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Tém tit

Dbi voi tim nano, do ty s6 dién tich bé mat trén thé tich vét thé 16n, ing suat bé mat ¢6 anh huorng 16n dén
ung Xt co hoc cua két cau. Bai bao xay dung 10i giai giai tich phan tich tmg xr uén va 6n dinh cua tim nano
FGM c6 vi bot rong, sir dung ly thuyet dan hoi phl cuc bg, trong dé c6 xem xét anh huorng cua hleu (g bé mit.
Céc phuong trinh cin bang cho tim nano trén nén dan hdi Pasternak, theo 1y thuyét bién dang cét bac ba cua
Reddy dugc thiét 1ap dua trén nguyén 1y thé ning cyc tiéu. Tai trong t6i han trong phén tich 6n dinh va d6 vong
clia tAm nano chiu udn duoc xac dinh bang nghiem Navier voi truong hop tam chit nhat lién két khop trén chu
tuyén. Anh huong cua hi¢u g bé mat, tham s6 phi cuc bg, cac tham sb klch thudc, vat liéu va nén dan hoi lén
g xir udn va 6n dinh ctia tim FGM nano s& duoc thé hién qua cac vi du sd.

Tir khod: tAm nano; ly thuyet dan hdi phi cuc bo; nang luong bé mit; vat liéu FGM ¢6 vi bot rong; phan tich tinh.

BENDING AND BUCKLING ANALY SIS OF FGM NANOPLATES WITH POROSITIES BASED ON NON-
LOCAL ELASTICITY INCORPORATING THE SURFACE EFFECTS

Abstract

For nanoplate, due to the large surface area to volume ratio, surface stress has a strong influence on the mechan-
ical behaviour of the structure. This paper presented an analytical solution to analyze the bending and buckling
response of FGM nanoplate with porosities, using non-local elasticity theory incorporating the surface effects.
The equilibrium equations for nanoplate resting on the Pasternak elastic foundation have been derived based
on the principle of minimum potential energy within the framework of Reddy’s third-order shear deformation
theory. The critical buckling load in the buckling analysis and deflection in the bending analysis of nanoplates
are predicted by using the Navier solution for simply supported rectangular nanoplate. The influence of sur-
face effects, non-local, size-dependent parameters, material and elastic foundation on the bending and buckling
behaviour of FGM nanoplate with porosities will be demonstrated through numerical examples.

Keywords: nanoplate; non-local elasticity theory; surface energy; FGM with porosities; static analysis.
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1. Mé dau

Mot trong nhiing linh vuc nghién ctru méi ndi va phat trién nhanh, c6 anh huéng sau rong dén
céc nganh cong nghiép, cac hoat dong kinh té va doi séng xa hoi hién nay c6 thé noi d6 1a cong nghé
nano. Cong nghé nay da timg budc md dudng cho viée tao ra mot thé hé vat liéu méi véi cac dic tinh
vuot trdi va tiém nang tng dung cao. Mot trong cac tng dung d6 c6 thé ké ra 1a cac hé thdng vi co
dién, vi co dién tir (NEMS), cic cam bién dién dung, cong téc dién tt, va cac hé thdng truyén dong
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vi co, v.v., tat ca chung déu hoat dong & kich thude nano. Tuy nhién, kich thude nhé cta cac két cau
nano da dat ra thach thirc khong hé nho cho cac nha khoa hoc trong linh vuc co hoc nano va cong
nghé nano nay. Ly thuyét dan hdi cd dién da bo qua anh hudng cua hiéu ung kich thudc, dan dén su
thiéu chinh xéc trong tinh toan cho két cdu ¢ kich thudc nano. Do d6, cac 1y thuyét dan hoi cai tién
cho cac két cau & kich c¢& nano di dugc dé xuit, chang han: 1y thuyét dan hdi phi cuc bo (nonlocal
elasticity theory) [1, 2], Iy thuyét cip tng suit (couple stress theory) [3], Iy thuyét cip tng sudt cai
tién (modiﬁed couple stress theory) [4, 5], 1y thuyét gradien bién dang (strain gradient theory) [6]; 1
thuyét gradien bién dang phi cuc bo (nonlocal strain gradlent theory) ly thuyét nang luong bé mat
(surface energies theory) [7], ... Trong cac nghién ctru vé két cau c6 kich thudc nano, 1y thuyét dan
hdi phi cuc bd ctia Eringen 1a mot trong nhitng 1y thuyét dugc ap dung rong rai nhat. Theo Eringen,
ung suét tai mot diém khong chi phu thudc vao bién dang tai diém dang xem xét ma con phu thude
vao bién dang tai cac diém lan c4n xung quanh.

