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Tém tit

Bai bao nay st dung 1y thuyét bién dang cat tua ba chidu don gian (quasi-3D) dé phan tich dao dong tu do cua
tam sandwich lam tir vat liéu ¢ co tinh bién thién (FGM) chira vi bot rong. Ham bién dang cit dang da thirc
duoc st dung dé thoa man diéu kién ung suét cit béng khong trén bé mat thm ma khong can hé sd hiéu chinh
cit. Cac phuong trinh can bang dugc thiét 1ap tir nguyén 1y Hamilton va giai bing phuong phép nghiém Navier.
Céc vat lidu cAu thanh ba 16p ciia tim sandwich c6 thé 1a gdm, kim loai hodc hdn hop gbm-kim loai dugc phan
b theo quy luat lily thira, thay doi theo chiéu day ciia tim. Ba md hinh tim sandwich FGM khac nhau dugc
xem xét trong nghién ciru nay. Cac két qua thu dugc dugc so sanh véi ly thuyét dan hoi ba chiéu dé kiém chimg
dd tin cay ctia md hinh va chuong trinh tinh. Cac khao sat s6 danh gia anh huong cua vat liéu, kiéu phan b
vi bot réng, hé $6 vi bot r5ng, cAu truc 16p va cac kich thude hinh hoc dén tan sb dao dong cua tim sandwich
PoFGM.

Tir khod: phan tich dao dong; tim sandwich; FGM; vi bot rdng; 1y thuyét twa ba chiéu.

A SIMPLE QUASI-3D MODEL FOR FREE VIBRATION ANALYSIS OF POROUS FGM SANDWICH
PLATES

Abstract

In this paper, the quasi-3D shear deformation theory is used to analyze the free vibration of porous functionally
graded sandwich plates. A polynomial transverse shear deformation function satisfies the zero transverse shear
stress condition on the plate surfaces without needing shear correction factors. The equilibrium equations are
derived from Hamilton’s principle and solved by the Navier method. The sandwich plate consists of three
layers made of homogeneous ceramic, homogeneous metal, or functionally graded ceramic-metal materials
with power-law distribution through the thickness. Three functionally graded material sandwich plate models
are studied. Results are compared with three-dimensional elasticity theory to verify the model and computational
accuracy. Parametric studies assess the effects of material properties, porosity distribution, porosity coefficients,
layer configuration, and geometry on the natural frequencies of Po-FGM sandwich plates.
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https://doi.org/10.31814/stce.huce2025-19(2V)-13 © 2025 Truong Dai hoc Xay dung Ha Noi (PHXDHN)

1. Mé dau

La mot loai vat liéu mdi, vat lidu c6 co tinh bién thién (Functionally Graded Material - FGM)
duoc hinh thanh tir hai hodc nhiéu pha vat liéu thanh phé”ln, trong do cac dac tinh vat li¢u bién ddi
tron, lién tyc theo cac hudng cu thé. Nho nhitng vu diém vuot troi, vat liéu FGM cho phép tdi uu hoa
thiét ké theo dic tinh co hoc va khong bi phan tach 16p - nguyén nhan phd bién gy hu hong trong két
céu composite truyén thong. Vat liéu FGM c6 thé duoc ché tao tir nhiéu loai vét liéu thanh phan khéc
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nhau, nhung phan 16n van 14 kim loai va gbm. Trong d6, gém cung cép kha ning chiu nhiét, kim loai
tang cuong do bén va tinh déo, nhd d6 vat lidu nay thuong dugce st dung dé ché tao cac cAu kién lam
viéc on dinh trong moi trudng c6 nhiét do cao. Mot ) nghién ctru ban dau vé ung xu co hoc cia tAm
FGM di duogc dé cap trong [1-3].

T4m sandwich c4u tao tir vét liéu FGM duogc danh gia la mot thanh tyu dot pha trong nganh khoa
hoc vat liéu nho kha nang két hop hai hoa céac dac tinh co hoc va vat Iy da dang vao mot két cau théng
nhét [4]. Thiét ké da 16p theo chiéu day cua vat liéu nay cho phép ting cudng hiéu suit vuot troi, bao
gém ty 1¢ do bén-trong luwgng, kha nang chiu nhiét cao va do bén va dap [5]. Nhiing uu diém vuot troi
nay da mé rong pham vi tng dung cia chiing sang cac nganh k¥ thuat yéu cau khit khe nhu nganh
cong nghiép 6 t6, tau bién, hat nhan, hang khong, vii try. Véi sy da dang trong phuong phép tiép can,
céc nha nghién ciru da Gmg dung nhiéu 1y thuyét bién dang cat dé phan tich két cdu sandwich FGM.
Dién hinh, Thai va cs. [6] dd phat trién mot 1y thuyét tim bac nhat cai tién nham nghién ctru dic trung
udn, 6n dinh va dao dong tu do ctia tim sandwich FGM. Ly thuyét bién dang cét bac cao (HSDT) tong
quat da duoc Zenkour va cs. [7] xdy dung dé khao sat cac dic tinh co hoc ctia tim sandwich FGM.
Houari [8] va Tounsi va cs. [9] da sir dung 1y thuyét HSDT cai tién dé nghién ctru Gmg xir uén dan
hoi nhiét ctia tim sandwich FGM, trong khi Alibeigloo va nhém nghién ciru [10] da ap dung 1y thuyét
dan hoi ba chiéu dé phan tich trang thai tinh va dao dong ctia tim sandwich FGM.

