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Tém tit

Bai bdo phat trién mot mo hinh giai tich dya trén 1y thuyét tim bac cao bon 4n chuyén vi dé phan tich dao
dong cua tim sandwich c6 16p 16i composite nano graphene va hai 16p bé mat 1a vat liéu dan hoi-dién-tir
(magneto-electro-elastic) cd chura cac vi bot rSng. TAm duoc dat trén nén dan hdi Winkler-Pasternak. Vat liéu
dan hdi-dién-tir duoc gia thiét c6 co tinh bién thién (FGMEE) tuan theo quy luat ham liy thira. 16p 18 composite
gia cuong graphene (GPL) voéi co tinh tinh toan theo mo hinh Halpin Tsai cai tién. Phuong trinh can bang thiét
lap tir nguyén 1y Hamilton, giai bang phuorng phap Navier. Két qua dugc kiém chimg véi nghién ctru trude do
ddng thoi khao sat anh huong ciia thong sb vat lidu, dién-tir truong ngoai va cac kich thude hinh hoc dén tan s6
dao dong.

T khod: phan tich dao dong; tAm dan héi-dién—tﬂr; vi bot r5ng; ly thuyét tAm bac cao bdn 4n chuyén Vi, nén dan
hoi Winkler-Pasternak.

VIBRATION ANALY SIS OF MAGNETO-ELECTRO-ELASTIC SANDWICH PLATES WITH GRAPHENE
NANOPLATELETS CORE RESTING ON WINKLER — PASTERNAK ELASTIC FOUNDATION

Abstract

This paper develops an analytical model based on a four-variable higher-order plate theory to analyze the vi-
bration of a sandwich plate with a nano-graphene composite core and two surface layers made of magneto-
electro-elastic material containing porosities. The plate rests on a Winkler-Pasternak elastic foundation. The
MEE material is assumed to be functionally graded (FGMEE) with properties varying according to a power-law
distribution. The graphene-reinforced composite (GPL) core’s mechanical properties are calculated using the
modified Halpin-Tsai model. The governing equations are derived from Hamilton’s principle and solved analyti-
cally via the Navier solution method. Results are validated by comparing them with previously published results,
and parametric investigations assess the influences of material properties, external electromagnetic fields, and
geometric dimensions on the plate’s natural frequencies.

Keywords: vibration analysis; magneto-electro-elastic plate; porosities; the four-variable higher-order plate the-
ory; Winkler-Pasternak foundation.
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1. Gioi thiéu

Vit liéu composite polymer gia cuong nano carbon véi tinh chat co hoc vuot trdi da duge tng
dung rong rai trong hang khong, 6 t0, y sinh va xay dung [1]. Trong cac loai gia cudng nano carbon,
GPL ndi bat nho ty 1& dién tich bé mat/khdi lwong 16n va chi phi thap [2]. Chi cAn mot lwgng nho GPL
ciing cai thién dang ké tinh chit co hoc cua vat lidu nén polymer [3]. Khi GPL phan b dong déu hodc
ngiu nhién trong nén polymer, vat liéu dugc goi 1a GPLRC (graphene platelet reinforced composite).
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Néu ham lugng GPL bién thién lién tuc theo chiéu day (FG-GPLRC), tinh chét co hoc s& thay ddi tron
va lién tuc.

Trong nhimg ndm gan day, cac nghién ctru vé phén tich tinh, 6n dinh va dao dong riéng ctia két ciu
tir vat liéu GPL d3 duogc nhiéu tac gia quan tAm nghién ctru. Dya trén 1y thuyét bién dang cat bac nhat
(FSDT) va ap dung dang nghiém Navier, Song va cs. da tién hanh phan tich tinh va on dinh [4], dao
dong riéng va dao dong cudng birc [5] ciia tim FG-GPLRC véi bon canh lién két tya khép. Jafari va
Kiani [6] d4 nghién ctru dao dong riéng cta tim FG-GPLRC dua trén ly thuyét tyra dan hdi ba chiéu va
nghiém Navier. Guo va cs. [7] d4 trinh bay phuong phap IMLS-Ritz khong phén tir &é nghién ciru dao
dong tu do ctia tAm composite nhiéu 16p gia cuong GPL. Reddy va cs. [8] d phan tich dao dong riéng
ctia tim FG-GPLRC bang phuong phap phan tir hitu han dua trén 1y thuyét FSDT. Thai va cs. [9] 4p
dung phuong phap dang hinh hoc dé phan tich tinh, 6n dinh va dao dong riéng ctia tim FG-GPLRC.

Vit liéu dan hoi dién tir (MEE) két hop hiéu tmg ap dién va tir gido, tao ra kha nang chuyén dbi
nang lugng co-dién-tir. Nho nhitng tinh nang vuot troi nay, vat liéu MEE c¢6 tiém nang ung dung rong
rai trong nhiéu linh vuc nhu cam bién, kich thich, hé thong thu ning luong va hé thong dleu khién ty
dong. Dé toi uvu hoa kha ning Gmg dung va hiéu qua cua két cdu sir dung vt liéu MEE, gan ddy MEE
da dwoc phat trién dudi dang vat lidu ¢6 co tinh bién thién, dugc goi 1a vat lisu FGMEE. Cac nghién
ctru cho thdy, FGMEE c6 thé dat duoc nhiing dic tinh co hoc t6i wu nhit. Nhiéu cong trinh gan day
tip trung phan tich ung xtr co hoc cua két chu FGMEE, mé rong tiém ning ing dung. Vinyas va cs.
da phat trién mot phuorng phap phan tir hitu han (FE) dé nghlen ctru anh huodng cia 16p trung gian ap
dién [10] dén tan sé dao dong riéng cua cac tam MEE. Theo tiép can giai tich, Liu [11] d& phén tich
tinh tim mong FGMEE dua trén 1y thuyét tim c6 dién Kirchhoff. Li va cs. [12] d4 phén tich dao dong
ctia tim FGMEE dat trén nén dan hoi Winkler-Pasternak theo 1y thuyét tim bac nhat (FSDT). Str dung
ly thuyét tdm bac ba cua Reddy, Shooshtari va Razavi [13] d phén tich dao dong cua tim FGMEE
v&i cac diéu kién bién khac nhau va duge dit trén nén dan hoi Winkler-Pasternak.