Vat liéu ¢6 co tinh bién thién (FGM) la mét loai véat liéu composite thé hé m&i, co tinh chat vat
liéu thay d6i tron va lién tuc tir b& mat ndy sang bé mit khac cta két cau, do d6 khic phuc duoc su
tap trung ing suat, su bong tach cac pha vat liéu thanh phan nhu thudng xay ra véi vat liéu composite
thong thuong. Vit liéu FGM dién hinh thuong duoc tao thanh tir hai vat lidu thanh phan 1a gém va
kim loai, day 1a loai vat liéu khong ddng nhat, dang hudng. Do két hop duoc kha niang chiu nhiét cao
cua gom, d6 bén déo cua kim loai nén vt liéu FGM thuong dugc su dung dé ché tao nhitng bo phan
co khi, cau kién cong trinh lam viéc trong mdi trudng nhiét do cao. Trong qué trinh san xuat, cac vi
bot rdng co thé xuat hién bén trong vat liéu FGM. Hién tugng niy cht yéu phat sinh tir qua trinh nhiét
héa ran khac nhau ctia cac vat liéu cau thanh.

Trong ché tao bd phan cua cac thiét bi vi co, vat liéu tién tién noi chung va vat lieu FGM, FGM
co vi bot rSng n6i riéng duoc sir dung kha phd bién. Cac nghién ctru vé tng xir tinh va dong cua cac
két cau dam, tdm, vo FGM nano vi thé duoc nhleu tac gia trong va ngoa1 nuoc quan tam. Str dung
ly thuyét dan hoi phi cuc bd, nhiéu nghién ciru vé ubn, dao dong va 6n dinh cua tim FGM da duoc
thuc hién [8—11]. V6i dam, tAm, vo nano FGM c¢6 vi bot rong, 1y thuyet dan hoi phi cuc bd cling dugc
sir dung trong nhiéu khao sat. K& va Hong [12] phén tich dao dong tur do ctia dam cong, co tinh bién
thién, c6 16 rdng, kich thudc nano, dit trén nén dan hdi Pasternak. Mechab va cs. [13] d4 nghién ctru
anh hudng cia vi bot rong dén dao dong tu do ctia tim nano FGM dit trén nén dan hoi Pasternak dya
trén 1y thuyét tim cai tién hai an s6 chuyén vi. Daikh va cs. [14] sir dung 15i giai Navier va Iy thuyét
bién dang cét bac cao dé phan tich dao dong ti do ctia tim nano sandwich FGM. Hadji va cs. [15] da
thiét 1ap 10 giai giai tich dé phan tich dao dong tur do ctia tim nano FGM véi cac diéu kién bién khéac
nhau bang 1y thuyét bién dang cit bac cao bbn 4n chuyén vi. Dya trén 1y thuyét bién dang cét bac nhat
va ly thuyét dan hoi phi cuc bd dugce cai tién, Vinh va cs. [16] da khao sat anh hudng cua hiéu ung
kich thudc dén tan sé dao dong riéng ciia vo mong hai d6 cong FGM c6 vi bot rdng. Slimane va cs.
[17] khao sat dong tu do cua tAm nano FGM c6 vi bot rdng sir dung 1y thuyét bién dang cit bac cao
bdn an s6 chuyén vi bang phuong phap giai tich. Phung-Van va cs. [18] theo tiép can ding hinh hoc,
phén tich tinh va dao dong tu do ctia tim nano FGM ¢6 vi bot rdng véi 2 dang phan bo: déu va khong
déu - dbi ximg.

