va Wang [21], Li va Ke [22] d4 khao sat 6n dinh dong
ctia ddm vi m6 FGM theo TBT bang phuong phéap cau phuong vi phan. Mollamahmutoglu va Mercan
[23] di khao sat dao dong phi tuyén ctia ddm FGM vi mo tiét dién thay doi doc truc véi cac diéu kién
bién tong quat. Chen va cs. [24] d4 nghién ctru dao dong riéng, mat on dinh va sau mat on dinh dong
ctia dam vi mé FGM hai chiéu ndm trong méi truong dan hdi. Sheng va Wang [25] di nghién ciru dao
dong cudng birc phi tuyén ciia dam vi mé FGM nguyén ven theo MCST chiu tai trong ngang theo mo
hinh can Kelvin—Voigt. Peng va cs. [26] da nghién ctru anh hudng cta hi€u ung kich thudc cho cac
dam vi m6é FGM dang sandwich két hop m6 hinh dan nhiét pha tré kép phi ¢ dién, m6 hinh dan hoi
phi ¢ dién, Iy thuyét dan hoi bé mat va MCST. Attia va cs. [27] da phan tich dép tmg dong cua dam
vi m6 FGM 2 chiéu chiu tai trong diéu hoa chuyén dong trong méi trudng nhiét bang phwong phap
giai tich Laplace, trong khi hau hét cac nghién ctru khac sir dung phuong phap PTHH. Akbas [28] di
phan tich dao dong cudng birc ciia dam vi mdé FGM c6 can theo mé hinh Kelvin—Voigt va sir dung
cac ham dang Charkraborty [29] nham tranh hién tugng khoa cat. Ciing sir dung cac ham dang trén,
Liu va cs. [30] d& nghién ctru phan tng dong ciia dam vi mé FG 2D chiu tai trong diéu hoa di dong co
xét dén anh hudng cua nhiét d6. Kahrobaiyan va cs. [31] da phat trién mot mé hinh phén tir hitu han
(FEM) cho dam vi m6 dong nhét, trong d6 cac ham dang dugc din xuét tir viéc giai phuwong trinh co
ban cho dim vi md ddng chit theo MCST. Str dung cac ham dang nay, Zhang va Liu [32] d3 nghién
ctru phan tmg dong cta dim vi mé FGM hai chiéu c6 16 x6p chiu tai trong di dong bang FEM véi ham
dang trén. Esen va cs. [33] di khao sat phan tmg dong ctia dam vi mé c6 16 dudi tac dong cua khoi
luong/tai trong di dong. Tuy nhién, Dehrouyeh-Semnani va Bahrami [34] d4 chiing minh rang dang
hién cta ma tran do cimg do Kahrobaiyan d& xuét 1a khong chinh xac. O Viét Nam ciing da c6 nhimng
nghién ctiru v& ddm FGM nhu Ninh va Kién [35] dd nghién ctru anh hudng cta tham sé kich thudce
1én hé sb dong lyc hoc cua dam micro chiu khoi luwgng di dong. Ké va cs. [36] da phan tich dao dong
riéng ctia dam nano cong FG nam trén nén dan hdi s dung phuong phap Rayleigh—Ritz. Ha va Lién
[37] d& nghién ctru anh hudng cia mo hinh giam chan dén phan (mg dong cia cac dam vi mé6 FGM
¢ vét niet dit trén nén dan hdi chiu tai trong di dong.

Qua céc nghién ctru trén, ta nhan thay rang FEM dugc nhiéu tic gia chon lam cong cu dé nghién
clru Umg xir tinh, dao dong va 6n dinh cua dam micro. Tuy vdy, khi 4p dung FEM, céc tac gia déu
str dung cac ham dang ctia phan tor dam macro théng thudng nhu ham dang Hermitte cho dam Euler,
ham dang Kosmatka cho dim TBT hay ham dang Charkraborty cho dam composite. Dbi v6i dam TBT
micro, Kahrobaiyan va cs. [31] va Dehrouyeh-Semnani va Bahrami [34] d& xdy dung cac ham dang
ttr nghiém cuia bai toan tinh cho dam TBT micro dong nhit. Cac ham dang nay déu 1a dugc rut ra tir
nghiém chinh x4c ctia bai toan tinh dé tranh hién tugng khoa cit. Béi véi dam micro FGM, viée xay
dung ham dang 13 can thiét nhung chwa dugc dé cap dén.

