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Tém tit

Bai bao xay dung 10 giai giai tich cho bai toan dao dong riéng cta tAm chir nhat ¢ kich ¢& micro dit trén nén
dan hoi. Trong d6, tim micro dugc 1am tir vat liéu ¢é co tinh bién thién — FGM (Functionally graded material),
céc dac tinh co hoc cua vat li¢u duoc tinh toan dya trén quy téc hon hop. Cac phuong trinh chu dao cia bai toan
dao ddng riéng cia tim FGM kich ¢& micro (FGM micro) dat trén nén dan hoi Winkler-Pasternak duogc xay
dung dua trén nguyén ly Hamilton, ly thuyet tam cai tién bon an, va ly thuyét cap tng suét hi¢u chinh. Phuong
phap Navier du’orc st dung de xac dinh tan s6 dao dong riéng ciia tim FGM m10r0 c6 bién tya khop trén chu
vi. Két qua s6 cta bai toan tim FGM micro duoc kiém ching véi cac nghién ctru gin day trén cac tap chi hién
hanh. Sau do, cac khao sat sé dugc thuc hién dé danh gia anh huéng cua cac tham sb vat liéu, hiéu img kich
thudc, kich thudce hinh hoc tAm va hé sb nén dan hdi dén tin sb dao dong riéng cua tim FGM micro.

Tir khod: phan tich dao dong riéng; tim FGM micro; 1y thuyét cai tién bon an chuyén vi; nén dan hdi Winkler-
Pasternak; phuong phap Navier.

FREE VIBRATION OF FGM MICROPLATES RESTING ON ELASTIC FOUNDATION
Abstract

This article develops an analytical solution for the free vibration problem of rectangular microplates placed on an
elastic foundation. The microplate is made from functionally graded material - FGM and its material properties
are estimated based on the mixture rule. The governing equations of the free vibration problem of the FGM
microplate resting on the Winkler-Pasternak elastic foundation are derived based on Hamilton’s principle, the
four-unknown refined plate theory, and the modified couple stress theory. The Navier solution method is used
to determine the natural frequency of the FGM microplate under simply supported boundary conditions. The
present results of the FGM microplate are verified with recent studies in the existing literature. Then, numerical
investigations are performed to evaluate the influence of material parameters, size-dependent effect, geometric
parameters, and elastic foundation coefficients on the natural vibration frequency of the FGM microplates.

Keywords: free vibration; FGM microplates; four-variable refined plate theory; Winkler-Pasternak elastic foun-
dation; Navier method.
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1. Giéi thiéu

Ngay nay, v6i su phat trién nhanh chong cta khoa hoc va cong nghé, viéc sir dung cac ciu trac
nano/micro ngay cang trd nén phd bién trong nhiéu linh vic khac nhau nhu vi cam bién/thiét bi truyén
dong, dién tu, ty dong hoa, cac hé théng nano dién co (NEMS), h¢ théng vi co di¢n (MEMS), k¥ thuét
y sinh [1, 2] ... Xu hudng nay dang dit ra nhiing thach thirc méi cho cac nha khoa hoc trong viéc mo
hinh hoéa va phan tich rng xtr co hoc cua cac két cAu micro/nano trong cac diéu kién khac nhau. Cu
thé, d6i voi két cau & kich ¢& micro/nano thi cac nghién ciru 1y thuyét va thuc nghiém déu chi ra ring
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1y thuyét cta co hoc mdi truong lién tuc c¢b dién (khong phu thudce vao kich thudc) khong con phu
hop. Bén canh do, vat li€u c6 co tinh bién thién-FGM la vat liéu thuong dugc tao thanh tir hai vat liéu
thanh phéan cé cac dic tinh khac nhau dé hinh thanh nén vat liéu composite c6 cac vu diém két hop
cua chung. Do cac dac tinh doc dao cia vat liéu co6 co tinh bién thién so véi cac vat lidu thong thuong
(vi du: d6 bén cao, d6 déo dai cao, kha ning chiu nhiét va kha ning chéng dn mon cao), vy nén cac
nghién ctru vé két cAu lam bﬁng vat liéu FGM da danh duogc sy quan tam cua nhiéu nha nghién ctru
trong nhing thap ky gin ddy. Nhiéu bai bao nghién ctru di dwoc cong bd vé tng xir co hoc cua két
cdu FGM, chiing c6 thé dugc tim thiy trong cac bai bao [3-8]. Do vay, két ciu tim FGM micro s& 1a
d6i turong nghién ctru cia bai bao nay.