Két cau sandwich, véi ddc tinh nhe va hiéu qua, dang ngay cang dugc ap dung rong rii nho vao
nhirng wu diém vuot trdi ciia nd. Trong san xudt vé tinh, tau vii try, may bay va cac hé thong van tai
khac viée sir dung vat liéu c6 ty 1& do bén trén trong lugng cao 14 yéu té quan trong. Mot dang két
cau sandwich thong minh, két hop 16p 161 lam tir vat liéu composite gia cudng nano cacbon nhu CNT
hodc GPL véi 16p bé mit bang vét liéu théng minh nhu vat lidu dp dién hodc vat liéu dan hdi dién tir,
¢6 kha ning tan dung nhitng wu diém cia timg loai vat liéu thanh phan. D3 c6 mot s6 nghién ctru tuyén
tinh theo tiép can giai tich cho d6i tuong két cau nay. Ebrahimi va cs. [14] d4 phén tich dao dong cua
tam sandwich composite CNT dién tir trudng theo 1y thuyét bién dang cat ham luong giac. Str dung
ly thuyét tim FSDT va dang nghiém Levy, Majidi-Mozafari va cs. [15] dd phan tich dao dong riéng
tdm sandwich FG-GPLRC 4p dién véi cac diéu kién bién khac nhau. Dao dong tu do va on dinh ciia
tam nano sandwich FGMEE 16i FGM da duoc Zur va cs. [16] nghién ctru sir dung 1y thuyét tim bac
cao véi bbn an chuyén vi va 1y thuyét dan hdi phi cuc bo.

Céc phuong phap ché tao FGM (luyén kim bét, ling dong hoi, dtc ly tim) tuy hiéu qua nhung phtic
tap va tén kém. Qua trinh thiéu két dé tao 15 rong do su chénh léch do hoa rin giita cac thanh phan,
tuong tu khi dung k¥ thuat thim nhdp nhiéu budc, dan dén vat liéu FGM khong hoan hao (PoFGM).
Viéc nghién ciru anh huong ctia cac 16 rdng nay khi thiét ké két cau FGM 1a can thiét ¢é dam bao d¢ an
toan va chinh xac, khién PoOFGM tr¢ thanh chii dé dugc quan tdm. Ebrahimi va cs. [17] da phan tich
dao dong cta tam FGMEE chua céc vi bot r5ng (PoFGMEE) dit trén nén dan hoi Winkler-Pasternak
theo 1y thuyét bac cao bon an chuyén vi (HSDT-4). Anh hudng cia dién, nhiét va kiéu phan bd vi bot
rong dén tan s6 dao dong ctia tim FG ap dién véi cac diéu kién bién khac nhau dwoc nghién ciru boi
Barati va Zenkour [18] theo mé hinh giai tich, 1y thuyét HSDT-4 v6i ham mé ta quy luét bién thién
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cua tmg suat tiép dudi dang ham cotang nghich dao.

Dua trén danh gia tong quan cac nghién ctru, chua c6 nghién ciru ndo phan tich dao dong cia tim
sandwich nano graphene dién tir trén nén dan hoi. Bai bao nay xay dung mé hinh phan tich dao dong
cho tAm sandwich véi 16p 161 composite nano graphene va hai 16p bé mit vat liéu POFGMEE (tAm
sandwich POFGMEE-GPL) trén nén dan hdi Winkler-Pasternak, st dung 1y thuyét tim HSDT-4 cai
tién. So sanh két qua ctia bai bao véi cac két qua da cong bd cho thdy do tin cay ciia mo hinh dé xuat.
Tir d6, bai bao nghién ctru anh hudng cua chi s6 ty 1¢ thé tich vat litcu FGMEE, dién tir truong, kiéu
va hé s6 phan bd vi bot rdng, ty 18 va kiéu phan bd GPL, s6 16p GPL va kich thudc hinh hoc dén tan
s6 dao dong cta tam sandwich POFGMEE-GPL dt trén nén dan hoi.

2. Co s6 Iy thuyét
2.1. Mé hinh tam sandwich PoFGMEE-GPL dt trén nén dan dan hoi

Xét tim sandwich POFGMEE-GPL dit trén nén dan hdi Winkler-Pasternak. TAm c6 kich thuée
ax bx hnhu thé hién trong Hinh 1. Céc 16p bé mit duoc tao thanh tir POFGMEE, 16p 161 FG-GPLRC.
Do day cia mdi 16p POFGMEE dugce ky hiéu 13 h, va d6 day cua 16p 161 FG-GPLRC ky hiéu 1a h..
Chung dugc phan biét theo hudng truc z béng cac toa do ho, hy, hp va hs.

Hinh 1. TAm sandwich POFGMEE-GPL dit trén nén dan dan hdi Winkler-Pasternak

L6p bé mit POFGMEE cua tim sandwich dugc ché tao tir vat liéu BaTiO3 va CoFe, Oy, tiép xtic
voi the te W (x, y, z) va dién theé @ (x, y, z). Cac tinh chét vat liéu hiéu dung cua PoOFGMEE la cac bién
s0 theo phuong chiéu day dya trén quy ludt liiy thtra [19]:

S@) =81+ u—S)Vr—05e (S, +S)T (1)

trong d6 S (z) la cac tinh chat hiéu dung ciia vat liéu POFGMEE bao gdém: hing s6 dan héi C;;, h¢ s6
ap dién e;;, d6 dién tham k;;, hé s6 ap tir ¢;;, hé s6 dan hoi dién tir d;;, hé sb tir tham y;; va khéi lugng
riéng p(z); p 1a chi s6 ty 1é thé tich cua vat liéu FGMEE; hé s6 poisson v(z) cta vat lieu FGMEE lay
g?m dang la h::ing s6 theo chiéu day lop; S, va S, lan luot 1a cac tinh chit cua vat liéu tai mat trén va
dudi; eg 12 hé s6 phan b vi bot rdng; ¥ 1a ham xéac dinh d6 xép (FGMEE hoan hao MEE-0): ¥ = 0;
FGMEE c6 vi bot rdng phan bé déu (MEE-1) [20]: ¥ = 1; FGMEE c¢6 vi bot rong phan b khong déu
(MEE-2) [20]: Y = (1 — (22| /R)).
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Ty 1& phan thé tich cta 16p FGMEE V dugc tinh nhu sau [21]:

| @ =h3)/(h2 = h3)), o < z<h3, v6ilép FGMEE phia trén @
T =Yz = ho)/(h = ho))?, ho <z < hy, v6ilép FGMEE phia dudi