Trong nghién ctru nay, dao dong tu do cia cac ddm vi mdé FGM trén nén dan hdi Winkler—Pasternak
duoc khao sat dua trén MCST, ly thuyét dam TBT va k¥ thuat déng nhét héa Mori-Tanaka. C4c ham
dang phi ¢ dién cua phan tir ddm vi mé dugc thiét 1ap dwa trén cac phuong trinh dao dong co ban
cho dam vi moé FGM. St dung cac ham dang dé xuét, cac tac gid da nhan dugc ma tran do ciing va
ma tran khdi luong cho phén tir ddm vi mé FGM. Trudng hop riéng khi vét liéu 1a dong nhat hay dam
la macro, cac ma tran do cing va ma trén khdi lugng nay déng nhét voi cac ma tran do cung va khdi
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lugng cho dam vi m6 dong nhat hodc dam Timoshenko c6 dién. Tur d6 cac tac gia khao sat anh hudng
cac tham so hinh hoc, vat liéu, nén dan hoi, dén tan so dao dong riéng va dang dao dong cua dam vi
mo6 FGM.

2. Cac phuong trinh co ban ciia dAm micro FGM Timoshenko

AW

E.,G., po. Ve Lép gom st

Truc trung hoa

L

Hinh 1. DAm micro FGM trén nén dan hdi

Xét dAm micro FGM chiéu dai L, tiét dién chit nhat b x h, dat trén nén dan hdi Winkler-Pasternak
nhu Hinh 1. Sy thay d6i thé tich vat liéu gém va kim loai trong dim theo hé thirc (1):

V—1+Zn' V=1 1+Zn )]
“=\2"n) T2
trong do6 A 1a chiéu cao dam, z 1a tung do tinh tr mat trung binh cua dam, n 13 s& mil ciia ham thé tich,

chi sb ¢ va m biéu thi vét liéu gdm va kim loai. M6 dun dan hdi khéi hidu dung K va mé dun dan hoi
trugt hiéu dung G cua vat liéu FGM dugc xac dinh theo mo6 hinh Mori—Tanaka [38]:

K-K, _ Ve

K=Ky 1+ =V (K= Kp) [ (K + 4G /3)

G-G, _ Ve 2)
GC—Gm a (1 _Vc)(Gc_Gm)

1
" G+ G 9Ky, +8Gp) [ (6K, + 12G1,)

trong d6 K,,;, G, va K., G, 1a mo dun dan hoi khoi va moé dun dan hoi trugt ctia kim loai va gom. Tu
d6, moédun dan hoéi Young E, hé so Poisson v, va mat do khoi lugng p duoc xac dinh 1a:

9KG 3K -2G

O3k Y976k

P (2) = peVe + P Vi (3)

Theo TBT, chuyén vi cta diém trén tiét dién dAm Timoshenko c dang:
w(,z,) =ug(x,0) = (z=ho)0(x,0); wi(x,z,0) = wg(x,1) 4)

Vo1 ug(x, 1), wo(x, t) 1a dich chuyén doc truc, d6 vong cua diém trén truc trung hoa; hg la khoang cach
ttr mat trung hoa dén truc x; 6(x, 1) 1a goc quay cua tiét dién quanh truc y. Ap dung MCST céac thanh
phan bién dang khac khong trong dam 1a [3, 37]:

Oug 06 1 {ow 1{Pw 00
w =S —(@—ho) ——; w=5\7=—0); =—\7=*t 5
fxe = gy TETh) s Ex 2(ax ) X 4(ax2 " ax) )

Str dung dinh luat Hooke, ta nhan dugc

O = 2G+ Déeyy; 0y =2kGeryy Oy =0y = A8y My = 2G12)(xy (6)
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trong d6 A 1a hé s6 Lame; ks = 5/6 1a h¢ s6 hiéu chinh cat; / 1a tham sb phu thudc kich thuée. Dong
thoi phuong trinh can bang cua phan tir dam micro c¢6 dang:

1 2 2
ksA33i (d_w - 9) - —A33lzd— (d_w d@) =0

+ —_—
dx \ dx 4 dx? \dx? dx ™
d*o dw 1 d (d*w do
App— + kA3 [— — 0] + AP —[— + —| =0
Rz (dx ) 4757 ax (dx2 dx)
trong d6 A1, A2, Ay va Asz 1a cac dO cing
(A11,A1, Ap) = f (A1) +2G@) (1,2 - ho, (z — ho)’) dA;  Asz = f G (2)dA
4 (®)
hy = f [1(2) + 2G (2)] sz/ f [1(2) +2G (z)]dA
A A
Dit bién méiy = dw/dx — 0;¢ = dw/dx + 6 va tich phan phuong trinh dau cia (7), ta c6
Pd* ¢
kyy=——+— 9
Y=ot o ©))
trong d6 ¢ 14 hang sb tich phan. Tich phan phuong trinh thir hai cua (7), ta nhan duoc
P dt 1 d*¢ As3l?
—_— — — 1 —+ _— = — 51 =
Rk a2 T g Ty, YT Y,
Néu sir dung bién méi x = x/L, ta co
P oat 1 d?
Ut 5=
8k5L4 dx4 2 dexz A22
S6 hang déu tién c6 chira vo cung bé bac cao (//L )2 ~ 0 nén duoc bo qua, tur do
d? 2
o ___2a (10)
dx? An (1 +a)
Thuc hién tich phan cac phuong trinh (9) va (10), ta dugc
o= — P4+ cx+te3vay = ‘l 2ta
T An(+a) O Tk 20t e
nén
g~ o e 1 a (2+a
T 2n(+a) 20 2|77 Apk \2(1+a) an
‘i x3+62x2+1 3+ 1 2ta x+
w=——— —= — == c
6An(1+a) 40 2|77 Apk, 20+ ) !
trong d6 c1, 2, 3, c4 14 cac hang s dugc xac dinh tir cac diéu kién bién tai hai ddu dam
wx=0=w;; 00x=0=0;; wx=L)=wy; 6x=L)=6 (12)

46



Anh, V. H., va cs. / Tap chi Khoa hoc Cong ngh¢ Xay dung
Tir d6 ta nhan duoc
w = Nwi + Nyws + NyOi + N6, 6= Niw, + Nows + N30 + N6, (13)

trong do Nig ; N;” 1a cac ham dang phi c6 dién

Nf:L(;in)%(l_%); Ng:(l_%)[l_(lin)%
Ng:u%m)%( _%); Nf:%[l_(lin)(l_%)]

1 3 2
e b )56
(I+np| \L L L (14)
R 2(")3 @+ )(x)2+(2+ )(x)
2T 20+ | L AL AL
F= e P ) ()
(I+n)| \L L L
L x\3 x\? X
s P -2 )
1T aap | AL) T2\ L) g
1 1a ty sb giita do ctimg udn va cit ciia phan tir dam Timoshenko c6 xét dén hiéu tng kich thudc
12A5, ( a/)
= 1+ = 15
I L ) (15)

Khi vat liéu 1a dong nhat, n tuong tu hé s6 ¢ do Kahrobaiyan va cs. [31] dé xuit, sau d6 duoc
Dehrouyeh-Semnani va Bahrami [34] hiéu chinh, dong thoi cac ham dang phi ¢b dién (14) tuong tu
cac ham dang duoc dé xuét trong [34, 39, 40]. Khi cho tham sb kich thudc bz"mg 0, ta nhan duogc cac
ham dang cia phﬁn tr ddm Timoshenko c6 dién [41].

3. Thiét 1ap ma trin d9 cirmg va ma trian khdi lwgng ciia dAm micro FGM Timoshenko

Ddi voi dAm micro Timoshenko dat trén nén dan hdi, biéu thirc dong nang T, thé nang bién dang

U ctia dim va thé nang bién dang nén Uy c6 dang [42, 43]

L
1 dug\>  (ow)? dug 90 96 dug 96\’
T-af{’“[(ﬁ) +(5) l"“(ﬁ@*@? i\ )
0
L
1 duo\’ Bug 06 06\’ ow N B (Pw  o6)
U= Ef[All(g) —2A12§a +A22(a) + kyAs3 a -0 + ZA33 W + a dx (16)
0
- :
Ur = Ef[kww2+kp( ”dx
0
trong d6 11, 112 va I, 1a cic mo men quan tinh khéi luong
(ot = [ p0)(1.2 = ho. = ho) da (a7)