Pé tinh toan két cau micro, Iy thuyét cap ung suat hiéu chinh MCST (Modified couple stress
theory) va 1y thuyét gradient bién dang hiéu chinh MSGT (Modified Strain Gradient Theory) thuong
dugc sir dung pho bién hién nay. Trong do, 1y thuyét cip tng suat hiéu chinh MCST do Yang va cs.
[9] gi6i thiéu c6 wu diém 1a chi dung duy nhat mot tham sd lién quan dén anh huéng cia hiéu tng
kich thuéc. Dya trén co s cua ly thuyét MCST nay, nhiéu mo hinh tinh toan két ciu tim micro da
duogc xdy dung. Chang han nhu, cac tic gia Yin va cs. [10], Jomehzadeh va cs. [11] d3 xdy dung mo
hinh tim c6 dién Kirchhoff dé phan tinh dao dong riéng ctia tAm micro dung ly thuyét cip tng suat
hiéu chinh MCST. Reddy va Berry [12] d& nghién ctru bai toan uén dbi xtng truc ciia tim tron FGM
micro dya trén 1y thuyét cip Gmg suat hiéu chinh MCST. Dung mé hinh 1y thuyét tim Mindlin va ly
thuyét cap ung suat hiéu chinh MCST, cac (mg xtr co hoc ctia tAim micro da duoc nghién ctru bai Ke
va cs. [13], Zhou va Gao [14]. Mat khac, cac ly thuyét tam bién dang cit bac cao duoc st dung rong
rdi hién nay [15], ddc biét 1a Iy thuyét tim cai tién bon an sé chuyén vi 1a mot lwa chon hop 1y vi su
don gian va hiéu qua vé mit tinh toan [16, 17]. Ciing dd co6 mot sé nghién ctru sir dung 1y thuyét cai
tién bon an va Iy thuyét cap ing suat hiéu chinh MCST dé tinh toan cho két ciu tdm micro, chang han
nhu, Lou va cs. [18] di trinh bay phan tich phi tuyén vé tin sé dao dong va udn tinh cia tim FGM
micro dat trén nén dan hdi. Nguyen va Lee [16] ciing di sir dung m6 hinh 1y thuyét nay dé phan tich
két cAu tAm micro ap dién. Do vay, Iy thuyét cip Gng suit hiéu chinh MCST két hop véi Iy thuyét cai
tién bdn 4n s6 s& dugc dung trong nghién ctru ctia bai bao nay.

C6 nhiéu phuong phap tinh toan két cau nhu phwong phap phan tir hiru han, phan tich dang hinh
hoc (IGA), phuong phap giai tich, ban giai tich, ... chung l1a nhling phuong phap dugc su dung rong
rdi trong nhiéu nghién ctru gan ddy. Mic du gip khé khan khi giai bai toan ¢ hinh dang két cdu va
diéu kién bién phurc tap, tuy nh1en phuong phap giai tich dung loi giai Navier 1a mot trong nhung cong
cu dang tin cdy co thé cung cap két qua chinh xac ma ton it tai nguyén tinh toan ddi véi cac két cau
dam/tim/vo ¢6 ciu hinh va diéu kién bién don gian [19]. Do d6, phuong phap Navier duoc sir dung
dé tinh toan két cau tim FGM micro trong nghién ctru nay.

Dua trén tim hiéu tong quan & trén, chung ta c6 thé thay rang nghién ctru vé dao dong riéng ctia két
céu tim FGM ¢ kich ¢& micro dt trén nén dan hoi kha 13 hiém, dic biét 1a dung 1y thuyét cai tién bon
4n [20]. Do vay, phan tich dao dong riéng cta két cdu tim FGM micro dat trén nén dan hoi Winkler-
Pasternak s€ duoc trinh bay chi tiét. Cac phuong trinh chu dao ctia bai toan dugc xay dung dua trén
nguyén ly Hamilton, 1y thuyét tim cai tién bon an, va ly thuyét cip ung suit hiéu chinh MCST. O
phéan cac két qua s, anh hudng cua cac tham sb vat liéu, hiu ing kich thudc, kich thudc hinh hoc
tam va hé sb nén dan hoi dén tan s6 dao dong riéng ciia tim FGM micro dugc trinh bay chi tiét.

2. Co sé ly thuyét va 1oi giai
2.1. M6 hinh tam FGM micro dat trén nén dan hoi

Xét mot tAm micro c6 chiéu rong 13 a, chiéu dai 1a b, va chiéu day 1a & twong tng theo cac phuong
X,y, va z cua hé truc toa d9, nhu Hinh 1. Tam micro dugc 1am bang vat li¢u FGM (vat liéu c6 co tinh
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bién thi€n v4i mat trén giau gom — ceramic va mat dudi giau kim loai — metal) va dugc dat trén nén
dan hoi Winkler-Pasternak.
z

= zz=z=2 22z

Hinh 1. M6 hinh tim FGM micro dat trén nén dan hdi Winkler-Pasternak

M6 dun dan hdi, khoi luong riéng cua vt liéu FGM dugc gia thiét thay ddi theo chiéu day cua
tAm v6i quy ludt ham iy thira nhu sau [21]:

IP
E(z)=(Ec—Em)(%+§) +E,, -05h<z<0.5h (D)

z 1\
p@=pc=pw)| 3+ 5| +pm  —05h<z<0.5h )

trong do cac chi s6 dudi “c”” va “m” biéu thi cac dai luong twong tmg clia thanh phan gdm (ceramic) &
mat trén va kim loai (metal) & mat dudi cua tam; p 1a chi so ty 1€ thé tich vat li¢u. Hé so Poisson dugc
gia thiét 1a hang so trong nghién cuu nay.

