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Tém tit

Bai bdo trinh bay 101 giai nghiem chinh xéc cho bai toan dao dong cudng birc cua dam nano c6 co tinh bién
thién (FGM) c6 vét nirt voi cac dicu kién bién bat ky dua trén 1y thuyét dan hoi khong cuc bd (NET) va Iy thuyét
dam Timoshenko. Trong d6, NET c6 xét dén hiéu mg leh thuoc ctia céc két cau nano, cac dic trung vat lidu
FGM thay ddi phi tuyén theo chiéu cao ddm. M hinh vét nirt gdm hai 16 xo dan hdi véi do cimg phu thudc
vao do6 sau vét nit. Phuong trinh dao dong dugc thiét 1ap dua trén nguyén 1y Hamilton, NET va 1y thuyét dam
Timoshenko v6i cac diéu kién bién khac nhau dwoc thiét 1ap tir dang yéu cua phwong trinh chuyén dong di khic
phuc nghich 1y khong cuc bo. Anh hudng ciia cac tham s hinh hoc, kich thudc nano, vat ligu, vét nirt dén dao
ddng cudng birc cia ddm nano FGM dugc nghién ctru chi tiét.

Tir khod: vét nitt; FGM; dAm nano; khong cuc bg; dang yéu.

FORCED VIBRATION OF THE CRACKED NANOBEAM MADE OF FUNCTIONALLY GRADED MA-
TERIALS

Abstract

This article presents the exact closed-form solution for the forced vibration of cracked FGM nanobeams with
arbitrary boundary conditions based on nonlocal elasticity theory (NET) and Timoshenko beam theory. The
NET considering the size effect of nanostructures is applied, and the FGM characteristics. change nonlinearly
with beam height. The crack model consists of two elastic springs with the stiffness depending on the crack
depth. The vibration equations are established based on the Hamilton principle, NET and Timoshenko beam
theory. The nonlocal boundary conditions established from the weak form of the equation of motion overcame
the nonlocal paradox. The effect of size-effect, geometrical parameters, materials, and cracks on the forced
vibration of FGM cracked nanobeams is studied in detail.

Keywords: cracks; FGM; nano beam; nonlocal; weak form.
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1. Mé dau

Vit liéu c6 co tinh bién thién (FGM) [1, 2] 1a mot dang vat li€u composite tién tién v6i cac dic
trung co hoc thay ddi lién tuc theo mot hodc hai phuong xac dinh. Dic tinh tron nay lam giam sy tap
trung Gmg suét va ting su két dinh giita cac 16p vat liéu khac nhau. FGM ciing dugc sir dung trong
cac két cau dam, tAm, vo cta cac thiét bi vi co dién tir ¢ kich thudc nano hodc macro. Viée nghién
ctru, tinh toan, ché tao va ung dung cac thiét b kich thuéc nhod ¢& micro mét (10_6 m) hoac nano mét
(107 m) 1am bang céc vat liéu tién tién nhu FGM trong céc linh vyc khoa hoc cong nghé cao dang
1a xu hudng phat trién manh mé cta khoa hoc cng nghé trén thé gidi va trong nudc. Hién nay co
khoang 10 Iy thuyét Co hoc méi trudng lién tuc hién dai xét dén cac hiéu tng kich thudc cho cac moi
truong co kich thudce micro/nano, mdi Iy thuyét c6 mot sé tham sb xac dinh [3, 4]. Do chi sir dung mot
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tham s kich thudc nén céc 1y thuyét dan hoi khong cuc bo Eringen (NET) [5], Iy thuyét cip Gmg sut
stra d6i (Modified Couple Stress Theory) [6], va 1y thuyét cip (g suét thong nhat (Consistent Couple
Stress Theory) [7] d dwoc nhiéu tac gia lwa chon nghién ctru cho két ciu nano. Trong d6, NET dugc
str dung rong rai trong phan tich dao dong két ciu nano tir vat liéu thuan nhat [8—11] va FGM [12].

Trong két cAu nano, hu héng hodc vét nirt xuét hién do anh hudng ctia nhiét d6 hoac bi mat nguyén
tt, ... vi du nhu viéc mat nguyén tir trong dim nano 14 do ning lugng bién dang bi vuot qua mot gisi
han nao d6 [13]. Két qua nghién ctru co ban vé phén tich dao dong cuia cac két cdu nano nguyén ven
¢6 rat nhiéu so v6i cac két cdu nano c6 hu hong. Nguyén nhan co ban 1a do cac khé khin caa bai toan
co hoc pha huy d6i voi vat lieu FGM [14—17] va su phic tap ctia bai toan dao dong ddi voi cac két
cAu nano c6 vét nit. Ding NET, cac tic gia [18 —22] d4 nghién ctru dao dong doc ciia thanh nano dong
nhét c6 mot vét nit cho cac diéu kién bién bét ky. Kiani va Zur [23] da phan tich dao dong tu do cua
hai thanh nano ghép song song v&i vét nit cuc b ding NET c¢6 xét dén hiéu Gmg bé mat. Akbas [24]
d3 phan tich dao dong doc cua thanh nano c6 vét nirt chiu tai trong diéu hoa. Céc tac gia [25-27] da
nghién ctru dao dong xodn cua thanh nano dong nhat. Dao dong tu do cia dam nano dong nhat c6 vét
ntt da duoc nhiéu tac gia nghién ctru. Cac tac gia [28—30] da nghién ciru dao dong ctia ddm nano ¢
mot vét nit véi mot sé diéu kién bién. Cac tac gia [31-35] da nghién ctu tan s dao dong tu do cia
dam nano nhiéu vét nirt va c6 dang bac. Hossain va Lellep [36] da phan tich sy thay d6i dang dao
dong clia ddm nano c6 vét nirt trén nén dan hoi. Céc tac gia [37-40] da nghién ctru dao dong tw do ciia
dam nano c6 vét niit trong moi trudng nhiét. Pouretemad va cs. [41] dd nghién ctru tan s6 dao dong tir
do cua dim nano c6 nhidu vét nirt tiét dién khong déu.