Khi két cau giam kich thudc, ty 1¢ dién tich bé mit so véi tong thé tich két cdu trd nén dang ke.
Do d6, dic tinh vét liéu cta cac 16p bé mit bao quanh méi trudng dan hdi khac véi dic tinh caa vat
liéu phéan than. Ty 1& dién tich b& mit trén thé tich cia cac két ciu nano 16n din dén anh hudng khong
thé bo qua cta tng sudt bé mit so vdi cac két cau o kich thude thong thuong. Trong 1y thuyét hiéu
ung bé mit do Gurtin va Murdoch [19, 20] dé xuét, l6p bé mit két ciu duge coi nhu mot 16p mong
v6i cac dic tinh vat lidu riéng biét so v6i vat lidu 16p bén trong két cau. Str dung 1y thuyét nay, nhiéu
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nghién ciru di dugce tién hanh dé nghién ctru tmg xtr co hoc cia két cau nano. Sir dung 1y thuyét tim
Mindlin va phuong phép vi phan ciu phuong, Ansari va cs. [21] dé x4c dinh tai trong t6i han cua tAim
nano diang hudng, do véng 16n nhét ciia tim nano chiu tai trong ngang phéan bd déu khi ¢6 ké va khong
ké dén hiéu Gmg bé mit. Dya trén 1y thuyét bién dang cit bac nhat két hop véi 1y thuyét tim c6 dién,
Ansari va Sahmani [22] d4 phat trién 10i giai giai tich dé phan tich dao dong tu do ciia tim nano déng
hudng c6 xét dén anh huong cua hiéu tmg bé mat. Karimi va cs. [23] d4 st dung phuong phap sai
phéan hitu han dé nghién ctru anh huong cta hiéu tmg kich thudc dén cac dic trung dao dong tu do
ctia tAm nano chir nhat ddng hudng ¢ xét dén hiéu ing tng suit bé mat. Yang va cs. [24] di cho thay
anh huong 16n cta hiéu tng bé mat dbi voi két ciu nano thong qua khao sat tmg xir dao dong riéng
va udn d6i xng tim ciia tAm nano tron vai cac diéu kién bién khac nhau theo Iy thuyét bién dang cat
béc nhat. Norouzzadeh va Ansari [25] nghién ctru vé dao dong ty do ciia tim nano FGM sir dung ly
thuyét bién dang cét bac nhat va phuong phap dang hinh hoc. Trong nghién ctru nay cia ho, ca hiéu
ung phi cuc bo va hiéu rng bé mit da cung dugc xét dén.

Tur nghién ciru tong quan & trén, co thé thiy rang, dé khao sat hiéu ung kich thudc cua két cau
nano, 1y thuyét dan hoi phi cuc b 1a mét trong nhiing 1y thuyét duoc sir dung rong rai, tuy nhién Iy
thuyét nay lai chua ké dén anh huong ctia hiéu tmg ciia ing sudt bé mat diéu khong thé bo qua ddi véi
cac két cdu ¢ kich ¢& nano. Do vdy, trong bai bao nay, lan dau tién, ing xir tinh va 6n dinh cta tim
nano FGM c6 vi bot rdng s& dugc khao sat khi xét dén anh huéng dong thoi ctia hiéu tmg phi cuc bd
va hiéu ng ng suat bé mat. Ly thuyét bién dang cit bac ba cua Reddy dugc str dung dé thiét 1ap 10i
giai giai tich ciia d6 vong va luc mat 6n dinh, tir 6 tién hanh khao sat anh huong ddng thoi cua hai
hiéu tng nay, ciing nhur anh hudng cua kich thude tim, cac tham s vat liéu va nén dan hoi dén do
vOng va tai trong téi han cua tim nano FGM c6 vi bot rong.