2.2. Ly thuyét cap ving sudt hiéu chinh MCST

Theo 1y thuyét cip ing suét hi¢u chinh MCST, thé ning bién dang ctia tim FGM micro duoc xac
dinh boi [22]:

1

U = Ef(o-ijgij-‘rmij/\/ij)dv (3)
1%

trong do6 o la cac thanh phﬁn ten X0 ung sut, & ; 1a cac thanh phﬁn ten xo bién dang, m;; la thanh

phan Iéch cua ten xo cdp ung suat. Cac thanh phan ten xo do cong doi xing, y;;, duoc dinh nghia boi:

_ 1(0@,- o0,

—5 a—)(j'i‘a—)(i), l,]:1,2,3 (4)

Xij

trong do ®@; la cac thanh phﬁn cua véc to quay, chung duoc xac dinh nhu sau:

1(6Us U,

D=0 === -2
) (ax2 ax3) ®)

_1(aU,  aUs
Py=®2=; (8X3 BXI) ©)

1 (aU, U,
©:=P5 =3 (axl axz) @

o6 day Uy, U, va Us, l1a cac thanh phﬁn chuyén vi theo cac phuong cuia hé truc toa d6 (X, X», X3).
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2.3. Truwong chuyén vi

Dua trén Iy thuyét tim cai tién bon an chuyén vi, truong chuyén vi cua tim FGM micro duoc xéac
dinh béi [20]:

Ui (x,y,2,0) = U (x, 9, 1) = z2Wpx — f (2) Wy x )
Uy (x,y,2,0) =V (x,3,0) = zWpy — f(2) W,y &)
Uz (x,y,2,1) = Wy (x,y, ) + Ws(x,y,1) (10)

trong d6 Uy, U, va Us 1a cac thanh phﬁn chuyén vi cia mot diém theo cac phuong x,y, va z cia h¢
toa d9. Dau chi s6 dudi (,) la dao ham cua ham so6 theo bién twong ung. Céc ky hi¢u U, V 1a cac thanh
phan chuyén vi trén mat trung binh cua tam theo cac phuong x, y. Theo ly thuyét tam cai tién bon an,
W), va Wi 1a hai thanh phan uon va thanh phan cat cua d6 vong Us. Hién nay c6 nhiéu phién ban cia
ly thuyét cai tién bon an voi cac ham f(z) khac nhau. Trong nghién ctru nay, ham dugc st dung la
3
z 3z

7)=—-=+=|=][20].
f@=-5+3 ( h2) [20]
2.4. Céc thanh phan bién dang

Moi quan hé bién dang-chuyén vi ciia tam FGM micro dugc xac dinh nhu sau:

8xx S%X k.lix k;){ ,y ,ys
R I SR B/ T EY B Sl
Vxy yxy kxy kxy .

trongdo g(z) =1- f" () va

S%x U,x k%x - Wb,xx k; X - Ws,xx

. _ . s _
gﬁy = Vy > k%y =49 Whyy ¢ k{y =4 Wy (12)
YXy U’y + ‘/»x kxy _2 Wb,xy k;cyv _2 WS,)Cy

V;Z - W‘Y,y } 13
e )= ®

Thé trudng chuyén vi (8)—(10) vao cac biéu thirc (5)—(7), ta dugc

1
cDx = Wb,y + 5 (1 + f,z) Ws,y (14)
1
Dy =W, — 3 (L4 f) Wy (15)
1
. = > (Vie-Uy) (16)

Twong ty, thé cac biéu thirc (14)~(16) vao biéu thirc (4), ta duoc cac thanh phan cua ten xo do
cong (the curvature tensor), chiing duoc biéu dién dudi dang:

Xxx :ng +(1+ f,z))(;lcx; Xyy :ng +(1+ f:Z)X)lzy; Xz =0 (17)
Xxy :ng + (1 +f,z)/\/;lcy§ Xyz :ng +f,zz)()1;z; Xxz :X?cz +f,zz)(;1cz (18)
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trong do:
1 1 . 0 1 1
Xxx Wi xys  Xxx 5 WY,X}” ny =-W, Xy» /\/yy - 5 Ws,xy
X?C}’ (Wb Yy Wh,xx) ; XJIC_) = (Ws vy Ws,xx)
1 ! (19)
0 1 1 1
Xyz _(ny U,yy)a Xyz = ——Wix
4 4
1 1
0 1
Xxz = Z(V’XX - U,Xy)7 Xxz Zva

2.5. Cdc thanh phan vmg sudt
Cac thanh phan tmg suét trong tim FGM micro duoc xac dinh nhu sau [21]:

O xx e11(z) en(2) 0 0 0 Exx
Tyy en(@ en@ 0 0 0 Eyy
ow (=| O 0 ec@ O 0 Yxy (20)
Oyz 0 0 0 €44 (Z) 0 Yyz
O xz 0 0 0 0 ess (2) Yxz
My 1 0000 Xxx
Myy 01000 Xyy
My 0 =2G@E[0 0 1 0 0| xu (21)
my; 00010 Xyz
My, 00 0O0°1 Xxz

trong do Iy 1a tham s6 dung dé danh gia anh hudng cta hidu tmg kich thude (I = 17,6 x 107 m), va