L6p 16i composite FG-GPLRC dugc tao thanh tir nhiu 16p Ny, c6 cing chidu day. Nghién ctru nay
xem xét bdn kiéu khac nhau dé phan bd GPL theo chiéu day 16p 16i 1a [5]: UD, FG-O, FG-X va FG-V.
Ty phan khéi lugng GPL trong mdi 16p thir & dugc xéc dinh theo [5]:
. k) _ =
UD: Vi = Vi
FG-X: VO =2Vip2k— Ny~ 1|/N,

*) . 3)
FG-0: V& =2V, (1-12k- Ny - 1|/Np)
FG-V: V&) = Vi (2k—1)/Ny
trong do Vp, 1a tong ty phan khdi lwong GPL, Ny 1 s6 16p GPL.
Ty phan thé tich GPL trong 16p thir k dwoc xac dinh bai [5]:
Vépr = Wort[Werr + (oGrr/pm) (1 — Wern)]™ 4

voi Wepp 1a phﬁn khdi lugng cua GPL; pgpr va o lan luot 1a khéi luwgng riéng cua GPL va cua vat
liéu nén.

Céc tinh chat hiéu dung cua vét liéu GPLRC c6 thé duoc tinh toan x4p xi theo phuong phap
Halpin-Tsai va phwong phap hdn hgp twong dwong mé rong nhu sau [5]:

(k) (k)
po 31 e Vep | o S LHErrVep, | 5)
S8 -gv®, )T 8 v, )T
~NLVGpL —NrVeeL
trong d6 n; va nr dugc dinh nghia bdi:
nL = _EgpL —Enm_, nr = _EcrL — Em_ (©6)
EgpL + ELEn EGpL +&rEm

voi E,y, Egpr Va vy, vgpr 1an luot 1a mo dun dan hoi Young, hé s6 Poisson cua vt li€u nén va cua
GPL; &1, &7 1a cac thong sO dac trung hinh hoc ctia tam GPL, xac dinh nhu sau:

éL =agreL/teer; €t = bgpr/tcrL 7

trong d6 agpr, bgpr va tGpL lan luot 1a chiéu dai, chiéu rong va chiéu day cua thm GPL.
2.2. Cdc phuong trinh co ban - Hé phwong trinh chu dao

Dé phan tich dao dong cua tim sandwich nano graphene dién tir dat trén nén dan hoi Winkler-
Pasternak, bai bao st dung 1y thuyet HSDT-4 cai tién.

Truong chuyén vi cua mot dieém bat ky thudc tam dugc gia thiét nhu sau [21-24]:

u(x,y,z,t) = up(x,y,1) — awp (X, y,1) — f () wy x(x,y,1)
v, y,2,1) = vo(x,y, 1) — 2wp (X, v, 1) — f(2) we (X, y, 1) (8)
w(x,y,2,1) = wp(x,y,1) + we(x,y,1)
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trong do6 ug, vo lan luot 1a chuyén vi tai mat trung binh cua tam theo céac phuong x, y; wp va w; 1a cac
chuyén vi ngang do mémen udn va luc cit gdy ra. Theo [21-24] ham dic trung cho quy luét bién thién
clia (g suét ct: f (z) = z(~1/8 + 3/2(z/h)’) thoa man diéu kién (mg suét cit ngang bj triét tiéu tai
bé mit tim.
Sy phén bd dién thé va tir trudng theo chiéu day 16p POFGMEE dang xét phai thoa man phuong
trinh Maxwell. Theo Wang [25], ham dién thé va tir truong duogc gia thiét:

®(x,y,2,1) = —cos (nﬁ/hp) do(x,y,1) + (22/hp) Vv

R . )
W (x,y,2,0) = = cos (n2/hy ) o(x, y, 1) + (22/1,,) Q

trong do V, Q lan luot 1a dién ap va tur truong bén ngoai dit vao tim PoOFGMEE; oo, Yo la dién ap va t
truong tai mat trung binh cta tAm; 2 = z — hovoi l6p FGMEE phia duéi va Z = z + h3véi l6p FGMEE
phia trén.

Trudng bién dang {&} duoc suy ra tir trudng chuyén vi:

Ex = UQx — IWhxx — f(Z)Ws,xx; Ey = Ugy — IWpyy — f(Z)WS,yy
Exy = U0y + Vox — 22Whay = 2f(DWsnys  8(2) = [1 = f'(2)] (10
Yyz = g(z)ws,y; Yaz = 8(@DWyx

T
Theo (9), véc to dién truong {E} = {Ex E, EZ} duoc xac dinh nhu sau:

E,=-®, =cos (nz/h,,) do; Ey=-®y=cos (ﬂi/hp) do,y an
E.=-®_ = (n/hy)sin(n2/h,) ¢o — 2V/h,
T
Tuong tu, véc to tir truong {H} = {Hx H, Hz} duoc tinh theo:
H,=-Y, =cos (ﬂﬁ/hp) Yo Hy=-Y,=cos (nﬁ/hp) Yo,y 1)
H, ==Y _ = —(r/hy)sin(n2/h,) o - 2Q/h,,
Ung suit va bién dang ctia 16p 16i FG-GPLRC tuan theo dinh luat Hooke:
c
o) 105 05 0 0 0 (e
oy QIC2 ng 0 0 0 &y
Twe =] 0 0 05 0 0 |{yy (13)
Ty 0 0 0 Q5 ()C Yz
Tyz O 0 0 0 Q44 Vyz
trong dé O'f, yc O'Sy va TSZ, TSZ lan luogt 1a cac Gmg suét phép, Gng suat cit trong mat phiang va Gmg

sut cat ngang; Ql.cj (G, j=1,2,3,4,5,6) 1a cac hé sb do cting, xac dinh theo:

c c c c
vioE E
c _ L. AC _ 2 . C _ 2 . AC _AC _AC _ I
Qll_l_CC’QZZ_l_CC’QIZ_I_CC’Q44_Q55_Q66_ C (14)
V22 V22 V22 2(1 + Vlz)
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V6i mdi 16p POFGMEE thit k phia trén (k = £) va phia dudi (k = d) cta tim sandwich POFGMEE-
GPL tiép xuc voi tai co-dién-tir, cac quan hé Gng suat - bién dang tuyén tinh dugc dinh nghia béi
[17]:

Tl [Cu €0 0 01" [0 0 & 0 0 g
Oy Cip Cii ~0 0 0 |[& 0 0 &;31|(Ey 0 0 gz1|(Hx
Tor=|0 0 Cs 0 0 |Jyge—|0 0 O{E—[0 0 0 [{H; (15)
. 0 0 0 Css 0|yl s o oflE) |as 0 0]lH
o o o o0 C 0 &5 O 0 g O
Ty 5 Yy 15 q15
Ex
D, 0 0 0 &5 0]]e ki 0 O](Ey) [du O O](H,
Dy =10 0O 0 O é1s Yxy( T 0 K11 0 Ey +] 0 d11 0 Hy (16)
Dz é31 €31 0 0 Yz 0 0 K33 EZ 0 0 d33 I‘]Z
Yyz
Ex
By 0 0 0 g5 0]]|® di 0 O1(Ex) [tn O O](H:
Byy=[{0 0 0 0 &is|{yy 0 din O SEp+|0 fu O0|3iHy (17)
B, 31 g 00 0]}y 0 0 dsfl\E; 0 0 xi3]\H;
Yyz

trong d6 cac hang sb rat gon cia POFGMEE ¢ trang thai tmg suat phang dugc tinh theo:

Ci1=C1 —C/Cys; Cip=Cia—CH/Cy; Coo = Ces;  ¢15 = €15
31 = e31 —ex3C13/Cx3; G311 = q31 — ¢33C13/C333 Gis = qus; dii = dn (18)

5 e o e mo 2 . oo
d3z = d33 + q33e33/C33; K11 = K115 K3z = k33 +e33/C33; Y11 = x1

33 = X33 + ¢34/C33

Tich phén cac biéu thuc tir (13)—~(17) theo chiéu day tdm ta duoc:

N, Ay A 0 uo, Biir Biz O || =Wh
Ny =[A1p A 0 V()7y +|B1y B 0 —Wb,yy
ny 0 0 Ags Mo’y +V0,, 0 0 Bgs _2wb,xy
Bil B‘sz 0 “Ws, ox A§1 A;{l
+|B), By (3 “Wsyy ¢+ 1431 ¢ 90 + (A3 Yo
0 0 B —2ws,xy 0 0
M: Bii Biz O uo, , Dyt Dz O || Wby
M§ =|Bi» By O Vo, D12 D11 0 [ Wby,
Mxy 0 0 B66 uo,y + v X D66 _2Wb,xy
D?l DiYZ 0 —Ws,xx E;l Egll
+ Diz Dil OS Wiy ¢t Egl do + E Yo
0 0 D¢ —ZWS,X} 0
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M By By 0 U0,x Dy Dy 0 ] ~Wo
(=Bl B O Vo.y +|Dj, Dy 0[] Wby,
M;Cy 0 0 Bg6 Uo,, +Vo,, 0 0 Dg6 —2wb,xy (19)
Hy, Hj, O W, xx Fs5 F3
+ Hfz Hfl 0 “Ws,yy +{F§1}¢0+{F3m1}lﬁo
0 0 Hl|-2w.,)] L0 0

sz Afm 0 Wy, e ¢0,x m '7[’0,):
= s AlS - AIS
Oy, 0 Ay Ws,y $o.y Yo,
D w
“Leos (nz/hydz =E¢ ] b+ FY, Yol , o Vox
Dy WS,y ¢0’y wo,y
h/2
f D (n/h)sin (n2/h) dz =A%, (uo., + vo.,) = E$, V2ws — F$ V2w — Fs0 — Fisgo

B w,
“1cos (nz/h) dz :Ei"5 $:x + Fll’l’ll lﬁo,x + X,lﬂl lﬁo,x
B Wy Yo, Yo,y

h/2
f B. (x/h) sin (n2/h) dz =A%, (o, + vo,,) = E5 V2wy — F51 V2w, = Fiso — X350
—h/2

trong d6 Ajj, Bij, Dij, B;;, D, Hj AL AL B Fr AL EL FYL X 1a cac he s6 do cimg duoc xac dinh

. l]’ l_], 1]9 l.]’ l]’ l]’ lj’ l]’ lj’ lj’ lj’
bai:
g 2 2 ~
(Alj7BlJ9Dl]7Bf]’DfJ7HS) = (laz’z af(z)’zf(z)vf (Z))(jl‘]CJZ
ho

/12 h}
+ | (L f@.2f @, fP@)Qidz+ | (1,225 f(2),2f @), fH@)Cijdz; i, j=1,2,3,6
h] hZ

hy iy h3
Al = ) ((2))*Cijdz + ) (8(2)*(Qij(2)),dz + ) (g(2)*Cijdz; i,j=4,5

Ny h3
(A8, B8 FS ) = fh eim/hsin(nz/h) {1, z, f(2)} dz + fh &31m/hsin(nz/h) {1, 2, f(2)} dz

{am . Ex . o) = fh :1 gaim/hsin(nz/h) {1, z, f(2)} dz + fh Zhs guim/hsin(nz/h) {1, z, f@)} dz
{A(i)S’Efs}: fh :I{1,g(Z)}élscOS(ﬂ2/h)dz+ fh 53{1,g(2)}é15003(ﬂ2/h)dz