Cac cong nghé san xuat FGM nhu luyén kim bot, dtic ly tim, ling dong hoi hay tong hop tu lan
truyén tuy hiéu qua nhung con phic tap, ton kém va doi hoi thiét bi ddc biét. Thiéu két 1a mot lua
chon tiém ning, song d& gay rd vi mé do chénh 1éch téc d6 hoa rin giira cac thanh phan. Hién tuong
nay ciing xuat hién & FGM ché tao bang k¥ thuat tham thiu phan 16p. Nhitng khuyét tat vi cau tric
nay lam suy gidm déc tinh vét li¢u, din dén sy hinh thanh khai niém FGM chua vi bot rSng (PoFGM).
Tir nhitng két qua trén, viéc danh gia tac dong cia cac vi bot rdng siéu nho dén qué trinh thiét ké
két cAu 1am tir loai vat liéu nay la yéu t6 then chdt nham nang cao d0 tin cdy va hiéu suét ung dung.
Diéu nay 1y giai vi sao POFGM hién dang 1a mot trong nhiing chu dé nghién ctru trong tim trong cong
ddng khoa hoc vat liéu tién tién. Ebrahimi va cs. [11] dd nghién ctru dap tng dao dong nhiét cia dam
PoFGM, két qua nghién ctru da chi ra rang vi bot rdng c6 anh huong dang ké dén tan s ty nhién cia
dam. Theo ly thuyét bién dang cit bac nhat don gian, Tham [12] d& phan tich dic trung dao dong tim
FGM dan héi—dién—tfr co vi bot réng dat trén nén dan hoi Kerr, trong khi, Hai va cs. [13] da phan tich
dao dong riéng va dap ung dong cua tim FGM c6 vi bot réng v6i cung diéu kién nén. Tahir va nhom
nghién ctru [14] da phan tich sy lan truyén song ciia tim sandwich PoFGM véi cac kiéu phan bd vi
bot rdng khac nhau trong méi trudng nhiét am. Mot 1y thuyét bién dang cit luong giac tya ba chiéu
da dugc dé xuit boi Liang va Wang [15] dé phan tich su lan truyén song cua tim sandwich POFGM,
tam dugc dat trén nén dan hoi nhét.

Céc phan tich trng xtt co hoc cua két ciu dang tAm d3 dugc thuc hién dua trén ly thuyét tim cd
dién (CPT) [16]. Mic du 1y thuyét CPT don gian, nhung chi mang lai két qua chinh xac khi ap dung
cho tim mong. Ly thuyét tim bac nhat (FSDT), bang cich dua vao hé sb hiéu chinh cit, d3 xem xét
dén hiéu ung ct ngang [17], tuy nhién, viéc tinh toan hé s6 hiéu chinh cit phu hop 1a rat kho khan.
So v6i CPT va FSDT, 1y thuyét tim bién dang cit bac cao (HSDT) chinh x4c hon va khong yéu cau
hé s6 hiéu chinh cat, nhung tinh toan theo 1y thuyét HSDT lai kha phtc tap [18]. Ly thuyét tim bon
an chuyén vi cai tién (HSDT-4) dat d6 chinh xéc cao va don gian trong tinh toan bang cach phan tach
chuyen vi ngang thanh cac thanh phan cit va ubn, dong thoi sir dung céc ham mé ta sy bién thién cua
g suét cit ngang, dam bao thoa mén diéu kién bién véi ing suit bang khong tai cac bé mat tim
[19, 20]. Tuy nhién, tat ca cac ly thuyét da dé cap ¢ trén déu gia dinh ring cac chuyén vi ngang khong
thay ddi theo chiéu day, dan dén viéc bo qua tng suét theo phuong chiéu day. Dé tinh dén anh huong
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ctia bién dang theo phwong nay, cac 1y thuyét tua ba chidu két hop v6i mot sb mé hinh bién dang cit
da dugc dé xuit nham phan tich img xtr co hoc cuia cac tim day [21-23].

Qua viéc téng hop cac nghién ctru trudce ddy, co thé nhan thiy ring Iy thuyét tua ba chidu, du don
gian va chinh xac hon nhung van chua duoc nghién ciru day du dé phan tich dao dong tw do ciia tim
sandwich POFGM. Vi vay, viéc bd sung va hoan thién nhimng noi dung con thiéu trong tai liéu nghién
ctru cho ddi tuong nay 1a can thiét. Trong nghién ciru nay, ba mo hinh tim sandwich PoOFGM khac
nhau duogc xem xét. Cac tinh chat vat lieu FGM duoc gia dinh thay dbi tron theo chiéu day tam va
tuan theo quy lut phan phdi liy thira. Ham bién dang cét ngang dang da thic theo Ambartsumian
[24, 25] lan dau tién dugc ap dung trong 1y thuyét twa ba chidu dé tinh toan tim sandwich PoFGM.
Phuong phap nay cho két qua gan véi 1y thuyét dan hdi ba chiéu, dong thoi giam thoi gian tinh toan
ctia chwong trinh tinh so v&i cic ham lugng giac va cac ham phirc tap khac da duoc cong bo. Phuong
trinh can bang duoc thiét 1ap theo nguyén 1y Hamilton va 15i giai Navier. Tan sé dao dong riéng cua
céc tam sandwich PoFGM duoc suy ra thong qua bai toan tri riéng. Cac két qua thu duoc duoc so
sanh véi cac mé hinh khac da dugc cong bd dé kiém tra tinh chinh x4c va hiéu qua cia 1y thuyét bién
dang cit su dung. Cac khao sat s6 duoc tién hanh dé danh gia anh hudng cua thudce tinh vat ligu, kiéu
phan b vi bot rdng, hé sb vi bot rng, kich thudc hinh hoc va cic md hinh tim sandwich khac nhau
dén tan s6 dao dong cua tim sandwich PoFGM.