11 (D)= en (2) = %; n @)= T s () = eu @ = e5s () = 60 = 5o
(22)
2.6. Cdc thanh phan img lic
Céc thanh phan tmg lyc trong tim FGM micro dugc dinh nghia nhu sau:
h

(Nj,Mj?,MJS.)zfi o;(l,z,f)dz, j=xx,yy,xy (23)

Q)= f , 80 jdz, J=yz,xz (24)

P;= fz m;dz, J = XX,Yy, Xy, yZ, XZ (25)

Rj= fh (I+ f)mjdz, j=xx,yy,xy (26)

Si= ’ fzmjdz, J=yz,x2 27)

_h
2
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Thé cac biéu thuc (11), (17), (18) vao cac biéu thirc Gmg suét (20)—~(21), két qua dat dugc sau do ta
thé tiép vao cac biéu thirc tng luc (23)—(27). Céc thanh phan tmg luc cta tim FGM micro duoc biéu

dién duéi dang:

Ny [ A
Ny = AIZ
Ny 0

Mb By
M) b=\ B
M, 0

M; Cn
M; =1 Ci
M, 0

0Oy: _ Afm
Ox 0

P, [ 1
P, t=4A,[0
P, | 0
Py, s 1
Py, 0
R, [ 1
R, t=B,0
ny | 0
Sy | A1
Se | "o

trong do6 cac h¢ so (Ai i

duoc xac dinh boi:

(Aij,Bij,DijaCijaFij,Gij) Zf

AIZ 0 82}; B]l Blz 0 k)lzx 611 612 0 kjcx
Azz 0 8;)), + BIZ Bzz 0 ksy + 612 622 0 k;y
0 A [lYh ) [ 0 0 Be || K 0 0 Ces || &5
(28)
B, 0 g [ D,y D, 0 k. Fyy, F, 0 kS,
Bzz 0 Sgy + [)12 Dzz 0 kfy + F]z Fzz 0 k;y
0 Bes || ¥ 0 0 De || & 0 0 Fes || K}
(29)
C'lz 0 ng Fll F12 0 kix Gll Glz 0 k;x
622 0 ggy + F12 Fzz 0 ki,’y + GIZ GZZ 0 k;y
0 Ce || 7Y 0 0 Fe || K 0 0 Ge || K
(30)
0 S
e { s } 31)
ASS ’y)cz
0 0] % 10 0| xk
1O S A% t+B.0 1 013, (32)
0 1] xY 00 1| xn
0 0 [1 0 !
e tye, oz (33)
1 0 0 1 !
Xxz Xxz
00 0 10 0],
1 0|3 x) t+Da| 0 1 0|3 xiy (34)
0 1]y 0 0 1] xy
0 0 1o !
Y b+ G, Ao (35)
1 XXZ 0 1 X)CZ
Bij,D;;, Cij, Fij, Gij,A?.) clia ma tran va cac dai luong (A,,,Bn,bn, C‘n,G~n)

<

[STES

A (I’Z’Zz’fazf’fz)eij (Z)dz’ (l.] = 11’12’ 22’66) (36)
i = f 50 ey () (ij = 44.55) (37)
2
h
X o= oo\ 2 2 2 2
BI’L’Dn’ Cn, Gn) - A 2G(Z) l(){l’(l +f:Z)’(1 +f;Z) ’fZZ’fzz}dZ (38)
2
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2.7. Céc phwong trinh cdn bang
Trong bai bio nay, nguyén 1y Hamilton dugc sir dung dé thiét 1ap phuong trinh chil dao cua bai
toan dao dong riéng cua tim FGM micro dit trén nén dan hoi, dang giai tich ctia nguyén 1y dugc viét
nhu sau: ,
0=f5(0+0f—f)dr (39)
0
trong d6, thé ning bién dang ctia tim FGM micro dugc xac dinh boi [22-24]:

~ 1
_ 0 0 0 by,b b1,b b 1.b s1,8 s1,8
0=3 ], (Na&2, + NygD, + Noyel, + MEKE, + MPKD, + MO KD, + MEKS, + MEKS,

0 1 0
+M;yk§cy + QyZY;z + szyfcz + Px)(xx + RxXxx + Pyny + RyX)lry (40)

+2Px %y + 2Roph, + 2Py, + 28 yoxh, + 2Pacx Y, + 28 ox ), ) dA

Nang lugng bién dang cta nén dan hdi duoc xac dinh boi:

IN 1 2 2 2
0, =1 {KW(W,, F W2+ Ky [(Woe + Wo )P + (Woy + W) ]}dA (41)

AN
trong d6 A la dién tich cua mat trung binh tam; K,, 1a hé s6 do cung udn (Winkler stiffness) va K la
hé s6 do cung cat (shear stiffness).
Pong nang ctia tam FGM micro duoc xac dinh bdi:

L1 ; . . . 2 . . .N\2 . . \2
=3 p(2) [(U = Wi = [Wex) + (V= 2Way = fWey) + (W + W) ]dsz (42)
AJ-4
Thé cac biéu thire (40)—(42) vao (39), sau d6 nhom cac hé s cua cac bién phan 6U, 6V, 5W, va