Céc nghién ctru trén déu ap dung cho thanh, dim nano bang vat liéu dong nhét, chi c6 it nghién
ctru dudi diy vé dao dong tu do ctia ddm FGM c6 vét nit ding NET. Soltanpour va cs. [42] dd phan
tich dao dong tu do ctia dam FGM c6 vét nirt nam trén nén dan hoi polymer. Ghadiri va cs. [13] da
phan tich anh huéng cua hiéu tng bé mit dén dao dong ti do ciia dAm nano Timoshenko cé vét nirt
trén nén dan hoi. Esen va cs. [43] da phan tich dao dong tu do ciia ddm micro trén nén dan hdi trong
moi truong tir va nhiét. Toan bd cac nghién ctru trén la danh cho dam nano FGM c¢6 mét vét nirt cho
dim hai dau khdp hodc hai diu ngam. Téan s riéng duoc tinh tir dinh thirc cia ma trén cip 8x8 bao
g6m bén diéu kién bién va bon diéu kién lién tyc tai tiét dién co vét nit. Gan day, Attia va cs. [44] da
phan tich sy thay doi ctia tin sb dao dong riéng cho dam FGM hai chiéu c¢6 hai vét nit bang phuwong
phap cau phuong vi phan.

Do viéc thiét 1ap diéu kién bién theo NET tir nguyén Iy Hamilton 1a khong chinh x4c nén giy ra
nghich 1y khong cuc bd ddi véi tan sb co ban hodc do vong cua dam cong xon [44—46], dién hinh 1a
két qua bai bao [44] xuit ban nam 2024. Do d0, cac bao cao cong bd thuong tranh dé cap dén nghién
ctru loai ddm nay. Tuy vdy, loai ddm nano cong xon rat hay dugc ding trong thuc té, dic biét trong
cac thiét bi thu thap ning lwong. Mot sé nghién ctru da dé xuét cac giai phap khac nhau dé khéc phuc
nghich 1y nay. Challamel va cs. [47] da dé xu4t md hinh dam roi rac, Khodabakhshi va Reddy [48] d4
dé xuit mé hinh vi-tich phan thong nhat thay thé cho mé hinh khong cuc bo. Gan day, Xu va cs. [49],
Aria va Friswell [50], Lién va cs. [51, 52] d4 dé xuét ding dang yéu ctia phuong trinh vi phan chuyén
dong dé thu duogc diéu kién bién chinh xac.

Trong bai bao nay, phwong trinh vi phan dao dong ctia ddm nano Timoshenko FGM d3 duoc thiét
1ap duya trén nguyén ly Hamilton, NET ¢ xét dén vi tri thuc ciia truc trung hoa. Vét nut ciia dam nano
FGM dugc mo6 hinh hoa bﬁng hai 16 xo dan hoi c6 do cing phu thudc do sau vét nirt theo co hoc pha
huy, cac 10 xo nay két ndi hai doan dam nano nguyén ven voi nhau. Nghiém chinh xac cua phuong
trinh vi phin dao dong cudng birc cho dim nano FGM c¢6 nhiéu vét nirt ciing vé6i dang yéu cia diéu
kién bién khong cuc bo di dugc dé xuét. Do tin cdy ciia nghiém dé xuét duoc kiém chung théng qua
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so sanh két qua s vdi cac két qua da cong bo cua cac nghién ctru khac. Tur do, cac tac gia da nghién
cuu chi tiét dao dong cudng birc cia dam nano FGM c¢é nhiéu vét nitt theo cac tham so hinh hoc, vat
liéu, vét nirt khac nhau va rit ra cac két luan can thiét.

2. Nghiém bai toan dao ddng cwdng birc cia dim nano FGM nguyén ven

z EGpv Truc trung hoa

EyGopp v

Hinh 1. DAm nano FGM trén nén dan hdi Winkler
Xét dam nano FGM c6 tiét dién chix nhét b x h, chiéu dai L, ndm trén nén dan hoi Winkler véi hé
s6 nén K,,. Ham vat liéu FGM c6 dang iy thira [1]
T T rfz 1 "
{E(Z)7 G(Z)5 p(Z)} = {Eba Gbypb} + {Et - Eb7 Gt - Gbapl _pb} E + E (1)
trong d6 E, G, p 1a md dun dan hdi Young, mé dun dan hoi truot va mat do khéi lwong; chi sé £ va b
chi lop vat li¢u trén va dudi; n 1a chi $6 phﬁn thé tich (Hinh 1). DAim chiu tai trong phan bd p(x, ) va
q(x, ) theo céc truc x va z tuong Gng. Chuyén Vi cia dam Timoshenko duoc viét dudi dang:

u(x,z,t) = ug(x, 1) — (z — hp)0(x,1);  w(x,z,t) = wo(x, 1) 2)

trong do6 up(x, 1) la chuyén vi doc truc; wo(x, 1) 1a chuyén vi ngang hoac d¢ vong cia diém trén truc
trung hoa; hg 1a khodng cach tir truc trung hoa dén tryc x 1a truc dat tai mat gitta ciia dam; 0 1a goc xoay
cua ti€t dién quanh truc. Bé qua anh hudng cua chuyeén vi doc truc va hi¢u ung kich thudc, Eltaher va
cs. [53] da xéc dinh dugc vi tri truc trung hoa cho ddm nano nhu sau:

nh(Rg — 1) E;

= s Dnt Ry NETE, 3)

Trong nghién ctru trude [54], cac tac gia da thiét 1ap dugc phuong trinh dao dong cia dam nano
FGM nguyén ven c6 dang

A 62u0 A 829 ] 621/!() 4] 629 + i (9414() (940 _ + 62p
o "o T M T e TH M aaan T Paxen) T TP T
9%0 (92uo owg 020 82uo 5414() %0
A=+ Ap|=— -0 -l — +1 —ul =0 (4
255 A, 3%( P ) nya tlopy —ulhog o5 + i oo s “)
Pwy 90 3wy 3*wo *wo azq
S Y K,wo + uk =—q+pu—r
33( ox2 ax) >3 H 5537 wWo + Uy —— q ﬂaxz
va diéu kién bién tuong tng
Ouyg 060 ug %0 ap
=00rN=Aj 5 — A + -1 -
to=Lor Wax T 25 ”( "oxor ~ oxar ~ ox
Oug 06 0*wo Fug 50
0=00rM=A1p— —Ap— +ull +1 -1 + Kywo — 5
or 1255 25" Ml o a2 2 oxon wWo — ¢ 6))

Owg Pwo owy  0q
=0 =Ap|— -0 h——+Ky—/—-—
o orQ=4s ( ox ) +M( Naxor T ax  ox
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vOi A1, A1z, A2 va Asz 1a cac d6 cing; 111, 112, I 1an lugt 1a cdc mo men khdi lugng

5
(A11,A12, Ag) = f E@)[1.z=ho. = ho)*|dA: Ay =% f G()dA
A A

(I, 1o, 1) = fP(Z)[l,Z—ho,(Z—ho)z]dA
A

Q)

u = (eoa)2 14 tham sb khong cuc bg, trong do6 eq 1a héng s6 cho mdi loai vat liéu; a 1a chiéu dai dic
trung bén trong ctia dim nano [5].

Diéu kién bién (5) dan dén nghich 1y khong cuc bd trong bai toan dao dong ciia dam nano theo
NET. Bé khic phuc, sir dung phép tinh bién phan Lién va cs. [51, 52] da dé xuit dung dang yéu cia
phuong trinh chuyén dong dé thu dugc diéu kién bién nhat quan bién phan (variational-consistent),
con goi la diéu kién bién dang yéu, c6 dang sau:

ouy 00 Aug 50 ap
—00rN=An2L _ 4% 4l -1 _P
to=1ot Ny ~ A TH ( "oxar ~ Poxor  ox
Ouyg 00 Fug 56
§=00rM=An22 4% 4yl 1 7
or 125y ~A%gx TH ( oo~ P oxor M

_ _ Owg Pwo owy  0q

Nhu vay, diéu kién bién dang yéu (7) khong co ) hang quan tinh ul 110%w0 /0% so voi diéu kién
bién thong thuong (5). Két qua tuong tu nay da duoc Challamel va cs. [47] dé cap dén khi xét dao
dong ctia dam Euler-Bernoulli dong nhat.

Str dung phép bién d6i Fourier:

[ee)

(U,0,W} = f {uo(x, 1), 0(x, 1), wo(x, 1)} e~ dt

—00

~ (®)
{p(x, w), Q(.X, w)} = f{p(x’ 1), CI(X, )} e—iwtdt

ta nhan duoc phuong trinh vi phan dao dong trong mién tan sb

4] {%} +[B] {%} +|C|tz) = 1@} ©)

va diéu kién bién dugc thiét lap tur dang yéu

(v M Q) =Brliz)-u[Q) (10)
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trong do [A] : [I_}] : [(_3] z):{q); {Q} la cac ma tran

Ay — ul? _(Alz_#llzwz) 0 0O o0 0
[A] =1- (AIZ —,Ullzwz) Ay — ulpw’ 0 ; [B] =10 0 As
0 0 Asz — pulo* + pk,, 0 -Asz 0
_ d’P _
he? I’ 0 U P-wr3 dP/dx
C| =|-11ne®  Dw® - Ass 0 |st@={et:t@= o |[;{Q=]| 0
0 0 Iho® - K, w - d*0 dQ/dx
0- ey
X
(11)
[Br] 1a toan tir diéu kién bién dang yéu
(An —umne?) 8y — (A —ulpw?) 8, 0
[Bg] = (Alz - /Jllzwz) dr — (Azz - ﬂlzzwz) Ox 0 (12)
0 —As33 (A33 -l w* + ,UKW) Ox