2. Co so ly thuyét
2.1. M0 hinh tam sandwich PoFGM

Xét ba loai tAm chit nhat sandwich FGM chta vi bot r5ng (ky hiéu la SPoFGM-1, SPoFGM-2,
SPoFGMS-3) ¢6 c4u tao cac 16p vat liéu nhu Hinh 1-3, kich thudc cac canh a x b x h. Chiéu day cia
mbi 16p bé mit dugc ky hiu 1a 7 rva chiéu day cua 16p 16i ky hiéu 1a .. Cac 16p duoc phéan biét theo
phuong truc z béng cac toa d9d zo, 21, 22 va z3.

=

K

vy

(a) Mb hinh tim SPoOFGM-1 (b) Miit cit ngang ciia tim SPoFGM-1

Hinh 1. TAm SPoFGM-1

(a) M6 hinh tim SPoFGM-2 (b) Mit cit ngang cuia tim SPoFGM-2

Hinh 2. TAm SPoFGM-2
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(a) M6 hinh tim SPoFGM-3 (b) Mit ct ngang cua tim SPoOFGM-3
Hinh 3. TAm SPoFGM-3

Nhu thé hién trong Hinh 1, tam SPoFGM-1 duoc tao thanh tir 161 kim loai va cac tim mit POFGM.
Hinh 2, tim SPoFGM-2 dugc tao thanh tir 15i gém va cdc tAm mit PoFGM. Trong Hinh 3, tam
SPoFGM-3 duogc tao thanh tir cac tam mat kim loai va gém, 16p 161 PoOFGM.

Lé6p vt liéu POFGM gdm hai pha vat liéu thanh phan: gbm va kim loai. Céc tinh chat hiéu dung
P™) ctia mbi 16p thir N (N = 1,2, 3) duoc gia thiét bién ddi tron doc chiéu day tim theo quy luat ham
lily thira:

PV@) = P+ (Pe= P) V) = 2 (Pe+ P s (1)

trong d6: N biéu thi sb 16p; ap 1a hé s6 vi bot rong; P, va P, 14n luot 1a cac tinh chét vat liéu cta kim
loai va gdm; VEN ) la phin thé tich cia gdm va 6 1a ham bac thang.

Phan thé tich gbm VéN) va ham béc thang 6 cho ba loai tim sandwich SPoFGM-1, SPOFGM-2,
SPoFGM-3 dugc xac dinh nhu sau [26]:

SPoFGM-1:
(z—z20)/(z0—2) )P ' <2<z
vV =10 vas™ =10 khilu<z<zn )
(z-2)/(z;3—22) ) Y <7<
SPoFGM-2:
((z—z0)/(z1 —20) )Y yt 0<z<7
vV =1 vas™ =00 khidz<z<m 3)
(z-23)/(z2 —23) ) y® 2<z7<23
SPoFGM-3:
1 0 20<z<7
VIV =z - 2)/(z1 —22) )P vas™ ={y@ khi{z1 <z<zm 4)
0 0 25753

v6i p 1a chi s6 ty 18 thé tich (p > 0); ™ (n = 1,2,3) 1a ham s6 phu thudc vao kiéu phan bd vi bot
rong (KPB), dugc xé4c dinh theo [27].
Kiéu phan bd vi bot réng déu (PB-I):
‘r//(l) = ‘!/(2) = ‘r//(3) =1 (5)
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Kiéu phan bd vi bot rdng khong déu (PB-II):

W = (1 - 122~ (z1 + 20l / (z1 = 20))
Yy =1 -2z (2 +2)l/ (22— 21) (6)
v =1 -2z (3 + 2/ (23— )

Kiéu phan bd vi bot rdng khong déu theo quy luat ham logarit (PB-III):

D = (2/ag)log (1 + 0,15a0) (1 — 2z = (z1 + 20)| / (z1 — 20))
v ® = 2/ap)log (1 +0,15a0) (1 — 2z — (z2 + 2| / (z2 — 21)) (7
P = (2/ap)log (1 +0,15a0) (1 — |22 — (z3 + 22)| / (23 — 22))

Kiéu phéan bd vi bot rdng khong déu theo quy luat ham tuyén tinh (PB-IV):

lp(l):(]_ﬂ); w(z):(l_z—zz); w(3):(1—Z_Z3) ®

20 — 21 71— 22 2 —13

Do d6, hé s Poisson y™ (2), khoi lugng riéng p(N )(z) va md dun dan hoéi ENY(2) cta tAm sandwich
FGM x0p duoc biéu thi nhu sau:

YN (@) = v+ e = vi) VY = 0,500 e + Vi) 6O

p(N)(Z) =Pmt (,Oc - pm) VEN) — O,SQO (pc +pm) 6(N) (9)
EM@) = Ey+ (Ec = En) V& = 0,500 (Ec + Ep) 6™