0Wjs; ta thu dugce phuong trinh chi dao cua bai toan phan tich dao dong ri€ng cta tim FGM micro
nhu sau:

1 O L

Nix+ Ny + 5 (Przy + Pyayy) = JoU = i Wi — Ky W (43)
1 e o S

ny,x + Ny,y - E (sz,xx + Pyz,xy) = JOV - Jl Wb,y - Kl Ws,y (44)

M +2MY o+ MY — Ky (Wp + W) + KV (Wy + W) = Py + Py

= Pryyy + Pryxx = Jo (Wb + Ws) +Ji (Ux + V,y) - szsz - I?ZVZWX

M;,xx + 2M)Scy,xy + Mys,yy + sz,x + Qyz,y - K\, (Wp, + Wy)

(45)

1 1
+ KV2 Wy + W)+ 5 (“Rusy + Ryy = Ruygy + Ruye) + 5 (Scy = Syax) - (46)
= Jo (W + W) + Ky (U + V) = RaV2 Wy — LV2W,

trong do6 toan tu

9
2
==+ 47
0x2  0y? “7)
Céc tham sb (fo, Ji, b, Ky, K>, iz) duoc xac dinh boi
h
A 2 2 2
(Jo. T I Ris KoL) = | (L2 fufz f2)p (@) dz (48)

2
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3. Loi gidi Navier
Trong phan nay, 10 giai Navier dugc trinh bay cho bai toan dao dong ctia tim FGM chir nhat dat
trén nén dan hoi, c6 bon bién tya khdp trén chu vi. Theo 161 giai Navier, bon an chuyén vi cia bai toan
dugc gia thiét dudi dang chuoi luong giac kép nhu sau [21]:

U(x,y,0) = i i U,pne'®cos (@x) sin (By) (49)

m=1 n=1

V(5y,0= ) > Vime'sin (@) cos (By) (50)

m=1m=1
[ee] [e+]

8
8

Wy (x,y,1) =

[

Wimne'“"sin (@x) sin (By) (51)
1

m=1 n=

W, (x,y,1) = Z Z Wmne''sin () sin (By) (52)

m=1 n=

8
8

—_

trong do, w la tan sb dao dong riéng cua hé&; U,un, Vi, Wemn, Wemn 1a cac hé s6 cua cac thanh phﬁn
chuyén vi; 7 12 bién thoi gian; & = mn/a, B = nx/b va i 1a sé phirc 2 = —1.

Thé cac biéu thirc chuyén vi (49)—(52) vao cac phuong trinh chu dao (43)—(46) cua bai toan, ta
thu duoc hé phuong trinh dai sb c6 dang:

(K-w’™M)A=0 (53)

trong d6 K, M 14 cac ma tran d6 cung va ma tran khéi luwong cua h§; va A = (U, Vi Womn Womn)! 12
véc to hé sb cua chuyén vi. Khi gidi bai toan tri riéng (53), véi mdi cap (m,n) ta s€ tim duoc tan sb
dao dong riéng w,,, trong ing v6i mode dao dong (m, n) cta tim. Tan s6 dao dong riéng co ban 1a
tan s6 nho nhit cta tAim w = min (Wyy). Ciing luu y ré‘mg khi cho tham sb [y = 0, ta s& thu duoc két
qua tan s6 dao dong riéng ciia tim FGM macro truyén thong.
4. Két qua sb

Dua trén co s 1y thuyet va 1oi giai da xay dung ¢ cac muc trude. Két qua tan sb dao dong riéng
cua bai bao s& duoc kiém chung voi két qua cuia cac tac gia khac cong bd gan day Ngoai ra, anh
hudng cac tham sé dén tan sé dao dong riéng ciia tim FGM micro dit trén nén dan hoi cling s& dugc
khao sat.

Béang 1. Mot $6 dac trung co hoc cia céc vat liéu thanh phﬁn ctia tim FGM micro

Vat liéu Céc dac trung co hoc vat ligu
Nhom (Al) E,, = 70 (GPa), p,, = 2702 (kg/m®), v,, = 0,3
Nhom oxit (AL O3) E. = 380 (GPa), p. = 3800 (kg/m?), v. = 0,3
Zirconi oxit (ZrO») E. = 151 (GPa), p. = 3000 (kg/m?), v. = 0,3

Trong cac phan tiép theo, chiing ta s& sir dung cac tham s6 vat liéu nhu thé hién ¢ Bang 1. Ngoai
ra, cac tham so tan so dao dong ri€ng khong thir nguyén va cac h¢ s6 nén dan hoi duoc stt dung trong
bai bao nhu sau:

K.,a*  — K Enh?
—: Ky=——; Dy=—"+ (54)

@ = 100wh\pe/Ec; Ky = Dn’ " 12(1-42)
m ~Vm
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4.1. Kiém chimg két qua
a. Kiém chung tan s6 dao dong riéng ciia tim FGM dit trén nén dan hdi

Trong muyc nay, két qua tan sé dao dong riéng co ban khong thir nguyén & = wh \/p;n/E,, ctia tAm
FGM macro truyén thong dugc lam tir Al/Al, O3 dat trén nén dan hoi dugce so sanh véi két qua cia tac
gia Thai va Choi [23]. O day, cac két qua tan so co ban & cua tam FGM vuong vai cac ty 1€ chiéu day
khac nhau va cac chi so thé tich khac nhau (p = 0;0,5; 1;2; 5) duoc so sanh va thé hién ¢ Bang 2. Ta

L3 £ ‘ Lz 2 . 3 (3
thay rang két qua ctia bai bao dung ly thuyét cai tién bon an chuyén vi voi ham [ (z) = —g + 3 (%)
1a rat sat véi két qua cua tac gia Thai va Choi [23] st dung 1y thuyét bon 4n chuyén vi voi ham

5 3
f@)= —2 + 5%, dang 10 giai Levy.