Phuong trinh dao dong tu do ctia ddm nano Timoshenko FGM c6 dang

A {E2h+ 8] { &)+ [c)iar = (13)

Khi d6, biéu thirc nghiém tong quét cho bai toan dao dong ty do ctia dam nano Timoshenko FGM
nguyén ven c6 dang
{zo(x, w)} = [G(x, w)]{C} (14)

trong d6 G 1a ma trin

[G(x, )] = [[Gi(x, w)] [Gax,w)] ]

aleklx azekzx a3ek3x ale—klx aze—kgx a,3e—k3x (15)
[Gi(x,w)]=| " 2 P [Gxw)]=| ehr ey
Pre* pre*t paet Bt —preT pye
a;vaB;(j=1,2,3)1acic h¢ sb
(AIZ —Mllzwz)k? + Iho? Assk;j

@j = s Bj= (16)

[An = pl10? + K, ] K + I1o? = K, [A33 — pl10? + pKy | K + I10? = K,

kjla s6 song dugc xac dinh tir phuong trinh dic trung
det(k*|A] + &2 [B] +[C[) = 0 (17)
(C} = (Cy,C2, C3, C4,Cs,Ce)" 1a cac hang sb, duoc xac dinh tir diéu kién bién tai 2 dau dam.
Nghiém riéng ctia phuong trinh (9) lién quan dén tai trong ngoai {q} co dang

X

{zq(x, )} = f [H(x - 7, w) {q(7, )} d7 (18)
0
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trong d6 [H(x, w)] 1a ma tran truyén thoa man phuong trinh
1|d®H| (~1[dH
1|2 |+ 91|

va diéu kién bién tai dau trai dam

+[C| H] = [0] (19)

(HO)] = [0} [H'(0)] = [A]" (20)

3. Dam nano FGM c6 nhiéu vét nirt va di€u kién bién

¥ = k.~
A
y ng

Hinh 2. D4m nano FGM c6 vét niit va cip 10 xo dan hdi twong dwong
Ddi véi dAm nano FGM, vét nit tai vi tri x = e duge mo hinh héa béng mot 10 xo doc truc voi do

cung kf va mot 10 xo xodn v6i do cung kf két ndi hai doan thanh nguyén ven tai tiét dién c6 vét nit
(Hinh 2). Bicu kién lién tyc tai ti€t di¢n cd vet nirt 1a [55]

Ue)) (Ue)) [n 0 0](Uke)
[@(e+)]—{®(e_)]= 0 y O @;(e)] 1)
Wies)) \Wie-) 0 2 0[\Wie)
voi
yi =An/k)s  y2=Anlkl (22)

Céac tham s0 y,y» dugc goi la tham s6 d6 16n vét nit, n6é phu thudc cac tham so vét li€u nhu mo
dun dan hoi Young, hé s6 nd ngang Poisson, chi phan thé tich va tham s6 hinh hoc nhu ty s6 gitta d6
sau vét nut va chiéu cao dam, ...

1 = 27(1 =v)héy (Ren) fi (%) v = 67(1 = v )hds (Re, 1) fo (%) (23)

trong d6 ¢; va ¢, la cac ham cua tham s6 vat liéu FGM; f1 va f> 1a cac ham thyc nghiém dugc xac
dinh theo Co hoc pha huy [55].

Nghiém riéng ctia phuong trinh (13) théa man diéu kién bién trai tai x = 0 la vé phai cta (21)
duogc biéu dién dudi dang [52]

{z.(x, )} = [Ge(x, w)l{z)(e)} (24)

trong d6 [Gc(x, w)] va {z/(e)} 1a cac ma tran

ajcoshkix arcoshkyx azcoshksx][ a1 @ a3 -l yi 0 0
[Gel(x, W)lsx3 = | coshkx coshkyx cosh kzx 1 1 1 0 vy 0O (25
,81 sinh k1x ,32 sinh kzx ,33 sinh k3x 1k1 ﬁzkz ,33k3 0 Y2 0
va
(zo(e)} = (U'e) O (e) Wite)) (26)
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Pua vao ma tran ham so

[(_}c(x, a))] x>0

[0] :x<0 @7)

[Ge(x, w)l3x3 = {

va ap dung nguyén 1y chong chat nghiém, ta nhan dugc nghiém phuong trinh (13) cho ddm nano c6
mot vét nit nhu sau

(2e(x, )} = {20(x, )} + [G(x — e, )] {7} (e)] (28)

trong d6 s6 hang dau tién 1a nghiém phuong trinh dao dong tw do ctia dam nano FGM nguyén ven, s6
hang thir hai 1a do vét nirt tai vi tri e. Dya trén quan hé hoi quy trén day, ta nhan dugc nghiém phuong
trinh (4) cho dam nano c¢6 nhiéu vét nit nhu sau:

(ze(x, )} = | [G(x, )] + Z [Getx - ep)] || [1C) = [¥ (. )] €} (29)
=1
trong do
[¥ (0], =[G w]+ ) [Getx—ep][i,] (30)
=1

va [)'(j] 12 ma trén hang sb

[Xj]z,xé G(ej)] Z[G (ej_ek)][Xk] j=1,23,...,n (31)

Nghiém day du ciia phuong trinh (9) cho ddm nano FGM ¢6 nhiéu vét niit chiu tai trong ngoai c6
dang sau:

(ze(x, )} = ¥ (x, )| (C} ~ {2(x, )] (32)
Diéu kién bién (10) co6 thé viét dudi dang:
(Bo (z) lv=0} = 11 {Qo};  {BL (z) =1} = 1 {Qu} (33)

v6i [Bol, [Br] 12 cac ma tran toan tir 3 x 3. Do sb hang thir hai ctia (29) va nghiém riéng (18) thoa méin
diéu kién bién bang 0 tai bién trai x = 0 nén khi 4p diéu kién bién thir nhét cia (33) vao s6 hang thir
nhat cta (29), ta ¢6

[Bol{zo} = [Bo1]1{Co} + [Bo2]{C {QO} (34)

véi cac hing s6 {Co) = (C1, Ca, C3)T;{C} = (Cy, Cs, Ce)T va céc ma tran

[Bo1(w)] = [Bo (G1(x,w)) lx=0]:  [Boz2(w)] = [Bo (Ga(x, w)) [x=0] (35)
Khtr {Cp} tir (34) ta nhan duoc
{Co} = [Botl™'1{Qo} - [Boi1™" [Boal {CL} (36)

Do d6 nghiém {zy(x)} co6 thé viét dudi dang

(2o(x, )} = [G1(x, )] Bor 1™ 11{Qo} + [Go(x, )] {CL} (37)
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trong do6 [Go(x, w)] 1a ma tran
[Go(x, w)] = [Ga(x, w)] = [G1(x,w)] [Bo1]™" [Boa] (38)

Tir d6 ta nhan duoc biéu thirc nghiém chinh xéac cua (9) c¢6 dang
(Ze(x, )} = u[G1(x, )] Bo1]™" {Qo} + [Go(x, w)]{Cr)

* Z [GC Xj] {CL} - {zq(x, w)} (39)

Biéu thirc nghiém (39) gdm bdn sd hang: s6 hang thtr nhat thé hién anh hudng cua diéu kién bién
bén trai, sé hang thir hai thé hién dap g tan s6 cia dam nguyén ven, s6 hang thir ba 1a anh hudng
cuia vét nut, sé hang cudi 1a nghiém riéng twong ng véi dang tai trong ngoai cho trude.

Ap diéu kién bién bén phai dim (33) cho nghiém (39), ta nhin duoc phuong trinh x4c dinh cac
héng sb {C.} nhu sau:

[[BLo(w)] ¥ Z B ()] [x;]

J=1

(C) = {brg(@)} + 1 ({Qu} - B Bo1™ {Qo})  (40)

trong do
[B1o(@)] = [Br Golv.Nl]s  [Bia(e))] = Bo (G (v ¢)))

Wl e

va
(bry@) = {Be(gr )|} Buil = [BLGi @)t (42)
Giai phuong trinh (40), ta xac dinh duogc héng $6 {Cy}, tir d6 ta nhan duoc nghiém dﬁy du cua
phuong trinh dao dong cudng birc cia ddm nano FGM c6 nhiéu vét nut.
4. Két qua s6 va thao luin

Dudéi day, ta sé str dung cac dai lugng tan so, d6 vong, goéc xoay, md men va lugc cat khong thir
nguyén nhu sau:

A bh? 2 K, L* A Anb M
/ll‘:(,()iLz pm—m’l_ *_(@)7szw—’w*: 22:‘/’0*:2—237M _—27Q*:g
Enl 12° h E.l qL qL qL (?é)

Bang 1 1a so sanh tan s6 dao dong co ban khong thir nguyén ciia ddm nano FGM nguyén ven co
hai diu ngam véi két qua s ctia Aria va Friswell [50] sir dung phuong phap phan tir hitu han véi 26
phﬁn ttr theo cac tham sb khong cuc bo ¢, tham s6 vat liéu n va ty s6 chiéu dai/chiéu cao dam L/h
khac nhau. Sy tring hop hoan toan cuia cac két qua tinh ciing thu duoc véi cac didu kién bién khac
nhu hai dau khép, cong x6n va dau ngam - dau khop. Bang 2 1a két qua so sanh ba tan s6 khong tht
nguyén dau tién ciia ddm nano hai dau khép c6 mot vét nirt tai tiét dién giita nhip vé6i cac tham sb vét
nut va tham sé khong cuc b khac nhau voi két qua da cong bd ciia Torabi va Dasgerdi [29]. Ta nhan
thiy sai sb giira cac két qua 1a rat bé, chip nhan dugc. Cac két qua kiém chimg trén day di khang dinh
do6 chinh x4c va tin cdy ctia nghiém dé xuAt.