AIIWS’Em = f] | {1, g(2)} q15 cos(nz/h)dz + fh ha{l,g(z)}%scos(ﬂﬁ/h)dz

{Fi), Fés) = f {&i1co8> w2/ ), Rz (/) sin® (w2 / )} dz+ fh :13{1?11c052(ﬂ2/h),R33(7r/h)zsin2(7r2/h)}dZ
(P, P} = f {dv1cos?(xz/h)., a3 (/) sin® (nz/ b)) dz+ fh zhs{cincosz(nﬁ/h),J33(ﬂ/h)zsin2(n2/h)}dz

h

1 h3
{xy.xph = | {Rricos’ /), gas(e /) sin® (xz/ )| dz+ fh {Pricos™ (@2 /), a3/ ) sin® (n2/ )} dz

(20)

g%
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Phuong trinh chuyén dong ctia tim PoOFGMEE-GPL dit trén nén dan dan hoi Winkler-Pasternak
duoc thiét 1ap tir nguyén Iy Hamilton mé rong [17]:

oug : Nx,x + ny’y = lyit — Ilwb,x — Igl;f/s’x
ovy : Ny’y + ny,x = Iy — I]Wb’y - 131;1'/5’),
Swy: M2 +2M8, o+ MY~ (NF + NH = k) V2w + wy)

X, XX XY, Xy Yy

— Ky (Wp + wy) = oG +05) + Iy (i + idy) — LV — ItV

Swst My +2My, A+ My + O+ 05— (NE + N7 - kl’) VA0 +ws) (21)

X, XX Xy,Xy y.yy

— Ky (Wp + wy) = To(iop + W05) + L(ii + ) — LV, — Is V2,

h/2
5o - f (D cos (w2/h) + Dy cos (2/h) + Dom/hsin (nz/h))dz = 0
—h/2

h/2
oo - f (Bx,x cos (nz/h) + B, , cos (nz/h) + B,mt/hsin (nﬁ/h))dz =0
-h/2 ’

trong d6 (1;(i = 0,1,2,3,4,5)) la cac md6 men quan tinh khéi lvgng dugc xac dinh béi:

hy

(o, I, I, I3, I, I5) = f puee @ (1,2 £2),2f(2), 2, f(2)) dz

ho

h
+ f pe @ (1.2, f2),2/ (), 2, f(2)°) dz (22)

hy

h3
+ f PMEE (2) (1, z, f(2),2f(2). 2, f(z)z) dz
hy

Trong nghién ctru ndy, gia dinh rang 16p POFGMEE chiju anh huéng cua dién ap ngoai V, tir truong
ngoai Q va khong xét dén tai trong cat. Do do, Ngy =0va Ng, N;) 1a céc tai trong tac dung trong mat
phing do V va Q géy ra, dugc dinh nghia theo [17]:

/’L] h3
N)=N) =N+ N"; NF=- ( fh 2831 V/hpdz+ fh 2é31V/hpdz)
0 2

iy h3
NH — _(f 25]319/hpdz+f 2@31Q/hpdz)

ho h2

(23)

3. Loi gidi Navier
Trong trudng hop tam sandwich POFGMEE-GPL chit nhat lién két khép trén chu tuyén (SSSS),
diéu kién bién thé hién duéi dang sau:

Vvo=wp=Wws=Ny=M,=¢g=yp=0, taix=0,a

. (24)
up=wp=ws=Ny=M,=¢o=y9=0, taiy=0,b

Céc thanh phan chuyén vi dugc gia thiét dudi dang chudi lwong giac kép, thoa man diéu kién
bién (24):
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()
U,ne“ cosaxsinBy; vy = Ve sin ax cos
mn 0 nn

S
1l
i
NNk
3
l
:

(o) (o) (o)
wp = Z W, e sinaxsinBy; w, = Z Z W,,me " sin ax sin By (25)
m=1 n=1 m=1 n=1
[ee) (o8] (o8] (o)
- iwt s : . _ iwt .
do = Z Z Gmne' ™ sinaxsinfBy; Yo = Z Z Ymne'™" sin ax sin By

I
N
3
I
—_
S
I
—_

1n

3
I

trong d6 w la tan s dao dong riéng (rad/s); {A} = {Unn»> Vi Womns Wsmns ®mns lﬁmn}T 1a cac hé sb cua
cac thanh phﬁn chuyén Vi cAn x4c dinh; @ = mn/a,B = nn/b; tla bién thoi gian; Z=-11asd phur.
Thay thé cac biéu thirc chuyén vi (25) vao cac phuong trinh chuyén dong (21) va sau d6 thuc hién

céc phép bién dbi toan hoc, thu duoc phuong trinh dang sau:
(Ko = @ 17] s} 121 = 100 26)

trong d6 cac hé so k; j vam;; cua ma tran do cimg ket cau [I_( ] 66 va ma trén khoi lugng [1\7[ ] 66 duoc

trinh bay trong Phu luc. Tan s6 dao dong cuia tim sandwich POFGMEE-GPL dit trén nén dan hoi duoc
xac dinh bang cach giai phuong trinh tri riéng: |[I_(] 6 w? [1\71 ] o 6| = 0. Nghiém cua phuong trinh
nay 1a tin s6 goc dao dong w,,, tng v6i dang dao dong (m, n). Tan sb dao dong riéng co ban 1a tin sb
nhé nhét duge xac dinh béi: w = min {wy, ).
4. Két qua s6 va thao luin

Duya trén mo hinh giai tich da xay dung, tac gia 1ap trinh bang Matlab dé tinh toan tan sb dao
dong cua tam sandwich POFGMEE-GPL trén nén Winkler-Pasternak. Thong s6 vat liéu lop bé mat
(CoFe,04, BaTiO3) lay theo [17], 16p 16i GPL composite theo [26].
4.1. Vi dy kiém chimg

Ba vi du so sanh dugc thuc hién dé kiém chung d6 chinh xac cia mo hinh. So sanh déu tién 1a
v6i tim don 16p POFGMEE (CoFe;04/BaTiO3), so véi két qua ctia Ebrahimi va cs. [17] sir dung mo
hinh HSDT-4 véi ham Gmg suét cit dang luong giac két hop ham mii. Két qua tan sé co ban khong thi
nguyén @ duogc trinh bay & Bang 1. Cac tham s6 khong thir nguyén cta nén Winkler (K,,), Pasternak
(Kp) va @ duoc tinh theo:

K, = kwa4/(h3C11c); K, = Gpaz/(h3cllc); @ = wa* [h\Jpcore,05/Clicore203 (27)

So sanh tht hai dugc thuc hién cho tim don 16p FG-GPLRC. Bang 2 trinh bay két qua tinh va so
sanh tan s dao dong & véi két qua ctia Song va cs. [6], str dung md hinh giai tich dya trén 1y thuyét
tAm bac nhat FSDT .