Béng 2. Bang so sanh tan s dao dong riéng co ban & ciia tim FGM macro dat trén nén dan hoi

Chi s6 ty 18 thé tich (p)

K, K, alh Nguén
0 0,5 1 2 5
20 Thai va Choi [23]  0,0411 0,0392  0,0384  0,0381 0,0384
Bai bao 0,0411 0,0392  0,0384  0,0381 0,0384
100 100 10 Thai va Choi [23]  0,1619  0,1550  0,1520  0,1505  0,1515
Bai béo 0,1617  0,1549 0,1519 0,1505 0,1515
5 Thai va Choi [23]  0,6162  0,5954  0,5855  0,5802  0,5835
Bai bao 0,6156  0,5950 0,5852  0,5800 0,5834

b. Kiém ching tan s6 dao dong riéng ctia tim FGM micro
2
. sz . wa

Trong myc nay, két qua tan s6 dao dong riéng co ban khong thtr nguyén & = o \Vpoc/E. cua
tam FGM vudng ¢ kich ¢& micro, dugc lam tir vat li¢u Al/Al,O3 dugce so sanh véi két qua cua tac gia
Thai va Kim [21]. Céc két qua ctia tim FGM micro v6i ty s6 chiéu day a/h = 20 va cac chi s6 thé
tich khac nhau (p = 0;0,5; 1; 5; 10) duoc so sanh va li¢t ké & Bang 3. Ta théy rﬁng két qué cua bai bao
dung 1y thuyét cai tién bon an 1a tring khép véi két qua cia tac gia Thai va Kim [21] ding thuyét bién

z

, e A 1AL R . 3(2 .
dang cat bac ba cia Reddy. Ly thuyét cai tién bon an véi ham f (z) = -3 + 3 (}%) cling 1a mot dong

Bang 3. Bang so sanh tan s6 dao dong riéng co ban & cua tam FGM micro

Chi s6 ty 18 thé tich (p)

alh  lo/h Ngudn
0 0,5 1 5 10
0 Thai va Kim [21] 5,9199 5,0180 4,5228 3,8884 3,7622
Bai bao 5,9199 5,0180 4,5228 3,8884 3,7622
20 0.4 Thai va Kim [21] 7,6708 6,6585 6,0756 5,0199 4,7488
’ Bai bao 7,6708 6,6585 6,0756 5,0199 4,7488
1 Thai va Kim [21] 13,5545 12,0372 11,1042 8,8286 8,1494
Bai bao 13,5545 12,0372 11,1042 8,8286 8,1494
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1y thuyét bién dang cat bac ba dang da thic twong dong véi 1y thuyét cia Reddy (voi cing phuong
phap giai Navier) cho nén két qua giita chung 1a khong c6 khac biét & vi du nay.

Tir hai vi du kiém ching & trén, c6 thé thiy rang mé hinh Iy thuyét va phuong phap giai dugc trinh
bay trong bai bao 1a c6 d9 tin cdy cao. Chung s& dugc sir dung dé khao sat anh hudng cta cac tham sd
vat li€u, hi¢u tng kich thuéde, kich thudc hinh hoc tdm, va tham sb nén dan hdi dén tan sé dao dong
riéng ctia tim FGM micro.

4.2. Khao sdt cac tham s6

Trong muc nay, cac khao sat s6 s& duoc tién hanh cho tim FGM micro duoc 1am tir hai vat liéu
thanh phﬁn Al/ZrO,, cac déc tinh vat liéu cua chung dugc liét ké & Bang 1.
a. Anh hudng cua chi sb ty 18 thé tich

Dé khao sat anh huong ciia chi sé ty 1¢ thé tich p dén tan sé dao dong riéng khong thir nguyén @
ctia mode (1, 1) va mode (1, 2) tim FGM micro, tic gia da tién hanh xéac dinh tan s6 dao dong riéng w
ctia tim FGM micro véi cac chi s6 ty 1¢ thé tich p khac nhau, két qua dugc thé hién trén Hinh 2(a)—(b).
Tam FGM micro khao sat ¢ b/a = 1,a/h = 50, K,, = 0, Ky = 0 va cic tham sb hiéu ung kich thudc
lo/h = 0,0,5; 1. R3 rang, két qua Hinh 2 thé hién rang khi ting chi s6 thé tich p (ham lugng gdm-
ceramic giam) thi tan s6 dao dong riéng w ctia tim FGM micro giam trong ca trudng hop tim FGM
macro truyén théng (lp/h = 0) va trudng hop tim FGM micro (c6 ké dén anh huéng cua hiéu tmg
kich thudc). Didu nay 1a do thanh phan gbm 1a thanh phan cirmg hon thanh phan kim loai nén d¢ ctng
tam s& giam di khi ham lugng gém trong tim FGM giam.