Xét dAm nano FGM véi cac tham s vat lidu [53]: mat duéi la kim loai v6i E, = 70 Gpa, G, = 26
Gpa, pp = 2700 kg/m>; mit trén 12 gbm véi E, = 393 Gpa, G, = 157 Gpa, p; = 3960 kg/m>; hé s6

23



Lién, T. V., va cs. / Tap chi Khoa hoc Cong nghé Xay dung

Bang 1. So sanh tan s6 co ban khéng tht nguyén cia dim nano FGM

. n=0,1 n=20,5 n=1 n=2 n=>5
u
Bai bao Tailiéu [50] Baibao Tailiéu [50] Baibdo Tailiéu [50] Baibao Tailiéu [50] Baibao Tailiéu [50]

L/h =20

0 7,4477 7,4477 8,8199 8,8199 9,4292 9,4292 10,0175 10,0175 10,7850 10,7850

1 73363 7,3363 8,6877 8,6877 9,2878 9,2878 9,8673 9,8673 10,6233 10,6233

2 17,2295 7,2295 8,5611 8,5611 9,1524 9,1524 9,7234 9,7234 10,4685 10,4685

37,1271 7,1271 8,4396 8,4396 9,0225 9,0225 9,5855 9,5855 10,3201 10,3201

4 17,0288 7,0288 8,3231 8,3231 8,8979 8,8979 9,4530 9,4530 10,1776 10,1776

5 69344 6,9344 8,2111 8,2111 8,7781 8,7781 9,3258 9,3258 10,0406 10,0406
L/h =100

0 75736 7,5736 8,9527 8,9527 9,5628 9,5628 10,1555 10,1555 10,9378 10,9378

17,5689 7,5689 8,9472 8,9472 9,5569 9,5569 10,1493 10,1493 10,9311 10,9311

2 17,5643 7,5643 8,9417 8,9417 9,5511 9,5511 10,1431 10,1431 10,9243 10,9243

3 17,5596 7,5596 8,9363 8,9363 9,5452 9,5452 10,1369 10,1369 10,9176 10,9176

4 17,5550 7,5550 8,9308 8,9308 9,5394 9,5394 10,1307 10,1307 10,9110 10,9110

5 17,5504 7,5504 8,9253 8,9253 9,5335 9,5335 10,1245 10,1245 10,9043 10,9043

Bang 2. So sanh 3 tan s6 khong thir nguyén diu tién cua ddm nano hai ddu khop c6 1 vét nirt tai gitra nhip

©° A Baibao Tailiu[29] Baibao Tailigu[29] Baibao Tailiéu[29] Baibao Tailigu [29]

K=0 K = 0,065 K =035 K=2
13,1252 3,1252 2,9379 2,9379 2,3533 2,3533 1,3055 1,3055
00 2 61583 6,1583 6,1583 6,1583 6,1583 6,1583 6,1583 6,1583
39,0327 9,0328 8,5535 8,5536 7,3534 7,3535 6,3927 6,3928

K=0 K = 0,065 K =035 K=2
1 28795 2,8795 2,729 2,729 2,2387 22387 1,2842 1,2842
20 2 49225 4,9225 4,9225 4,9225 4,9225 4,9225 4,9225 4,9225
3 64221 6,4222 6,1819 6,182 5,586 5,5861 5,2077 5,2078

K=0 K = 0,065 K =035 K=2
1 24744 2,4744 2,3682 2,3682 2,0091 2,0091 1,2293 1,2293
40 23,8024 3,8024 3,8024 3,8024 3,8024 3,8024 3,8024 3,8024
34,6086 4,6087 4,4652 4,4653 42535 42536 3,9264 3,9265

K=0 K = 0,065 K =035 K=2
12,1494 2,1494 2,0679 2,0679 1,7907 1,7907 1,1586 1,1586
6,0 23,1755 3,1755 3,1755 3,1755 3,1755 3,1755 3,1755 3,1755
33,9211 3,9212 3,8037 3,8038 3,5114 3,5115 3,2633 3,2634

Poisson khong ddi v = 0,3 cac tham sb hinh hoc: & = 1 nm, b = h, L = 10h. Dam chiju tai trong phan
b6 déu vai tan sb luc kich dong 1a 1000 Hz.

Hinh 3 thé hién d6 vong (a), goc xoay (b), mé men (c) va luc cit (d) cia ddm nano FGM c6 n = 2,
hai du géi tua, chiu tai trong phan bd déu trén nén dan hdi véi k,, = 25 va cac hé sé u* = 0,2, 4. Dam
c6 vét nirt tai vi tri gitra nhip véi ty 1& d6 sau/chiéu cao ddm a/h = 20%. T cac hinh v&, ta nhan thay
d6 vong va goc xoay ctia dim ting 1én (khoang 15% tai giita nhip) trong khi mé men va lyc cit giam
khi hé s6 khong cuc b tang. Néu khong c6 nén dan hoi thi mo men va luc cit khong thay doi theo
. Hinh 4 thé hién do vong cua dam nano FGM véi céac diéu kién bién géi tura — géi tya (a), ngam —
ngam (b), ngam — ty do (cong x6n) (c) va ngam — gbi tua (d) chiu tai trong phan bd déu trén nén dan
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Hinh 3. Chuyén vi (a), gég x0ay (b), mo men (c) valuc Cét’ (d) cia ddm nano FGM hai dau gdi tya chiu tai trong
phan bo déu trén nén dan hoi vdi cac hé s6 khong cuc bo khac nhau p* = 0,2, 4

hi k,, = 25 v&i cac hé s khong cuc bo khac nhau u* = 0,2, 4. Dam c6 vét nit tai vi tri gitra nhip voi

ty 1& d6 sau/chiéu cao dam a/h = 20%. T cac hinh v&, ta nhan thay d6 vong ctia dam ting 1én khi hé

s6 khong cuc bo ting ngay ca dbi voi ddm cong x6n. Diéu d6 thé hién rang diéu kién bién dang yéu

dé xuat (7) da khéc phuc dwoc nghich 1y khong cuc bd. Trong cac khao sét tiép theo, ta chi xét truong

hop diéu kién bién dim gbi tya hai dau cho don gian.