A
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Dé ap dung FEM, ta chia dim thanh nhiéu phan tir, mdi phan tir ¢6 hai nat i va j, mdi nit c6 ba
chuyén vi, chi€u dai phan tir 1a L.. Véc to chuyén vi nut d, ciia phan ti 1a:

T
de = {ui,w,-,a,-,uj,wj,ej} (18)

trong d6 cac chuyén vi ngang va goc xoay dugc noi suy theo (13), chuyén vi doc str dung cac ham noi
suy Lagrange. Viet dudi dang ma trén, ta c6

up =Nld,; w=Nld,; 6=Njd, (19)

Tur day, ta nhan dugc biéu thirc thé nang bién dang dan hdi ciia dim
1 ne
U=5 > dlk.d, (20)

voi n, 1a tong s6 phan tir dung dé roi rac dam; k. 1a ma tradn d cing phan ti dam, duogc viét:

ke = k11 +k12 +k22 +k33 +k1 (21)
trong do
L, N L, N AN L. aNAT N
-] A = -2 ) AT ke = [ (28] A Slax;
f(ax) 1 (2 - ] 2
0 0 0
( ' ON R ¢ #N,,  ONg\ 0’N,, 0Ny
k33 = Asz3 o dx; k; = Zl 2 + o Ass > +E dx
0 0
(22)

Biéu thirc dong nang ctia dam co6 dang:

1 ne . .
T=> > dlm.d, (23)

trong d6 m, 1a ma tran khoi luong cua phan tir dam, dugc viét:

m, = m,, +m,,, + M,y + Mgy 24)
voi
L. T L. r
m—faNulaN"d'm _fc?N Iald
uu = Ox 11 Ox X5 ww = Ix 11 Ox X
0 . 0 (25)
ON,, ONy ONy ONy
u = — I,——d = IL,—d
myy f(ax) 12757 X, Mgy = f(ax) 228xx
0 0

Khi vat liéu déng nhét, cac ma tran do cung k, va khdi lugng m, déng nhat voi ma tran do cung
va khéi luong do Dehrouyeh-Semnani va Bahrami [31]. Khi / = 0 ta thu dwoc ma tran do cing va
khéi lwong cia phan tir dim Timoshenko ¢6 dién [41]. Khi ¢ = 0 ta thu dugc ma tran d6 ctng va khéi
luong cua phan tir ddm Euler-Bernoulli.
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Thé nang bién dang dan hoi ctia nén c6 dang:

1 ne r
Ur =3 40 (ke +kep) de (26)
trong do
P f 1 (oN\ . ON
K == | N K,N,dx; ke, == | [=2] K,—2d 27
2[ v * ) ( ox ) Pox @7
0 0

Ap dung nguyén 1y Hamilton cho bai toan dam dao dong ty do

0

d (0T\ 90U +Up) _
dr\ od od B

Ta nhan dugc phuong trinh x4c dinh tin s6 va dang dao dong riéng
(K-w’™M)D =0 (28)

trong d6 D, M va K 1a véc to chuyén vi nat, ma trin khoi lugng va ma tran dg cuing cta toan két cau
duoc ghép noi tir cac chuyén vi nut, ma tran d6 cting va khoi luong cta cac phan tir thanh.
4. Két qua so

Trong céc tinh toan vé sau, ta s€ st dung cac dai lugng khong thr nguyén sau:

L2 K, L* K,L? bi
p= 2 P = T g, = = (29)
h Em Eml EmI 12
Béng 1. So sanh tan sé riéng co ban khong thir nguyén cua dim vi mé FGM
Simsek va Reddy [2] Két qua tinh
h/l
/ n=0,3 n=1 n=3 n=10 n=03 n=1 n=3 n=10
L/h=10
1 12,6058 10,3982 8,7110 7,5835 12,4009 10,2282 8,5650 17,4543
2 7,8233 6,5211 5,6383 5,0237 7,7820 6,4867 5,6076  4,9960
4 6,0115 5,0692  4,5256 4,1184 6,0014 5,0610 4,5183 4,1118
8 5,4617 4,6327  4,1995 3,8573 5,4588 4,6307  4,1977 3,8558
Classical  5,2654 44775  4,0848 3,7661 5,2649 4,4776  4,0849 3,7663
L/h =100
1 12,9533 10,6960 8,9820 17,8325 12,9507 10,6941 8,9804 17,8315
2 7,9640 6,6461 5,7623  5,1442 7,9632 6,6458 5,7620 5,1442
4 6,1096 5,1583 4,6187 4,2118 6,1090 5,1582  4,6187 4,2120
8 5,5500 47135 42854 3,9444 5,5494 4,7135 4,2854 3,9446