So sanh thtr ba dugc thuc hién véi tim sandwich c6 16p bé mat FGM va 16i dang huéng. Bang 3
trinh bay két qua tan sé dao dong & so véi két qua cua Li va cs. [26] dung 1y thuyét dan hoi ba chiéu.
Céc so sanh trong Bang 1-3 cho thdy sai s6 nho, khang dinh db tin cdy ciia mé hinh va chwong trinh
tinh. Dua trén d6, bai bao tiép tuc thuc hién cac khao sat muc tiép theo.
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Bang 1. So sanh tan s6 dao dong co ban khong thir nguyén @ cua tim PoOFGMEE (CoFe,04/BaTiOs)
dat trén nén Winkler-Pasternak (a = b = 100k; ¢y = 0,2)

7 =02 =1 =5
Kiéu FGMEE b b P
Bai bdo [17] Bai bao [17] Bai bdo [17]
V=0;Q=-500;K, =K, =0
MEE-1 3,23256 327061  3,34986 346440  3,74004  3,86939
MEE-2 337691 343608  3,47099  3,59537  3,79315  3,93172
V =500;Q=0;K, =K, = 10
MEE-1 16,6259 16,6333 162308 162548 15,8826 159136
MEE-2 15,7313 15,7441 153926 154211 15,0933 15,1288

Béng 2. So sanh tan s6 dao dong co ban khong thir nguyén & = wh o,/ E,, ciia tim FG-GPLRC
(Wepr = 1%,Np = 10,a/h = 10, K,, = K, = 0)

2 (m, n)
Kiéu GPL Mo hinh
(LD 2,1 (2,2) 3,1 (3,2)

UD [6] 0,1216 0,2895 0,4436 0,5400 0,6767
Bai bao 0,1215 0,2893 0,4433 0,5397 0,6764
FG-O [6] 0,1020 0,2456 0,3796 0,4645 0,5860
Bai bao 0,1022 0,2468 0,3825 0,4687 0,5925
FG-X [6] 0,1378 0,3249 0,4939 0,5984 0,7454
Bai bao 0,1365 0,3186 0,4805 0,5799 0,7185
FG-V [6] 0,1118 0,2673 0,4110 0,5013 0,6299
Bai bao 0,1117 0,2672 0,4108 0,5011 0,6297

Bang 3. So sanh tan s6 dao dong co ban khong thir nguyén & = wa®/h+po/Eo cta tim sandwich FGM
2-1-2,p=1,a/h=10,K, = K, =0)

Mode
hla Mo hinh
1 2 3 4 5
0,01 [26] 1,32974 3,32324 3,32324 5,31543 6,64282
Bai bao 1,33012 3,32416 3,32416 5,31684 6,64453
0,1 [26] 1,30182 3,15875 3,15875 491659 6,04048
Bai bao 1,30121 3,15397 3,15397 4,90451 6,02215

4.2. Cac vi du khado sat

Trong cac muc ndy, tan sd dao dong cua cac tim sandwich POFGMEE-GPL hinh chit nhat ¢6 kich
thudc a x b x h, dit trén nén dan hdi Winkler-Pasternak (Hinh 1) dugc nghién ciru va thao luén chi
tiét. Cac cong thire khong thir nguyén dugc 13y theo (27).

a. Anh hudng cta cac dac trung vat li¢u 16p 161 composite FG-GPLRC
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100 T T T 80
MEE-1 MEE-2
-—-UD -—UD
807 --FG-0 1 coll —-Fe0 »
—FGX —FGX e
-------- FG-V o e FGV e ,
_ eop——dJ 7 - 1 _ T e
S N - a0} e
= "’_' ] = /_,’ - -
a0t T a2 ] P
20t - L
"_(f"—' -
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0 5 10 15 20 0 5 10 15 20
7 0/ T 0
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Hinh 2. Anh hudng ciia Wp, dén phan tram thay ddi tan sb (6) cia tim POFGMEE-GPL
(hp =0,1he;a=b=50h; N, =10;V=Q=0;K,=K,=0;e0=0,1; p=1)

Anh hudong ctia phan khéi lugng Wgpy dén phan tram thay dbi tan s6 (6) ciia tim POFGMEE-GPL

duoc biéu dién trén Hinh 2. Trong do, ¢ dugc tinh theo:

W — W

6(%) =

x 100% (28)

V6i @, va @y 1an lugt 14 tan s6 co ban khong thir nguyén khi 16p 16i FG-GPLRC c¢6 GPL va khéng c6
GPL. Két qua cho thay phan bd FG-X véi 16p bé mat MEE-1 cho tan s cao nhat, v&i do chénh léch &
1én t6i khoang 85%, trong khi phan bd FG-O cho tan sd thdp nhat. Ngoai ra, Bang 4 trinh bay su thay
d6i phan bd GPL trong ba dang vat liéu Po-FGMEE khi tim dat trén nén dan hdi va chiu tac dong
dién-tir truong. Két qua cling chi ra rang phan b FG-X cho tan sb ti nhién cao nhét, trong khi FG-O
¢6 tan s6 thip nhat. Pidu nay chimg t6 viéc tap trung GPL & bé mit thay vi ving 13i gitp cai thién do
clng cta tAm.