5 2107 x107%

p=0

p=2

=0

Chuyen vi w*
Chuyen vi w*

o 0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9 1 0 01 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
(a) Goi tua - goi tua (b) Ngam - ngam
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pr=l)
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(c) Ngam - ty do

(d) Ngam - gbi tya

Hinh 4. D6 vdng ciia dam nano FGM vdi cac didu kién bién khac nhau chiu tai trong phan bd déu
trén nén dan hoi vai cac hé s6 khong cuc bd khac nhau u* =0, 2,4
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(d) Biéu dd Iyc cit

0.6

Hinh 5. Chuyén vi (a), goc xoay (b) md men (c) va lyc cat (d) cia dam nano FGM hai dau gdi tua co
mot vét nirt chiu tai trong phan bd déu trén nén dan hoi voicac hé sb chi phan thé tich n = 0,2;2; 20

Hinh 5 thé hién do vong (a), goc xoay (b), md men (c) va lyc cat (d) ciia ddm nano FGM c6 hé s6
khong cuc bd u* = 2, hai dau géi tua, chiu tai trong phan bd déu trén nén dan hodi véi k,, = 25 va cac
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hé s6 chi phan thé tich n = 0,2;2;20. Dam c6 vét nit tai vi tri giita nhip voi ty 1& do sau/chiéu cao
dam a/h = 20%. C6 thé th:?iy do vong, goc xoay, md men udn va luc cét cua dam déu giam di r0 rét
(khoang 70% tai giita nhip) khi hé s6 chi phan thé tich ting. Néu khong c6 nén dan hdi thi mé men
va luc cat khong thay ddi theo n. Hinh 6 thé hién d6 vong (a), goc xoay (b), md men (c) va luc cit
(d) ctia dAm nano FGM c6 hé sb khong cuc bd u* = 2, hé s chi phan thé tich n = 2, hai dau gbi tua,
chiu tai trong phan bd déu trén nén dan hoi véi k,, = 25 va cac ty s6 mo dun dan hoi mat trén va dudi
E,/E» = 0,1;5;50. DAm c6 vét nit tai vi tri gitta nhip voi ty 1& do sau/chiéu cao dam a/h = 20%.
Ta thay do vong, goc xoay, md men udn va luc cit ciia dam déu ting 1én rd rét (gip hai lan tai giira
nhip) khi ty s6 mé dun dan hdi trén va mit dudi ting. Néu khong c6 nén dan hdi thi mé men va luc
cit khong thay d6i theo ty sb E;/Ep.
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(c) Biéu @6 mo6 men (d) Biéu do luc cat

Hinh 6. Chuyén vi (a), goc xoay (b) md men (c) va luc cét (d) ciia dam nano FGM hai dau gdi tua c6 1 vét nut
chiu tai trong phan bd déu trén nén dan hdi voi ty sé mo dun dan hoi mat dudi va trén E,/E, = 0,1;5; 50

Hinh 7 thé hién d6 vng (a), goc xoay (b), md men (c) va luc cit (d) cia ddm nano FGM ¢6 hé s6
khong cuc bd u* = 2, hé s chi phan thé tich n = 2, hai dau gbi twa, chiu tai trong phan bd déu trén
nén dan hdi véi cac hé sd nén k,, = 0, 25, 50. DAm ¢ vét nit tai vi tri gitra nhip voi ty 1€ do sau/chiéu
cao dam a/h = 20%. Ta nhan thay d6 vong, goc xoay, md men udn va luc cit ctia dim déu giam di 16
rét (hon mot nira tai gitra nhip) khi hé sb nén dan héi tang 1én. Hinh 8 thé hién d6 vong (a), goc xoay
(b), md men (c) va luc cit (d) caa dAm nano FGM c6 hé sé khong cuc bd u* = 2, hé s6 chi phan thé
tich n = 2, hai dau géi tua, chiu tai trong phan bd déu trén nén dan hoi vai 1 vét nit tai gitra nhip véi
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cac ty 1& d6 sau/chiéu cao dam thay d6i a/h = 0, 20%, 40%. Ta nhan thiy do vong, goc xoay ctia dam
tang 1én rd rét (khoang 35% tai giita nhip) trong khi mo men ubn va luc cit giam khi do séu vét nut
tang 1én. Néu khong c6 nén dan hdi thi mé men va luc cit khong thay d6i theo d¢ sau vét m’rt Hinh 9
thé hién do Vong (a), goc xoay (b), m6 men (c) va lu'c cit (d) cua dam nano FGM c6 hé sb khong cuc
bo u* = 2, hé sb chi phan thé tich n = 2, hai dau gdi twa, chiu tai trong phan b6 déu trén nén dan hoi
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Hinh 7. Chuyén vi (a), goc xoay (b), mo men (c) va luc cat (d) ctia ddm nano FGM hai dau gdi tua c6 1 vét niit
chiu tai trong phan bd déu trén nén dan hoi voi hé s6 nén dan hoi khong thi nguyén k,, = 0;25; 50
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Hinh 8. Chuyen vi (a), goc xoay (b) mo men (c) va luc cit (d) ciia dAm nano FGM hai dau gdi tya chiu tai trong

phan bd déu trén nén dan hdi c6 1 vét nut tai giita nhip, d6 sau vét nut thay déi: a/h = 0;20%;