2. Co s6 Iy thuyét
2.1. M6 hinh tam nano bcing vat lieu FGM co vi bot ro’ng

Xét tAm chir nhat nano bang vt liéu P-FGM c6 vi bot rdng chiéu day £, kich thudc theo phuong
céc truc x, y 13 a (chiéu dai), b (chiéu rong). TAm dugc dat trén nén dan hoi Pasternak (Hinh 1) v6i cac
hé sb nén: k,, - hé s6 do cung ubn (Winkler stiffness), k; (i = x,y) - hé s6 do cung ct (shear stiffness).

zZ,w

Mit gidu gbm

Mt gidu kim loai

\ ks FGM -1 FGM-2 FGM-3

Hinh 1. TAm nano FGM c6 vi bot rdng trén nén dan hdi Pasternak
Céc tinh chét hiéu dung (m6 dun dan hi, hé sb Poisson) cta vat licu FGM thay ddi theo toa do
chiéu day tir bé mat dudi (ky hiéu S, véi z = —h/2) giau kim loai ti bé mit trén (ky hiéu ST, voi
z = h/2) giau ceramic, bao gdm céc trudng hop: FGM hoan hao [26] va khong hoan hao [27, 28] (c6
vi bot rdng phan bd theo cac quy luat khac nhau) nhu sau:
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- Vit liéu FGM hoan hao (FGM-1):

z 1Y
P(Z)z(Pc_Pm)E+§ + Py (1)

- Vat liéu FGM c¢6 vi bot r5ng phan bd déu (FGM-2):

P
P(5) = (P - Pm)(g + %) + Py - g (Pe + Py) @)

- Vat liéu FGM c¢6 vi bot rdng phan bd khong déu - dbi xtng (FGM-3):

z 1Y e 22|
P@)=P:—P)|l=+=] +Pp—=Pc+P)|l - —
(2) = (Pc m)(h 2) m= 5 (Pc m)( n 3)
trong d6 p 1a chi s6 ty 1& thé tich cac vat liéu thanh phan cau thinh FGM (p > 0); e 1a ty 1¢ thé tich
ctialdrong (0 < e < 1).

Hai 16p bé mat rat mong c6 cac tham s6 dan hoi, bao gom [21, 22]: 1%, 4** 1a cac hang s6 Lame
bé mit (surface Lame constant); 7** 1a ing suat du bé mit (denotes the residual surface stress).

2.2. Cadc hé thirc co ban - Hé phwong trinh chu dao ciia tam nano
St dung ly thuyét bién dang cit bac ba cua Reddy, céac thanh phén chuyén vi (u, v, w) cta diém
bat ky trong khong gian tam dugc xac dinh bai [29]:
3 5W0
M(X,y,z):MO(X,)’)"‘Z@)C(X,Y)_KZ 9x+§
ow 4
v(x,y,2) = vo(x,y) + 26y (x,y) — Kz (Gy + (')_yo) )

W('x’y’z) =Wwo (X,}’)

4 3 L A Ao X .
trong do k = W; up, vo, wo 1a cac thanh phan chuyén vi ciia diém trén mat trung binh theo cac phuong

x,y,2; 6y, 6, 1a cég g(’)c’ xoay cua phép tuyén mat trung binh quanh hai tryc y, x.
Céc thanh phan bién dang tuyén tinh nhan duogc:

Ex 8% K 3 K; Y 2 70
g r=4¢e b+z3 Kk, b+ K b L =(1-3«z { xz} 5
’ 0 Y i {Vyz} ( ) 721 ©)

o Oup 0 Ovo o Ouy v 00, a0, 00, 06,
& =— & N s L e L e L ki
T Ox Yy Yo 9y ox Ox Y oy YT 9y ox