0.7 1.5
—#—ly/h=10 —#—ly/h=10
— by /h=05 — by /h=05
0.6 k=1 k=1
0.5 \\ |
~—
0.4 — A
b b \\5\9—‘9\.
03 )\%\9—\9‘9‘
M 0.5 Mf&f*ﬁ—iﬂfﬂ; S
0.2 e
0.1
0 0
0 2 4 6 8 10 0 2 4 6 8 10
P P
(a) Mode (1, 1) (b) Mode (1,2)

Hinh 2. Anh hudng ciia chi s6 ty 1¢ thé tich p dén tan sé dao dong riéng @ cuia tim FGM micro

b. Anh hudng cta hiéu tng kich thudc

Dé khao sat anh huong cia hiéu tmg kich thuéc dén tan sé dao dong riéng khong thir nguyén
@ cta mode (1,1) va mode (1,2) tim FGM micro, tac gia da tién hanh xac dinh tan s dao dong
riéng @ cua tim micro FGM vdi céc ty sb h/ly khac nhau (ty s6 thé hién anh huéng cua hiéu tng
kich thuéc). Két qua dugc thé hién bang d6 thi nhu trén Hinh 3(a)—~(b). Tam FGM micro khéo sat c¢6
bj/a=1,a/h=50,K, =0,K, = 0 va cac chi s ty 1& thé tich p = 0;0,5; 1;3 duoc chon dé minh hoa.

Céc két qua cho thiy rang khi ting ty s h/ly (ting chiéu day, kich thudc tim) thi tan s6 dao dong
riéng w cia tdm FGM micro giam kha manh & giai doan dau. Dic biét, khi kich thude tim FGM micro
cang bé thi tan sé dao dong riéng (hay do cling) cua tim cang 16n va nhu vy anh hudng cia hidu Gng
kich thudc cang 16n; va khi h/ly > 10 thi ta thiy tan s6 dao dong riéng @ cua tim FGM micro thay
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d6i khong dang ké va chung tiém can toi gid tri ciia tim macro truyén trong, diéu nay cho thay tim
micro c6 kich thudc cang 16n thi két qua cang gan voi 1y thuyét tim macro thong thuong (anh huéng
ctia hiéu tng kich thude dén két qua luc nay 1a khong dang ké). Ngoai ra, ciing nhu & muc trude, khi
tang chi sd ty 1¢ thé tich p thi tin s co ban @ cua tim FGM micro giam.

—%—p=0 1.4 —%—p=0
0.8 —o—p=05 1 —o—p=05
| —p—p=1 —p—p=1
——p=3 1.2¢ —+—p=3

1

3 0.8
0.6
0.4
0.2
0.1
2 4 6 8 10 12 14 16 18 20 2 4 6 8 10 12 14 16 18 20
hily h/ly
(a) Mode (1, 1) (b) Mode (1,2)

Hinh 3. Anh hudng ciia ty s6 h/ly dén tan s6 dao dong riéng w cta tim FGM micro

c¢. Anh huéng cua ty s a/h

Trong muc nay, anh hudng cia ty s chiéu day a/h dén tan sé dao dong riéng khong thtr nguyén
@ cua mode (1, 1) va mode (1,2) tim FGM micro duoc khao sat va thé hién nhu trén Hinh 4(a)—(b).
Tam FGM micro khao sat c6 bja = 1,1y/h = 1,K,, = 0, Ky = 0 va chi s6 ty 1é thé tich p = 0;0,5; 1; 3.
RG rang, ta thiy rang khi ting ty s6 a/A thi tan s6 dao dong riéng co ban w ciia tim FGM micro giam,
dic biét 1a giam kha manh ¢ giai doan dau khi ty s6 a/h < 20.

14 35
—%—p=0 —%—p=0
7 —e—p=05 —o—p=05
12 o1 30 o 1
—+—p=3 —t—p=3
10 25
8 20
3 3
6 15
4 10
2 5
0 - 0 -
10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
a/h a/h
(a) Mode (1, 1) (b) Mode (1,2)

Hinh 4. Anh huong cua ty s6 a/h dén tin s dao dong riéng @ ctia tiam FGM micro

d. Anh huéng cua ty s6 b/a

Trong muyc nay anh hudng cta ty sd kich thudc b/a dén tan s6 dao dong riéng @ cua mode (1, 1)
va mode (1,2) tim FGM micro dugc trinh bay, va két qua thé hién trén Hinh 5(a)—(b). TAm FGM
micro khéo sat c6 a/h = 50,1y/h = 1,K,, = 0, K, = 0 va chi s ty 18 thé tich tich p = 0;0,5; 1;3. R&
rang 13, khi ting ty s6 kich thudc canh b/a thi tan sb dao dong riéng cua tim FGM micro giam. Piéu
nay ciing twong tu véi cac khao sat ciia tim macro truyén thong.
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—%—p=0 43 —%—p=20
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| 35
3
0.8
25
3 3
0.6 2
1.5
0.4
— ris 1
——
0.2
0.5
0 0
1 2 3 4 5 6 1 2 3 4 5 6
b/a b/a
(a) Mode (1, 1) (b) Mode (1,2)