Classical ~ 5,3505 4,5555 4,1684 3,8512  5,3499 4,5556  4,1684 3,8514

Béng 1 1a so sanh két qua tinh tin s riéng co ban khong thir nguyén cho dim vi mé FGM hai
dau gbi tra don gian theo FEM dé xuit gdm 10 phén tir v6i két qua ctia Simsek va Reddy [2] str dung
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phuong phép gidi tich. Ta nhan thay sai s6 16n nhét 1a 1,7% va dan vé khong khi cac ti s6 i/l va ty sb
L/h tang 1én, diéu do kh:flng dinh d¢ tin cdy cia chwong trinh duogc lap.

Dudi day, ta xét dao dong tu do cia dam micro FGM mot nhip véi tham s6 kich thuge [ = 15 um,
tham sé vat lidu: E,, = 70 GPa, p,, = 2702 kg/m>, v,, = 0,3, E. =427 GPa, p. = 3100 kg/m?, v. = 0,17,
va n = 5. Dam tiét dién hinh chit nhat b = h = 51 ¢6 chiéu dai L = 20h.

120 1r

—nhi=1

H——hil=2

hil=5
[|=—hl=10

04 r

08

06

80
02r

max

0 %

YIY

021

40 04}

06 F

20
-0.8

°
o
-c’ 4
z

Ty l¢ hil max

(a) Su thay ddi ba tin s6 dau tién theo ty s& /I v6i cac (b) Sy thay ddi ba dang riéng dau tién ciia ddm cong x6n
lién két hai dau khac nhau

Hinh 2. Sy thay ddi ctia ba tin sé va dang dao dong riéng dau tién theo ty sb A/l

Hinh 2(a) trinh bay sy thay d6i ba tan s khong tht nguyén dau tién theo céac ty sb giita chiéu cao
dam h véi tham s kich thude micro /. RS rang khi ty s6 4/1 ting, cac tan so riéng cliia dam déu giam,
dic biét khi ty s6 h/I < 5 cac tan s6 ndy giam nhanh, tan sé cang cao thi cang giam nhiéu, khi h/l > 5
cac tan s6 ndy giam cham. V& mat vt ly, diéu dé c6 nghia 1a khi kich thudc diam 16n hon nhiéu so
v6i tham s6 kich thudc vat lidu thi anh hudng ctia hidu ung kich thude giam dan. Pdng thoi tan s6
riéng ctia dam coéng xon (CF) ludn nho nhat, sau d6 1a tan sb riéng ctia dam hai dau gbi twa di dong
(SS) va dam mot ddu ngam, mot dau khép (CS), tan sb riéng ciia ddm 2 ddu ngam (CC) ludn 16n nhét.
Hinh 2(b) thé hién su thay d6i cac dang dao dong riéng cua dam cong xon khi cac ty sé h/I thay doi.
Su thay ddi cac dang dao dong riéng ¢ cac mode cao la rd nét hon. Déi voi cac diéu kién bién SS, CS,
CC, su thay dbi cac dang dao dong riéng 1a nho, khong dang ké. Dudi day ta s& chon ty sd b/l = 5
trong cac nghién ctru tiép theo.