2.2. Truong chuyén vi
Truong chuyén vi theo 1y thuyét twa ba chiéu c6 dang [28]:

u(x7 y7 Z? t) = ”O(x’ y7 t) - ZWO,X - f(z)g,x
v(x,y,2,1) = vo(x,y,1) —2woy — f(2)0, (10)
w(x,y,z,1) = wo(x, ¥, 1) + g2 (X, y, 1)

trong do ugp, v, wo, 6 va ¢, 1a nam an chuyén vi cua toa dd x,y vat; f(z) la ham s6 mé ta su phan bd
phi tuyén tinh ciia img suat va bién dang cét ngang theo chiéu day tim; g(z) = f’(z). Dang ham f(z)
thoa mén cac diéu kién bién khong tmg suat & bé mit trén cing va dudi cling cta cac tim duoc xac
. . 422\ n?
dinh theo Ambartsumian [24, 25]: f(z) = z (1 g
Dua trén gia thiét vé bién dang nho, trudong bién dang tuyén tinh dwoc xac dinh tir truong chuyén

vi (10) va dugc biéu dién nhu sau:

0 1 2
Ex 86 g)lc 85 Uo, x —W0,xx _e,xx
g ¢ = s(jv +z sfv + f(2) szy = Vo, +29 ~Woyy ¢+ f(2) ] —Oy
Exy Exy Exy Exy up,y + vox =2W0 xy =26 (11)

0
! -0 ’ /
{%z} = 5@ {?}} = 4@ {;’y - H*y} D=8 = g Qe
Xz =X ~

-3 %
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Quan h¢ gifra tng suit va bién dang cua tam SPoFGM tuén theo dinh luat Hooke:

ox] [On Qi Qi3 0 0 0 ]é&x
Oy Qi Oxn Ox 0 0 08
o | _|Qi O 03 0 0 0]]g (12)
Tyz 0 0 0 Q44 0 0 Vyz
| 10 0 0 0 05 0|y
) L0 0 0 0 0 Olly,

T T .
trong do6 {o} = {O'X, Oy, 0z, Oy, O'XZ,O'xy} va{e} = {sx,sy,sz,syz,sxz,gxy} lan luot 1a véc to ting suat

va bién dang. Hé sb d6 cting Q; ; duoc xac dinh theo:

(1 -vE(z)
(I=2v)(1 +v)
vE(2)
(IT=2v)(1 +v)
E(z)
2(1 +v)

On=0»n=03=

Q1n=013=0x3= (13)

Q44 = 055 = Qep =

v6i v 14 hé s6 Poisson, & day dugc gia thiét 1a khong doi theo chiéu day.

2.3. Phuwong trinh chuyén déng
Phuong trinh chuyén dong duoc thiét 1ap tir nguyén Iy Hamilton mo rong:

f&(U—K)dtzO (14)
0

& day U 1a ning luong bién dang va K 1 dong ning.
Bién phén ciia ning luong bién dang dugc xac dinh theo:

oU = f (o-xésx + 008y + 0,08, + Ty0Yxy + T);0Yy, + széyxz)dV
14

f[Nxasg + M0, + S 087 + NyOg) + Myoe, + S e, + N.0s) » (15)
al+N. xy572y + Mxyfs%lcy +S xyé'}’%y + NyszSZ + Ny:6YY,

Bién phan cia dong nang:

oK = fv 0(2) (@it + vov + wow)dAdz
Io (itgSitg + VoSv0 + Wodwo)
— Iy (itg6V0g « + viro.40tg + Vo,,6%0 + Vo)
+ I (4o,:0V0. + 10,0000, ) (16)
fA — I3 (0,461t + 1080  + 6,,0v0 + 9000 i
(
(

+ I (8,46V00  + 100,500+ + 0,8V + 100,y 50))

+ 15 (0,00 + 0,00, + Is (¢:0%0 +wo0:) + I7 ($:002)
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trong d6 déu chdm phia trén biéu dién dao ham theo bién thoi gian; p(z) la khdi lugng riéng; I; (i =
1,2,3,4,5,6,7) 1a cic mdmen quan tinh khdi lwong dugc tinh toan theo:

h/2
(o, 11, 1o, 13, 1, Is, I, I7) f s (1,22 f@,2f(2), £7(2), 8(2), °(2)) dz (17)

Cac phuong trinl} Chliyél’l dong cua tim SPoFGM dugc suy ra bang cach s dung nguyén ly
Hamilton va dugc biéu dién nhu sau:
(Suo : Nx,x + ny,y = I()ilo — 11151'/0,)( — I3é0,x
0vo : Nyy + Nyyx = Iovo — I1Wo,y — 1390’),
5W0 . Mx,xx + My,yy + 2Mxy,xy = Ilgwo + I (l',io,x + Vo,y) -b (WO,xx + wO,yy) -1y (éx,xx + éy,yy) + 16¢Z
80 : S cxx + S yyy + 28 sy = Nyzy = Nuzox = I (i .0 + Vo) = I (Wo.cx + 0,y) =I5 (Bex + By

6()02 . _NZ + Nyz,y + NXZ,X = 16W0 + I7QDZ

(18)
trong d6 cac luyc va mé men trong tdm duoc xac dinh nhu sau:
h/2
(Nl,Ml’S )_ f (I,Z,f(Z))O-idZ, (i:xay’xy)
h/2
Vo= [ d@od: (19)
h/2
h/2
(Nyz, Nxz) = f 8(2) (O'yz, O'ch) dz
—h/2

Bang cach thay thé quan hé tng suat-bién dang vao cac dinh nghia vé lyc va mé men trong cong
thire (19), ta duoc:

Ny Ay A2 0 By B 0 Cpip Ciz 0 Gy ‘9%
Ny A, A 0 By Bn 0 Cip Cxn 0 Go Sg
N xy 0 0 Ags 0 0 Bes 0 0 Cgs 0 )’ny
M By Bz 0 Dy Di2 0 Eyp Ep 0 Hp||é&
My( _(Biz Bn 0 D Dp 0 Ep Exn 0 Hx 8%1» 20)
My[T|0 0 B 0 0 Dy 0 0 Eg 0|yl
A Cu Cnp 0 En Enp 0 Fiu Fpo 0 I 8)23
Sy C Cp 0 Ep Exn 0 Fipp Fn 0 Dsf]|é
S xy 0 0 Cg O 0 E¢ O 0 Feg O Y5
N, Giz Gz 0 Hyiz Hy 0 Iz Ly 0 Kol gg

Ny [Jas O | ¥y,
(-t 216

h2 (1 .2, f(2), 22 2f @), £2(2), £ (2), 28 (2),
£ Qf(), 8@, g @)

trong do

(Aij,Bij,Cije Dij, Eij, Fij, Gij, Hij, Iij,Jij,Kij) = f
—h/2
(22)
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3. Loi gidi Navier
Xét cac thm sandwich hinh chit nhat véi bdn bién tua khop, cé kich thude va cAu tao vat liéu nhu
trong Hinh 1-3. Theo phuong phap nghiém Navier, cic bién chuyén vi thoa man diéu kién bién duoc
dua ra nhu sau [29]:
iwt

iwt,

uo(x,y, ) = Upp cos (£x) sin (7y) €5 vo(x, y, 1) = Vi sin (€x) cos (7y) e
wo(X, ¥, 1) = Wy sin (£x) sin (17y) €5 6(x,y, 1) = Xy sin (£x) sin (1) " (23)
iwt

(X, ¥, 1) = Zyy sin (£x) sin (17y) e

trong d6 w la tan sd dao dong riéng (rad/s); {A} = {Unn, Viun, Wons Xonns Zn} T 12 céc hé s cua céac
thanh phﬁn chuyén vi can xac dinh; &=mnla,n=nn/b;tla bién thoi gian; ?=-11asd phuec.

Thay thé cac biéu thirc chuyén vi (23) vao cac phuong trinh (18) va thuc hién cac phép bién dbi
toan hoc ta thu dugc phuong trinh:

(IR ;s — @[], s} 181 = (0) (24)
trong d6 cac hé s k; j va7;; cua ma tran do climg két cau [k ]5>< s va ma tran khi luong [M ]5>< s duogc
tinh theo:
k= - (Allfz + A66772)§ kio=—(Aip+ A ém; ki3 = Bi& + (Biz + 2Bee) én°
kis = Clié& + (Cr2 +2Cse) én*s kis = Giséy  hp = - (Azzﬂ2 + A66§2)
ko3 = (B2 + 2Be6) E° + By kas = (C1o + 2Ce6) E + Coon®s ks = Goanp
k33 = —=D11€* = (2D12 + 4De6) €0 — Doy’
ksg = —Ené' = QE1p +4Ee) En° — Enon’™s kas = — (H13§2 + H23772)

kas = —F11&* = QF 12 + 4F 66) E° = Foon* = Jaar® — Jssé
myy =fy = —loy Az =—-L& g =-BE Ay =-Ln, fng=-hn

sy =—lp— I (52 + 7]2); M3 = —1y (52 + 772); s = —lg; Mg = =I5 (62 + 772); fss = —I7

(25)

Tan s6 dao dong riéng cta tim SPOFGM duoc xac dinh bang cach giai phuong trinh tri riéng:

’[k]5><5 - a)z[M ] ss| = 0. Nghiém ctia phuong trinh nay 1a tan s6 goc dao dong w,y, twong tng véi

dang dao dong (m, n) cua tAm. Tan sb dao dong riéng co ban la tan s6 nho nhat, dugc xac dinh boi:
w = min {Wy, }.

4. Két qua s6 va thio luin
Trén co s& md hinh giai tich da thiét 1ap, tac gia viét chuong trinh tinh tan s6 dao dong ciia tim
SPoFGM bang ngon ngit Matlab dé thuc hién cac khdo sat so.

4.1. Vidu kiém chirng

Hai vi du so sanh dugc thuc hién dé kiém ching tinh chinh xac cia md hinh hi¢n tai. So sanh
dau tién dugc tién hanh véi tim don 16p FGM (Al/Al,O3) hoan hao (g = 0) va ddi chiéu véi két
qua cua Jin va cs. [30], trong d6 sir dung mé hinh giai tich dua trén 1y thuyét dan hoi ba chiéu. Cac
thudc tinh vat liéu cua Al,Os: E. = 380 GPa; p. = 3800 kgm_3; v. = 0,3 va cua Al: E,, = 70 GPa;
pm = 2702 kgm™; v,, = 0,3. Két qua so sanh tin s co ban khong thir nguyén & dugc trinh bay trong
Bang 1. Co thé théy réng, cac gia tri tan s6 thu duoc tir mo hinh hién tai, dwa trén ham bién dang cit
ngang ctia Ambartsumian [24, 25], cho sai khac nho so v6i két qua tinh theo mé hinh ba chiéu (3D),
ngay ca trong trudng hop tAm chit nhat rat day (a/h = 2).
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Bang 1. So sanh tan s6 co ban khong thir nguyén @ = wh+/p,/E, cia tim vudng
FGM day vura phai, day va rat day

alh M6 hinh p=0 p=1 p=2
10 3D [30] 0,1135 0,0870 0,0789
Bai bao 0,1135 0,0882 0,0806