Bang 4. Tan s6 dao dong @ ciia tim sandwich POFGMEE-GPL dit trén nén dan hoi

(h, = 0,1h;;a = b = 50h; Wgpr, = 10%; N, = 10; V = Q = 300; K,, = 5; K, = 50)

MEE =0 MEE-1 =0,1 MEE-2 =0,1
FG-GPL (eo = 0) (eo ) (eo )

p=1 p=2 p=5 p=1 p=2 p=5 p=1 p=2 p=5

UD 20,575 20445 20317 21,093 20,954 20,817 20,625 20,495 20,365
FG-O 20,398 20,269 20,141 20,911 20,772 20,635 20,448 20,318 20,189
FG-X 20,749 20,619 20,490 21272 21,133 20,996 20,799 20,669 20,540
FG-V 20,488 20,358 20,228 21,001 20,862 20,723 20,538 20,407 20277

Anh huéng cia s6 16p Ny dén tham s6 6 ciia tim PoOFGMEE-GPL dugc phan tich trong Hinh 3.
Véi phan bd UD, tan sb tu nhién @ khong d6i theo N;. Véi FG-O va FG-V, tan s6 @ giam khi Ny ting
va 6n dinh khi N, > 20. Nguoc lai, FG-X cho tan sd @ tang theo Ny va cling gén nhu khong ddi khi
N vuot 20. Trong ba kiéu phan bd, FG-V chiu anh hudng it nhat tir su thay doi ciia N;.
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Hinh 3. Anh hudng cua s 16p composite N, dén tham sé 6 ctia tim POFGMEE-GPL
(hp =0,1hc;a=0b=50h; Wgp, =0,1; V=Q=0;K, =K, =0;¢0=0,1; p=1)
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Hinh 4. Anh huéng cua sb 16p composite N, dén tham s 6 ctia tim POFGMEE-GPL
(hp =0,1he; Wp =0,1; V=Q=0;K,, = K, =0;¢p =0,1)

Hinh 4 trinh bay anh hudng cta kich thudc hinh hoc cta vét liéu gia cuong GPL dén tan sb co
ban khong thir nguyén cia thm PoFGMEE-GPL, dya trén ty 1€ n1 = agpL/terL (chiéu dai/do day) va
1> = agpr/bgpr (chiéu dai/chiéu rong), véi agpr = 2,5 pm. Tan sé @ ting dang ké khi i; dat 1000
va tiép tuc ting nhe khi gia tri nay ting thém, cho thay ring GPL c6 it 16p graphene cai thién tan sb
hiéu qua hon. Ngoai ra, tim gia cudng bang GPL hinh vudng (17, = 1) ¢6 tan sé cao hon so v&i tim
hinh chit nhat (772 = 2), nho dién tich tiép xtic 16n hon giita GPL va vat lidu nén, giup ting d6 clng
clia tAm.

b. Anh hudng cta cac dac trung vat li¢u 16p bé mit POFGMEE

Hinh 5 khéo sat sy bién thién tin s6 co ban khong thir nguyén @ cuia tim sandwich POFGMEE-

GPL trén nén dan hdi Winkler-Pasternak theo ty 1€ thé tich p vahé ) rong eq cho hai vat liéu bé mit
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MEE-1 va MEE-2. Két qua cho thiy tin s6 @ giam khi p ting (tir 0 dén 10) do sy chuyén déi thanh
phan vit liéu tir CoFe;O4 sang hdn hop CoFe;04-BaTiO3 c6 mé dun dan hoi thap hon, trong khi tin
s lai tang theo hé ) rong eq. Pic biét, anh huong cua e dén tan sb thé hién rd rét hon véi vat lidu
MEE-1 so v6i MEE-2, chiing to ca do 16n va phan bé 16 réng déu tac dong dang ké dén dic tinh dao
dong ctia tAm.

225 : 214 '
P MEE-2
——-g =0 T
” o 2124 o
- 60:0-1 W o 80:0:1
—_— =0.2 3 %
s \\\ 0 21 ‘,“ 0
I3 Yhe :
21 ,\\\‘ e __. 20.8
\‘
2050 e 206
. . 204 :
0 2 4 6 8 10 0 2 4 6 : v
, P
(a) MEE-1 (®) MEE2

Hinh 5. Anh hudng ctia chi s6 p khi e thay doi dén tin s6 @ ctia tim POFGMEE-GPL
(hp = 0,1he; a = b = 50h; Wgpr = 0,1; FG-X; V = Q = 500; K,, = 5;K, =50; p=1)

213 214 —
212F T T T T T T T T seem T
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Hinh 6. Anh hudng ciia dién ap V va tir truong Q dén tin sé @ cta tim PoOFGMEE-GPL
(hp = 0,1hc; a = b = 50h; Wgpr =0]1; FG-X;K,, = 5;K, =50;¢0 =0,1; p=1)

Hinh 6 minh hoa anh huéng cta dién ap V (Hinh 6(a)) va tr truong bén ngoai Q (Hinh 6(b)) 1én
tan s6 co ban khong thir nguyén @ cua tim sandwich POFGMEE-GPL. Két qua cho thay kiéu phan bd
vi bot réng anh huéng déng ké dén tan sé dao dong cua cac tim POFGMEE-GPL khi chiju tac dong
cla ca truong dién va tir truong. Véi dién ap hodc tir truong khong ddi, viée ting hé s vi bot réng
ctia 16p bé mit FGMEE déu dan dén tang tan s riéng @. Ngoai ra, viéc ting dién ap lam giam tan s6
riéng, con viéc tang tir truong lai 1am ting tan s riéng cua cac tim sandwich POFGMEE-GPL.
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c. Anh hudng cia cac tham s6 d9 ctimg nén dan hoi Winkler-Pasternak

Anh huéng cua cac tham sé d6 cimg nén dan hdi Winkler-Pasternak (K, K ») dén tan s6 dao dong
riéng co ban ddu tién @ cta tim PoOFGMEE-GPL duoc thé hién trong Hinh 7. Két qua dung nhu mong
doi, khi gi4 tri cua K,,, K, ting 1én, tan sb khong thir nguyén ciing ting voi ca hai loai vat lidu 16p bé
mit MEE-1 va MEE-2. Ngoai ra, c6 thé thiy rang, anh hudng cta tham s6 nén Pasternak 1én tan sb
khong thir nguyén 16n hon dang ké so voi tham sé nén Winkler.