Hinh 3(a) trinh bay sy thay d6i ba tan s6 khong tht nguyén dau tién theo céc ty sb giita chiéu cao
dai dAm L véi chiéu cao ddm h. Ta nhan th:?iy céc tan sb riéng cla dam mot nhip déu tang, dac biét
khi ty s6 L/h < 15 céc tan sb ndy ting nhanh, tan sd cang cao thi cang ting nhanh. Khi L/h > 15 cac
tan sb nay tang cham hon. Vé mat vat 1y, diéu d6 c6 nghia 13 dm cang dai thi tin sé dao dong riéng
cang cao. Pdng thoi tin sb riéng ctia dim cong xon ludn nhoé nhét, sau do 1a tan s riéng caa dim hai
dau gdi tua di dong va dam mot ddu ngam, mot dau khép, tan s riéng ciia dam hai dau ngam ludn
16n nhat. Hinh 3(b) thé hién sy thay ddi cic dang dao dong riéng ctia dam cong x6n khi céc ty s6 L/h
thay dbi. Su thay doi cac dang dao dong riéng 1a rd nét hon & cac mode cao. Pdi véi cac diéu kién
bién SS, CS, CC, su thay ddi cac dang dao dong riéng 1a nho, khong dang ké. Dudi day sé chon ty s6
giita chiéu cao dam va chiéu dai vat liéu 1a L/h = 20.
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Hinh 4. Sy thay d6i ba tan sd d4u tién theo chi s nva  Hinh 5. Su thay d6i ba tin s dau tién theo ty s6 E../E,,
lién két hai dau khéc nhau va lién két hai dau khac nhau

Hinh 4 trinh bay su thay ddi ba tan sé khong thir nguyén dau tién theo sé mil n ctia ham thé tich.
Ta nhan théy khi n tang, cac tan sb riéng cua dam mot nhip déu giam, dac biét khi n < 2 cac tan sb
nay giam nhanh, tan sé cang cao thi cang giam nhanh. Khi n > 2 cic tin s6 nay giam cham hon. V&
mit vat 1y, khi ting chi sb n twong tng v6i ham luong ceramic trong dam giam dan dén tan sé riéng
ctia dam giam di do d6 clmg cta ceramic cao hon d cimg ciia kim loai. Pong thoi cac tin sb riéng
ctia ddm CF nho nhét, sau d6 1a tan s riéng cua dam SS, dim CS, tan s riéng cua dam CC ludn 16n
nhét. Tuy vay két qua tinh toan cho thay cac dang dao dong riéng ctia ddm mot nhip véi cac diéu kién
bién ké trén thay doi khong dang ké.

Hinh 5 trinh bay su thay d6i ba tin s6 khong thir nguyén dau tién theo ty 16 modun vat liéu 16p
trén va duéi E./E,, v6i E,, = 70 GPa c6 dinh. Khi ty 1 E./E,, ting, cic tan sd riéng cua dim mot
nhip déu tang, dac biétkhi E./E,, <5 céc tan sd nay tang nhanh, tan sd cang cao thi cang tang nhanh.
Khity 1& E./E,, > 5 cac tan s6 nay ting cham hon. Vé mat vat 1y, diéu d6 c6 nghia 1a khi mé dun dan
hdi cta vat liéu gbm cang 16n thi cac tin sb riéng déu ting 1én. Pdng thoi tan sb riéng cua ddm CF
nho nhét, sau d6 13 tin sb riéng cua ddm SS, dam CS, tin sb riéng cua ddm CC ludn 16n nhét. Tuy vay
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két qua tinh toan cho thiy cac dang dao dong riéng ctia ddm mot nhip véi cac diéu kién bién ké trén
thay d6i khong dang keé.
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Hinh 6. Sy thay ddi ba tan sb dau tién theo ty $6 Ve /Vim Hinh 7. Sy thay ddi ba tan s6 dAu tién theo hé sb nén
va lién két hai dau khac nhau k,, va lién két hai dau khac nhau

Hinh 6 trinh bay sy thay ddi ba tan s6 khong thir nguyén déu tién theo ty s6 ctia hé s6 nd ngang
Poisson cua vit li¢u 16p trén va 16p dudi v./v,,. Khi ty 1€ v./v,, tang, cac tan sb riéng cla dam mot
nhip déu ting déu va tdc do ting cham, tin sd cang cao thi cang ting nhanh. Pong thoi tan sd riéng
ctia dAm CF nho nhét, sau d6 1a tan sb riéng cia dam SS, ddm CS, tan s6 riéng cia dam CC luén lén
nhét. Két qua tinh toan cho théy cac dang dao dong riéng cua dam mot nhip véi cac diéu kién bién ké
trén thay d6i khong dang ké.