5 3D [30] 0,4169 0,3222 0,2905
Bai bao 0,4168 0,3260 0,2961

2 3D [30] 1,8470 1,4687 1,3095
Bai bao 1,8507 1,4776 1,3221

So sanh tht hai duoc thuc hién cho tdm sandwich FGM (Al/A1,03) c6 vi bot réng. Bang 2 trinh
bay Kkét qua tinh toan va so sanh tan s6 dao dong w = wa’/h Voo/Eo (oo = 1 kg/m3; Ey = 1 GPa)
va so sanh khi thay ddi kiéu phan b vi bot rdng, hé s6 vi bot rdng va ty 18 chiéu day cac 16p cua tim
sandwich (ky hi€u: hy — h. — hy) voi nghién clru cua Daikh va Zenkour [27] st dung md hinh gidi
tich dua trén 1y thuyét tim bac cao ndm an chuyén vi (TSDT). Két qua cho thiy, véi cac gia tri tham
s6 ap va cac kiéu phan bd vi bot rong khéac nhau, sai 1éch gitra két qua cta hai phuong phap 13 khong

dang ké.
Bang 2. So sanh tan s6 dao dong co ban khong thir nguyén @ cta tim sandwich FGM
c6 vi bot tdng (p = 2;a/b = 1;a/h = 10)
KPB o Mo hinh 1-0-1 1-1-1 1-2-1 2-1-2
PB-I 0 TSDT [27] 1,06155 1,18847 1,30244 1,12248
Bai bao 1,06350 1,19058 1,30475 1,12447
0,1 TSDT [27] 0,98258 1,12071 1,24933 1,04712
Bai bao 0,99324 1,13160 1,25924 1,05817
0,2 TSDT [27] 0,87867 1,04201 1,19156 0,95491
Bai bao 0,89542 1,05903 1,20655 0,97239
PB-1I 0,1 TSDT [27] 1,03235 1,15768 1,27723 1,09008
Bai bao 1,03892 1,16445 1,28351 1,09694
0,2 TSDT [27] 1,00033 1,12524 1,25140 1,05528
Bai bao 1,01062 1,13570 1,26074 1,06604
PB-III 0,1 TSDT [27] 1,03308 1,15844 1,27785 1,09089
Bai bao 1,03955 1,16511 1,28405 1,09764
0,2 TSDT [27] 1,00347 1,12837 1,25386 1,05867
Bai béo 1,01346 1,13852 1,26294 1,06910
PB-1V 0,1 TSDT [27] 1,05559 1,17079 1,28422 1,10840
Bai bao 1,06175 1,17739 1,29093 1,11451
0,2 TSDT [27] 1,05213 1,15260 1,26581 1,09394
Bai bao 1,05979 1,16307 1,27621 1,10356

Dua trén hai vi du kiém chimg & trén, c6 thé thiy rang phuong phép giai tich va mé hinh tinh theo
ly thuy€t tua ba chiéu don gian duogc trinh bay trong bai bdo c6 do tin cay cao. Trén co s& do, cac vi
du khao sat dugc thuc hién trong muc tiép theo.
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Trong dé muc nay, cac khdo sat s6 duoc thuc hién dé danh gia sy anh huong cua cac tham sb vat
liéu, kiéu phéan bd vi bot rSng va céc kich thudce hinh hoc dén tan sé dao dong riéng cta tam SPoFGM.
Xét ba loai tim SPoOFGM c6 cau tao nhu cac Hinh 1-3. Céc thong sb vat liéu FGM (Al/Al,03) dugc
lay theo vi du 4.1. Céng thirc xac dinh tan sé dao dong riéng khong thir nguyén sau diy duoc sir dung:

® = wa /h Vpo/Eg voipg = 1 GPa; Eg =1 kg/m (26)
Bang 3. Tan s6 dao dong co ban khong thir nguyén @ cua tim sandwich FGM ¢6 vi bot rdng
(p=5;a/b=1;a/h=10)

Tam KBP o 1-0-1 1-1-1 1-2-1 2-1-2 1-2-2 1-1-2
SPoFGM-1 PB-1 0 1,4268 1,3238 1,2564 1,3693 1,2860 1,3373
0,1 1,4053 1,2798 1,2030 1,3345 1,2421 1,3014