5 5"\0'3 004
f=0.1e7(Hz)
=0 5e7(Hz) 003}
ok f=1.0e7(Hz)

Chuyen vi w*
Goc xoay theta*

40%

f=0.1e?(Hz)
=0.5e7(Hz)
f=1.0e7(Hz)

-0.04
0O 01 D02 03 04 05 06 07 08 09 1 0
x/L
(a) Biéu do chuyén vi
ROt =0.1e7(Hz) &7
f=0.5e7(Hz)
ot f=1.0e7(Hz) 0.3
021
001t
. 01T
= 02 o
S ]
(v 0r
E o
§ 0.03 | =
01
0.04
02t
0.05 04k
o I I I I ! I I | P
0 01 02 03 04 05 06 07 08 09 1 0

01 0.2 0.3 0.4 0.5 0.6 0.7 08 0.9 1
/L

(b) Biéu dd goc xoay

f=0.1e7(Hz)
=0.5e7(Hz)
f=1.0e7(Hz)

xL

(c) Biéu db mé men

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
XL
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Hinh 9. Chuyén vi (a), goc xoay (b), md men (c) va luc cat (d) ciia ddm nano FGM hai dau gdi tua c6 1 vét niit
tai gitta nhip, d6 sadu 20% chiu tai trong phan bo deu trén nén dan hoi vdi cac tan so kich dong khac nhau
v6i cac tan s6 thay d6i f = (0,1;0,5; 1) x 107 Hz, dim c6 1 vét nut tai vi tri gitta nhip voi ty 16 do
sau/chiéu cao dam a/h = 20%. Ta nhén thay d¢ vong va mé men uon tang Ién (khoang 10% tai gilra
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nhip) trong khi goc xoay va luc cit ciia dam ting cham hon khi tan s6 luc tac déng tang 1én.

Hinh 10 thé hién d6 Vong (a), goc xoay (b), m6é men (c) va luc cit (d) ciia dAm nano FGM c6 hé
so khong cuc b ,u = 2, h¢ s6 chi phan thé tich n = 2, hai ddu gdi twa, chiu tai trong phan bd déu trén
nén dan hdi voi sb luong 4 vét nitt tai cac vi tri x/L = 0,2; 0,4; 0,5; 0,8 ty 1¢ do sau/chiéu cao ddm
a/h = 20%. Ta nhan thiy d6 vdng, goc xoay ting Ién (khoang 17% tai giita nhip) trong khi m6 men
ubn va lyc cat cia dim giam di hon khi sé lugng vét nirt ting 1én.
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Hinh 10. Chuyén vi (a) gbc xoay (b), m6 men (c) va luc cit (d) cua dam nano FGM hal dau g01 tua chiu tai
trong phan bb déu trén nén dan hdi v6i sé luong vét nirt tir 0 dén 4, d6 sau cac vét nut déu 13 0,2

5. Két luan

Bai bao di trinh bay 151 giai nghiém chinh xac cho bai toan dao dong cudng birc ciia dim nano
FGM c6 nhiéu vét ntt voi cac diéu kién bién bat ky. M6 hinh vét nirt gdm hai 16 xo dan héi c6 do
ctng phu thudc d¢ sau vét nut. Phuong trinh dao dong dugc thiét 1ap dua trén nguyén 1y Hamilton,
NET va Iy thuyét dim Timoshenko v&i cac diéu kién bién khac nhau dugc thiét 1ap tir dang yéu cia
phuong trinh vi phan dao dong dé khic phuc duoc nghich 1y khéng cuc bd. So sanh két qua sé véi cac
Kkét qua da cong bd cua cac tac gia khac da khflng dinh d9 tin cdy cuia nghiém d& xudt. T do, cac tac
gia da nghién ctru chi tiét dao dong cudng buc ciia ddm nano FGM c6 nhiéu vét nit theo cac tham sd
hinh hoc, vat liéu, vét nut khac nhau va rat ra cac két luan:
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Do vong, goc xoay, md men udn va lyc cat ciia ddm nano FGM ting 1én khi tham sé chi s phan
thé tich n, ty s6 m6 dun dan hdi mat trén va mét duéi E,/ Eb, tan sb kich dong téng l1én. Nguoc lai do
vong va goc Xoay tang 1én trong khi mé men udn va luc cét glam di khi tham s6 khong cuc bo, do sdu
Vet nut, tan sb tai trong ngoai tang 1én. Pong thoi nén dan hdi lam giam do vong, goc xoay, md men
ubn va lyc cit trong dam.

Néu khong c6 nén dan hdi thi mé men va luc cat khong thay doi theo cac tham sé khong cuc bo
u*, chi phﬁn thé tich n, ty s6 E,/E;, va do sau vét nut. Dbi véi cac diéu kién bién ngam 2 dau hodc
cong x0n ta cling nhan dugc két luan tuong ty.

Cac nhén xét trén day rat hitu ich cho bai toan nhan dang vét nit trong cac két ciu nano FGM
thong qua do dac cac phan tmg dong cia két cau chiu tai trong cudng btrc. Nghién ctru nay 1a bude
dau cho cac nghién ciru tiép theo vé cac két cu nano FGM khac nhu dim lién tuc, khung nano phtrc
tap hon.
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