18 35
16| 30
14 25+
3 12F I3 20F
10F I5F
St 10F
6 : . . L 5 ! - .
0 20 40 60 80 100 0 5 10 15 20
K
W P
(a) Kp=0 (b) K, =0

Hinh 7. Anh hudng cla cac tham sb nén K., K, dén tan sb @ ctia tim PoFGMEE-GPL
(hp = 0,1h¢; a = b =50h; Wgpr = 0,1; FG-X; V =Q =500; 9 = 0,1; p = 1)

d. Anh hudng cua kich thudce hinh hoc tam sandwich POFGMEE-GPL

Hinh 8 thé hién su anh hudng cta ty 18 chiéu day 15i h./h (chidu day h cia tim dugc ¢ dinh) dén
tan sd khong thir nguyén dau tién cia tim sandwich POFGMEE-GPL dit trén nén dan hoi. D& nhan
thiy rang, ddi voi ca hai loai tim POFGMEE-GPL c6 16p bé mat 1a MEE-1 va MEE-2, khi chiéu day
16i tang 1én tan s6 @ c6 xu hudng ting.

24
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MEE-1
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(88
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(a) MEE-1 (b) MEE-2

Hinh 8. Anh huéng cta ty s6 h./h dén tin sé @ cua tim POFGMEE-GPL
(hp = 0,1he; a = b =50h; Wgpr = 0,159 =0,1; FG-X; V = Q = 500; K,, = 5; K, =50; p=1)
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Sy anh hudng cua ty sd a/h dén tan s6 khong thir nguyén @ cua tim FGMEE trén nén dan hoi
Winkler-Pasternak khi dién ap va thé tir bén ngoai thay ddi ddu dugc minh hoa qua Hinh 9 va Hinh 10.
Két qua cho thay tan s6 @ phu thuoc vao ty le a/h va khi tac dong dién ap Am, tan sb @ tang len trong
khi tac dong thé tir am lai lam tin sé giam xudng. Hon nita, sy chénh 1éch giita cac gi tri tan sb trong
ung voi cac muc dién ap va tu truong duong va am cang tro nén rod rét hon khi ty 1¢ a/h tang.
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Hinh 9. Anh hudng cua ty s6 a/h khi V thay d6i dén tin s6 @ cua tim POFGMEE-GPL
(hp = 0.1hc; a = b = 50h; Wgp, = 0,1; ¢9 = 0,1; FG-X; Q = 0; K,, = 5: K, = 50)
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Hinh 10. Anh huong ctia ty s6 a/h khi Q thay d6i dén tan sé @ cua tim PoOFGMEE-GPL
(hp =0,1h;a =b = 50h; Wgpr, = 0,1; ¢ = 0,1; FG-X; V = 0; K,, = 5; K, = 50)

Hinh 11 mé ta anh hudng cia ty s6 b/a dén tan s6 dao dong riéng co ban khong thir nguyén cia
tam sandwich. Két qua phu hop véi thuc té, khi ty s6 b/a ting, tin sé @ giam ddi véi ca hai loai tim
PoFGMEE-GPL c6 16p bé mit 1a MEE-1 va MEE-2. Nguyén nhan 1a do khi ty s6 b/a ting, dién tich
bé mit clia tAm tang, lam giam do cimg ctia tim.
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Hinh 11. Anh hudng cua ty s6 b/a dén tan sé @ cta tim PoOFGMEE-GPL
(Wgpr =0.,1; ¢9 = 0,1; FG-X; V = Q = 500; K,, = 5; K, = 50)

5. Két luan

Bai bao dd mo hinh héa dao dong cta tim sandwich nano graphene dién tir trén nén dan hoi
Winkler-Pasternak bang Iy thuyét bién dang cat bac cao HSDT-4. Nghién ctru xét dén hai kiéu phan
b6 vi bot rong 16p POFGMEE bé mit va bdn kiéu phan bé GPL trong 16p 16i composite. Két qua cho
thdy: thém mot lugng nhé GPL 1am tang tan sd; kiéu FG-X cho tan s cao nhat, FG-O thap nhat; UD
khong bi anh huéng béi s 16p GPL, trong khi FG-O va FG-V giam theo s6 16p, FG-X ting va 6n dinh
khi Ny > 20; tang chi sd p giam tan sb, ting ey va cac tham sd nén 1am ting tan so, trong d6 Pasternak
anh huong manh hon Winkler; tang chiéu day 161 FG-GPLRC va éap dién 4m lam tang tan s6, con tir
truong Am 1am giam tan s6 khi a/h tang.
Lo&i cdm on

Nghién ctru nay duoc tai trg bdi Bo Gido duc va Pao tao trong dé tai ma sb B2025-XDA-06.
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A. Phu luc

ki = —a’An - B*Aes; k1o = —aB (A1 — Ags); ki3 = &’ Biy + o8> (B1o + 2Bge)
]_614 = B{1a3 + (B{z + 2326) CY,BZ; ]_615 = a/Agl; /_616 = (XAgzl; 7{22 = —(XZA66 —ﬁzAzz
ka3 = @*B(B1z + 2Bes) + B Bay; koa = B3, + (Bfg + 2326) @’B; kos = BAS,
kas = BAS): k33 = —a*Dyy — 2078 (D12 + 2Dgs) - 5Dy — Ky + (N + N - K3) (o + °)
kss = —a* D}, - 2a°B* (D}, + 2DY) - B*Djy, - Ky + (NF + N" - Kp) (o + B°)
kss = —E§ (® +B7): kag = —E3) (o2 + 5%): ke = —a*H}| — B*H), — 2078% (H}, + 2H)
- K> (a? + %) - ?AS, - BPAL. — K + (NF + NP - K, (0? + B2
44 55
kus = (A5 + F5) (a2 +B7): kss = Ff (o +B%) + Fi3: kse = FYy (o + %) + FU
kse = X1} (Clz +/52) + X055 my =y = lo; i3 = —La; g = —ha; mp = —11f; oy = -1
m3) = —ha; Wﬁ=h+b@f+ﬁa;mw=h+h0f+ﬁ% %M=h+k@£+ﬁ)

miy = Mis = Mig = Mas5 = Mg = M35 = M3 = M45 = Mae = Ms5 = Mse = Mee = 0
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