0,2 1,3645 1,2257 1,1386 1,2899 1,1889 1,2560

PB-II 0,1 1,4226 1,3050 1,2319 1,3562 1,2671 1,3237

0,2 1,4161 1,2844 1,2052 1,3415 1,2464 1,3085

PB-III 0,1 1,4227 1,3055 1,2325 1,3565 1,2675 1,3241

0,2 1,4168 1,2864 1,2078 1,3430 1,2484 1,3100

PB-IV 0,1 1,4321 1,3148 1,2397 1,3665 1,2752 1,3320

0,2 1,4309 1,3047 1,2217 1,3618 1,2633 1,3248

SPoFGM-2 PB-1 0 0,9479 1,0466 1,1762 0,9837 1,1178 1,0402
0,1 0,8451 0,9629 1,1158 0,8866 1,0441 0,9505

0,2 0,6886 0,8549 1,0444  0,7519 0,9505 0,8261

PB-II 0,1 0,9108 1,0095 1,1480 0,9431 1,0850 1,0031

0,2 0,8670 0,9679 1,1176 0,8965 1,0485 0,9604

PB-III 0,1 09118 1,0105 1,1487 0,9442 1,0858 1,0041

0,2 0,8714 0,9720 1,1205 0,9012 1,0521 0,9647

PB-IV 0,1 0,9384 1,0252 1,1566 0,9648 1,0984 1,0227

0,2 0,9276 1,0016 1,1357 0,9437 1,0771 1,0032

SPoFGM-3 PB-I 0 1,2712 1,2622 1,2654 1,2619 1,2637 1,2636
0,1 1,2712 1,2650 1,2615 1,2656 1,2752 1,2742

0,2 1,2712 1,2665 1,2528 1,2690 1,2856 1,2847

PB-II 0,1 1,2712 1,2651 1,2889 1,2612 1,2477 1,2545

0,2 1,2712 1,2662 1,2951 1,2604 1,2285 1,2453

PB-III 0,1 1,2712 1,2651 1,2886 1,2612 1,2481 1,2547

0,2 1,2712 1,2662 1,2950 1,2605 1,2304 1,2462

PB-1V 0,1 1,2712 1,2619 1,2308 1,2658 1,2789 1,2785

0,2 1,2712 1,2571 1,1472 1,2692 1,2796 1,2929

Bang 3 trinh bay két qua phén tich tan sd @ cua ba loai tim SPoOFGM v&i bén kiéu phan b vi bot
rong va sau ty lé chiéu dély 1érp mat/16i (tinh theo thi ty tir dudi 1€n trén). Vi SPOFGM-1, ty 1€ (2-1-2)
1udn cho tan sé @ cao nhat, tiép theo la (1-1-2), (1 1-1), (1 -2-2), (1-2-1) va thap nhat 1a (1-2-1). Pang
chuy Y, tam khong 161 (1 -0-1) c6 tan sb cao hon tat ca cac tAm c6 16i. Vi SPOEGM-2, ty 1& (1-2-1) ludn
cho tan s6 16n nhét, ké ca so vai (1-0-1). Riéng SPOFGM-3, tin sb cao nhat phu thudc vao kiéu phan
b vi bot: (1-0-1) cao nhit véi PB-I, PB-IV; con (1-2-1) cao nhét v6i PB-II, PB-IIL

158



Binh, C. T./ Tap chi Khoa hoc Cong nghé Xay dung

a. Anh hudng cua cac dic trung vat liéu

Hinh 4 cho thy su thay ddi cta tdn sb dao dong co ban khong thir nguyén @ ctia tim sandwich
SPoFGM theo chi sb ty 1é thé tich p, véi bdn kiéu phan bé vi bot rdng khac nhau, xét cho hai trudng
hop ty 18 16p (2-1-2) va (1-2-1). Két qua cho thay, khi chi sé p ting, tin s6 dao dong giam. Nguyén
nhan 14 do khi p ting, vat liéu 16p FGM chuyén dan tir gbm thuan sang hdn hop gitra gdm va kim loai.

2

1.8

161

[3 1.4}

127

1 L N L L 0.8 i L N L

(a) SPoOFGM-1; (2-1-2)

2 T T T

18

161

I3 14¢}

121

0.8

(¢) SPOFGM-2; (2-1-2) (d) SPOFGM-2; (1-2-1)

2-12 1-2-1

() SPoOFGM-3; (2-1-2) (f) SPoFGM-3; (1-2-1)

Hinh 4. Anh hudng ciia tham s6 p dén tan s6 dao dong riéng khong thir nguyén @ cia tim SPoFGM
(a/b=1;a/h=10;a0 = 0,2)
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Viéc gia ting thanh phan kim loai c6 m6 dun dan hoi thap hon so voi gbm s& lam giam d¢ cimg tong
thé ctia tAm, dan dén tan s6 dao dong thap hon.

Ngoai ra, ddi voi tim SPOFGM-1 va SPOFGM-2, kiéu phan b vi bot rdng PB-I cho tan s thap
nhét, PB-IV cho tan s6 cao nhit. Tuy nhién, tam SPOFGM-3 ¢6 xu hudéng khac biét. Cu thé, véi ty 1€
16p (2-1-2), kiéu phan b PB-IV cho tin sb cao nhét (Hinh 4(e)), trong khi v&i ty 18 (1-2-1), tan s6 lai
giam xudng thip nhat khi p > 1 (Hinh 4(f)).

138
136}
134}

3132}

13¢

1.28¢

1.26

0 0.05 0.1 0.15 0.2 0.25 0 0.05 0.1 0.15 0.2 0.25

(.\!0

(c) SPOFGM-2; (2-1-2) (d) SPoOFGM-2; (1-2-1)

(e) SPOFGM-3; (2-1-2) () SPOFGM-3; (1-2-1)

Hinh 5. Anh hudng ciia hé s6 vi bot réng aq dén tan sé dao dong riéng khong thir nguyén @ cua tim SPoFGM
(a/b=1;a/h=10;p =9)
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Anh hudng cta hé s6 vi bot rong ey dén tan s dao dong co ban khong thir nguyén cua tim vudng
SPoFGM c6 céac 16p bé mit 1a POFGM (tam SPoFGM-1 va SPoFGM-2) duoc thé hién trong céac
Hinh 5(a), 5(b), 5(c) va 5(d). Két qua cho thiy aq c6 tac dong dang ké dén dic tinh dao dong cua tam,
trong d6 khi ap tiang, tan s khong thir nguyén giam. Nguyén nhan 1a do su xudt hién cta vi bot rdng
lam thay dbi dac tinh vat liéu, chéng han nhuy mé dun Young, dan dén giam dg cing cua tam khi do
xép tang.