Hinh 7 trinh bay su thay d6i ba tin s6 khong thir nguyén dau tién theo tham sé nén dan hoéi Winker
khong thtr nguyén k,,. Khi k,, ting, cac tan s riéng ctia ddm mot nhip déu ting voi tée do ting cham,
nghia 1a khong phu thudc nhiéu vao sy thay doi hé so k,,. V& mit vat 1y, hé dam va nén 1a mot hé siéu
tinh, khi mé dun dan hdi nén cang ting thi do cimg ctia hé dim va nén cang ting 1én dan dén tan sb
riéng ting 1én. Tan s riéng ciia dam CF nho nhat, sau d6 1a tan so riéng ciia dam SS, dam CS, tan sb
riéng ciia dam CC ludn 16n nhat. Dong thoi két qua tinh toan cho thiy cac dang dao dong riéng cia
dam mot nhip voi cac diéu kién bién ké trén thay ddi khong dang ké.
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céc lién két hai dau khac nhau ctia ddm cong xon

Hinh 8. Sy thay ddi ciia ba tan s va dang dao dong riéng dau tién theo h¢ s6 nén ky,
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Hinh 8(a) trinh bay sy thay ddi ba tan sé khong thir nguyén dau tién theo tham sé nén dan hdi
Pasternak k,. Khi k, tang, cac tan s riéng ciia ddm mot nhip déu ting véi nhanh hon so véi k,,. Ciing
nhu nén Winkler, khi c6 hé sé nén Pasternak, do cing hé dam nén tro nén 16n hon din dén tn s6 cua
hé tang 1én. Ddng thoi tan s riéng ciia ddm CF nho nhat, sau d6 1 tan sb riéng ctia dam SS, dam CS,
tan sb rleng ctia ddm hai dau ngam ludn 16n nhat. Hinh 8(b) thé hién sy thay doi cac dang dao dong
riéng ctia ddm CF khi cac hé s nén kp thay doi. Su thay doi cac dang dao dong riéng 13 rd nét hon &
cac mode 1 va 3. Pbi véi cac diéu kién bién SS, CS, CC, su thay ddi cac dang dao dong riéng 1a nho,
khong déng ké.

5. Két luan chung

Trong nghién ctru nay, cac tac gia da phan tich dao dong ctia dam micro FGM dit trén nén dan
hdi Winkler—Pasternak dya trén MCST. Cac két qua co ban dat dugc nhu sau:

(1) i xay dung dugc cac ham dang dao dong méi cho dam micro FGM Timoshenko c6 xét dén
céc tham sé micro va ty s d6 cting ubn va cat. Trong truong hop vt liéu dong nhat, cac ham dang
nhén dugc trung voi cac ham dang Kosmatka va Hermite da biét. Cac ma tran do cing va ma trin
khéi lugng nhan dugce tir cac ham dang méi nay tring véi cac ma tran do cing va ma tran khoi luong
cho dam vi m6 dong nhét hoic ddm macro Timoshenko d3 biét.

(2) Khao sat sy thay doi tan s6 va dang dao dong riéng ciia cac dam FGM micro mét nhip véi cac
diéu kién bién khac nhau cho thay:

+ Tan s6 dao dong khong thir nguyén ciia ddm micro FGM ting 1én khi cac tham s hinh hoc,
vat liéu va nén tang 1én L/h, E./Ep, Ve[V, Ky, va K. Nguoc lai khi ty 1€ gitta chiéu cao va tham s
kich thugc A/l va hé s6 mii ham thé tich vat liéu n tang 1én thi tan s dao dong khong tht nguyén lai
giam di.

+ Cac dang dao dong cua dam cong x6n thay doi rd nét theo cac ty sd /I, L/h va hé sb nén
Pasternak. Trong cac truong hop con lai, cic dang dao dong riéng ciia ddm mot nhip thay d6i khong
dang ké v6i cac diéu kién bién ké trén.

Céc nhan xét nay rat hitu ich cho viéc phéan tich dao dong ctia dam micro FGM trong qua trinh
thiét ké, thi cong, kiém dinh va diéu khién dao dong cac thiét bi NEMS/MEMS hay cac thiét bj ki
thuat cao g dung dam micro FGM. Cac phan tich trén c6 thé mé rong cho cac két cau dim micro
FGM phure tap hon.

Loi cdm on
Nghién ctru nay dugc tai trg boi Bo Giao duc va Pao tao trong dé tai ma s6 B2025-XDA-05.
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