* %4_82”}0- o %4_82”}0- ¥ 8&4_%4_282"}0
LET o Ta )0 T dy - A dy Ox  Oxdy

trong do

aW aW
0 0 . 0
yxz - 9)( 9)C9 yyz - _iy + Qy

St dung 1y thuyét dan hdi phi cuc bd [30, 31] va ly thuyét bé mat Gurtin—Murdoch [19, 20], cac
phuong trinh lién tuc cho vat liéu phan than (bulk material) cia tim nano duoc viét dudi dang:
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Ix On Qi 0 ](& 1
(1 — IJZVZ) [y = Q21 Q22 0 8y + (U'g + 20—:) QO 1
Ixy 0 0 QOssl ¥y 0 (6)

! Oss 0 |]yx
1 _ sz XZ} — [ { Z}
( K ) {tyz 0 Qaa Yyz
trong 6 4 = epl 1a tham sb phi cuc bd (tham sb kich thudc) phan anh anh huéng cua kich thudc

nhé lén déc trung co hoc cua vt li€u; ¢g 1a hﬁng ) phu thudc vat li€u, / 1 dac trung ndi kich thudc
(internal characteristic length);

2= 8—2 + 6—2 la toan tr Laplace
0x2  0y?
On=0»n-= %; Q=0 = ;(f)—g(zz))
Qo6 = Q55 = Qs = Z[%Zv)(z)] =G(2)
Qo = 7 i(i)(z); 0'? = %Vzwo; o, = %Vzwo

Céc phuong trinh lién tuc cho hai 16p bé mit:
(1 _’uZVZ) t;vci = 5 4 (/lSi + Zlusi) Sfci + (/lSi + Tsi) E;i

tSi — TSi + (/lSi + TSi)ngi + (/lsi + ZﬂSi) 8;i

ausi
BT = (% = 75%) 45T 4 75
(u ) Yy o ™

)
)
| i’
)

st __ st s+ s+ st -
Z‘x—(/*l -7 )7xy+T

Ox
_ s+

ot (1-HV)ns -

Ay
Nguyén Iy thé nang cuc tiéu [32] duoc st dung dé thiét 1ap cac phuong trinh cin bang ciia tim nano:
0=0Up+0Ufr + 6V ®)
Bién phén thé niang bién dang dan hdi cua tim:
oUp = fl‘l'j58,'jdv + fl‘;;-és,,dS + ftfj_és,-de (9)
v s+ S-

Bién phan thé nang cua phan luc nén:

8wy 0wy

SUp = f (feWl.—pj2) dA = f (kwwo ~ ks - ksya—yz)5w0dA (10)

A A

Bién phén thé ning cua tai trong tac dung:

(9W0 66W0 6W0 65W0 8w0 (95W0
6V =~ | gowodA + | (N?—— +2N ———— +N)———dA 11
quo f(xax Ox Y ox Ay Y dy Oy (i
A
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v6i ¢ 1a tai trong tac dung vudng goc voi bé mat trén cua tim; (NO Ngy, NO) 1a cac thanh phan lyc
doc mang.

Thay céc biéu thirc (9), (10) va (11) vao (8), sau d6 tich phan ting phin; hé phuong trinh can bang
thu dugc c6 dang:

ONy ON,y, ON;
N, + A 0; Y+ =2 =0
0x ay 0x ay

o*M:  OMy, &M\ 4R, IR, ORS OR)
K +2 + + —+ + —
0x2 dxdy  0y? ox dy Ox Oy

0*wo *wo 0(92 0 *wo 002wo
—kWW() + ksxm + ksya—yz + q + Nx ax 2nya (9 + y ayz = O (12)
oM, oM: oMy, N oM, CR.=0
0x 0x ay ay -

My + oMy —K My + oM, -Ry=0
0x oy 0x ay
Cac thanh phﬁn ndi lyc dugc dinh nghia:

Lo
N, M2 (1, 5+
Ny ¢ = f ty tdz + RN
Ny) ity ts++tyx +tS_+tS_

xy
M, hi2 (1, P S
My o= f ty (zdz + ) =t
My)  p by fy + iy =ty — Iy
13)