Dbi véi tim SPoFGM-3 (Hinh 5(e), 5(f)), trong d6 16p 16i 1a SPOFGM con hai 16p bé mat 1a vat
liéu dang hudng, tan s6 dao dong c6 su phu thudc phirc tap vao aq khi chiéu day 16p 15i thay d6i. Cu
thé, voi kiéu phén bd vi bot r5ng PB-I va PB-1V, néu ty 1€ cac 16p cua tam sandwich 1a (2-1-2), tan sb
tang khi ap ting. Nguoc lai, néu ty 1& cac 10p 1a (1-2-1), kiéu phan bd PB-I va PB-IV lai cho tan sd
giam khi aq ting, trong khi PB-II va PB-III lai cho tin s6 tang khi e ting.

Nhu vay, c6 thé két luan rang anh huong ciia hé sé vi bot rdng @ dén tin sd @ cia cac tim
SPoFGM kha phirc tap, phu thudc vao vat liéu 16p, kiéu phan bé vi bot va ty 18 chiéu day 16p. Két qua
cho thdy viéc lya chon cdu tric 16p va phan bd vi bot rdng dong vai trd quan trong trong diéu chinh
dic tinh dao dong. Do d6, cAn xem xét ki cac yéu td nay khi thiét ké tim sandwich cho ting dung cu
thé. Ngoai ra, sy khac biét giita cac loai tim cho thay can phan tich riéng timg két ciu dé dy doan
chinh xac g xt dao dong.

b. Anh huéng cia cu tao tim sandwich

2 T 2 v
PB-1 PB-TT
18} —SPoFGM-1 1 1.8 —SPoFGM-14
- SPOFGM-2 B < SPOFGM-2
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08} :
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2 - 2 -
PB-IIT PB-IV
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1.2 12t
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Hinh 6. Anh hudng ciia cu triic vat liéu cac 16p dén tan s6 dao dong riéng @ ctia tim SPOFGM
(a/b=1;a/h =10;a = 0,2; 2-1-2)
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Hinh 6 minh hoa sy thay ddi cua tan sb dao dong riéng co ban khong thir nguyén @ cua ba loai
tam SPOFGM khi chi sé ty 18 thé tich p thay ddi. Két qua cho thdy: Khi p > 1, tim SPOFGM-2 ¢6 tan
s6 @ thap nhit trong ba loai tim dugc xem xét. Khi p < 5, tim SPOFGM-1 ¢6 tin s6 cao nhit. Tuy
nhién khi p > 8§, tam SPOFGM-3 lai ¢6 tan sb cao nhat. Nhu vay, thir tu d6 16n cua tan sd @ cua 3 loai
tam thay ddi khi gia trj cia p thay d6i. Ngoai ra, duong do thi cia tim SPOFGM-3 ¢6 xu hudng on
dinh hon so véi hai loai tim con lai, cho thay rang chi sb p anh huéng khong déng ké dén tan sb cua
loai tAm nay.
¢. Anh huéng cia kich thudc hinh hoc

Hinh 7 minh hoa 4nh huéng cta ty s6 a/h va bja d&n tan s6 dao dong riéng co ban khong thir
nguyén @ cia tam sandwich SPoOFGM, trong d6 a duoc ¢b dinh 1a 1 m, con /4 va b thay d6i. Khi ty sb
b/a tang (chiéu rong b ting), tin sb @ cla tim sandwich SPOFGM c¢6 xu hudng giam dbi véi ca bon
kiéu phan bé vi bot réng. Hién tuong nay co6 thé dugc giai thich boi sy suy giam do cling tuong d6i
theo phuong canh b, d@)ng thoi khéi luong tam tang theo dién tich bé mit din dén tan sb @ giam. Mat
khac, tham sd tan s dao dong riéng khong thir nguyén @ lai c6 xu hudng ting khi ty sb a/h tang 1én.
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324 13
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1 15
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o . 3
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1 20 05 ! 20
bla o 0o ah b/a 0 0 ah
(a) PB-1 (b) PB-1I
3s
4 3 4
3 a5 3
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SPOFGM-3 2 SPOFGM-3
1 1
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05 20
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(c) PB-IIL (d) PB-1V

Hinh 7. Anh hudng ctia ty s6 a/h va b/a dén tan s6 dao dong riéng @ ciia tim SPoFGM
(a=1;p=5ay=0,2;2-1-2)
5. Két luin

Bai bao trinh bay nghién ciru Iy thuyét vé dao dong tir do cua tim sandwich FGM chira vi bot rdng,
str dung 1y thuyét bién dang cat tira ba chiéu don gian. Ba loai tim sandwich SPoOFGM (SPoFGM-1,
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SPoFGM-2, SPoFGM-3) va bdn kiéu phan bé vi bot rdng dugc xem xét. Két qua kiém chimg cho thay

mo hinh 1y thuyét két hop nghiém Navier dat d6 chinh xac cao. M6t sb két ludn chinh gdm:

- Téan s dao dong co ban khong thir nguyén @ phu thudc vao ty 18 chidu day 16p mat/15i, voi ty 18
t6i wu thay ddi theo tirng loai tAm va kiéu phan bd vi bot.

- Tan s6 @ giam khi ting chi s p do d¢ cting tong thé giam; PB-I cho tan sd thap nhat, PB-IV cao
nhat (trir truong hop dic biét cia tim SPOFGM-3).

- Hé 6 vi bot rdng @ 1am giam tan sé @ do d¢ climg giam, nhung anh huéng nay phtic tap hon
v6i tim SPoFGM-3.

- Thir ty tan s6 giira ba loai tAm thay ddi theo chi s6 p, trong d6 tim SPoFGM-3 it bi anh huong
hon.

- Tan s6 @ giam khi ting b/a va tang khi ting a/h.
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