Hinh 5. Anh huéng cua ty s6 b/a dén tin s dao dong riéng @ ctia tim FGM micro

e. Anh hudng ciia tham sb nén dan hoi

Dé khao sat anh huong cia tham s6 nén dan hdi Ky dén tan sb dao dong riéng w cua mode (1, 1)
va mode (1,2) tim FGM micro, tac gia da tién hanh x4c dinh tan sb dao dong riéng w cla tam FGM
micro khi cho hé s6 nén K, thay ddi tir 0 dén 150 trong khi hé s6 K, =0vaba truong hop h/lyp = 1,5
va 10 duoc xét. Két qua tan sé duge thé hién tuong tmg cho mode (1 1) va mode (1,2) nhu trén
Hinh 6(a), (c) Tam FGM mlcro khao sat co bja = 1,a/h = 50 va chi sb ty 1e thé tich p = 1. Rd rang,
tir két qua s6 ta thay rang hé s6 nén K w anh huorng khong dang ké dén tan s6 dao dong riéng cua tim
FGM micro, dic biét anh hudng cta nén dan hoi cang giam khi kich thuéc tim FGM micro cang bé
(ty sb h/ly bé).

Pé khao sat anh huong cua hé s6 nén dan hoi K ; dén tan sb dao dong riéng co ban w cua tam FGM
micro, tac gia da tién hanh xéac dinh tan s6 dao dong riéng w cua mode (1, 1) va mode (1, 2) tdm FGM
micro khi cho K thay doi tir 0 dén 150 trong khi giir nguyén hé sé nén K,, = 50 va ba trudng hop
h/lp = 1,5 va 10 duogc xét. Két qua tan sb ciia mode (1, 1) va mode (1, 2) dugc trinh bay twong ing ¢
cac Hinh 6(b), (d). Tam FGM micro khao sat co bja = 1,a/h = 50 va chi sb ty 1& thé tich p= 1 RO
rang 13, so voi hé s nén K, thi hé s6 nén K, anh hudng o rét hon Va dang ké hon dén tan sé dao
dong riéng @ cua tim FGM micro. Ciing vdy, anh hudng ciia hé sb nén K, cang giam khi tim FGM
micro cang nho (ty s6 h/ly bé).

0.8
06 ——hfly =1
. —e—h/ly=5
—>—h/la=10 07 |
0.5 L 06
04 05 1
3 i
03 3 04
z:—_—_g:@:@—:@:@:f' 0.3
0.2
0 EE
0.1 =1
0.1 o h/ly=5
—p—h/ly=10
0 0
0 50 100 150 0 50 100 150
(a) Anh hudng ctia Ky dén mode (1, 1) (b) Anh huong cta Ky dén mode (1, 1)

45



Loi, N. V., va cs. / Tap chi Khoa hoc Cong nghé Xay dung
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Hinh 6. Anh huong ctia cac hé s6 nén dén tan so dao dong riéng ctia tam FGM micro

5. Két luan

Bai bao da xay dung 10 giai giai tich cho bai toan dao dong riéng cta tim chit nhat FGM & kich ¢&
micro dit trén nén dan hdi Winkler-Pasternak, c6 bon bién tua khop trén chu vi. Cac phuong trinh chu
dao cua bai toan duogc xay dung dua trén nguyén Iy Hamilton, 1y thuyét cai tién bon an, va ly thuyét
cap tng suat hiéu chinh MCST. Phuong phap Navier dugc st dung d€ xac dinh tan s6 dao dong ri€éng
cua tam FGM micro c6 bién tyra khop. Két qua so cia bai toan duoc kieém ching va cac khao sat so
duogc thyc hién dé danh gia anh hudng cia cac tham so dén tan s6 dao dong riéng ciia tam FGM micro.
Mot s0 ket luan duoc rit ra tir bai bao:

A, s £ A 12 v T ST N A e geqs Z3Z3

- Két qua cho thay phién ban ly thuyét tam cai ti€n bon an chuyén vi véi ham f (z) = ~3 + 3 (ﬁ)
cho két qua khé sat véi cac cong bd khac vé dao dong két cau tim FGM micro.

- Khi kich thudc tam cang nho (ty so #/ly cang nho) thi tan so dao dong riéng w cuia FGM micro
cang 16n (tang do cuirng ctia tam) va anh hudng ctia hi¢u tng kich thudc dén tan s6 dao dong tam FGM
micro cang o rét.

- Anh huong cua hé s6 nén K dén tan s6 dao dong ri€éng w mode (1, 1) va mode (1,2) ctia tam
FGM micro kha 1a 16 rét va dang ké hon h¢ s6 nén K,,. Pac biét, anh hudng ctia h€ s6 nén giam di khi
tam khi tam FGM micro c6 kich thudc cang nhd.
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