M, h2 (¢ B3 -ty
M= f ty t2dz + 5 5 -1

* + s+ - §—
My i iy fyy + 1y — 1ty — B

h/2

i) [ e e
= 1 - 3kz7)dz; =45

{Ry J Iy ( ) R) ty +1y

Két hop céc biéu thire (5)~(7) va (13), ta dugc lién hé giita noi luc va bién dang:
Nx 83 Ky K;kc 1 T
( 2V2) =4 8(? +Biky o+ D K; + ‘PI(WO) + Tz
yxy Kxy Ky

xy
Kx K;kc
{ }—B & +C{ }+E Ky +902(w0){} { }
ny Kxy Ky
£ Ky Ky 1 w7 (14
2V2 { =D 86 +E{Ky}+G Ky +¢3(w0){1}+ { }
Xy 7xy ny K;kcy 0

ONO

2V2

*‘<*><* E%gg
< O=

0

HWO
; Y 202\ JRY ) o
Wab=w il amem @ -id

145



Long, N. V., va cs. / Tap chi Khoa hoc Cong ngh¢ Xay dung
trong do

sk

@1(wo) = Agad + A1t @a(wo) = A10Y + Aoty @3(wo) = A30 + Ago

Ay A 0 By, By, 0 € Cp 0
A=Ay Ay O B=|By By 0 C=|CGy G O
0 0 Ay 0 0 B 0 0 Cg
D, Dy, 0 Ejy E, 0 G, G, 0 oo
D=|D; D), O|; E=|E; E, 0] G=|G; G 0|5 A'= [0 AS}'
0 0 Dg 0 0 Eg 0 0 Gg

Céc hé sb A;k/, B”, Cl*,, Du’ E”, Gl*,,As va A; dugc trinh bay trong Phu luc A.
Ap dung toan tir (1 - 4*V?) 1én hé phuong trinh (12) véi chit  sir dung céc quan h¢ (5) va (14),

ta dugc hé phuong trinh can bang theo chuyén vi:

. 0uy . %ug . y 0*vo T T .\ Pwo
Ao Ay 52 + (A}, + Ag) iyt (AO? +A - KD“)—ax3
3 2
b t % % 5 W() s« % 8 HX
+(A0? +A]E—KD12—2KD66)W+(B _KD“)W
) .\ 0%6, " 9y
+ (B66 Dse) By? (312 + Bgg — kD, — D66) xdy =0
% « (921/!0 « (92\/0 % (92\/0
(43, + A%) axdy T Ao 2 + Azza—yz
Tp Tt * * aSWO Tp * 63W0
+(A()E +A1Z —KD21 —2KD66)% +(A03 +A1 h Dzz)a_y3
% * * * 829 * * 620)’ * * 826}’
+ (B3 + By — Dy — kD) a; + (Bgs — kDjgo) ot (B3, — kD3,) o O
% 831/!() « « 531/!() « % 83\10 % 83\}0
kD7, e + K (D21 + 2D66) —axayz + K(012 + 2D66) —ax28y + kD5, _6y3
(15)
4 4
T T 2 ) O'Wo T T 2 Y O'Wo
+ (KA3? + KA4Z —K G”)W + (KA3? + KA4E —K G22) ay4
4
b Tt 2 vk 2 vk 2 vk ) wo
+ (2KA3? + 2KA4Z - kG, =k Gy — 4k G66) W
d? 9% 9? 9%
4 AR | g 210 + 7 dl + 7 o
Ox? dy? 0x? dy?
.\ 0%0, . .\ 0°0 90
+k(E}, —«G}y) w5 = + k(E3) +2E5s — kG5, — 24Gg) Ta;z A
i} . . .\ 0%, .\ 0°6, (96,
+k(E}, + 2Efq — kG, — 24Glg) e 25 +k(E3, — kGly) — 5 T4
O*w 0w
q — kywwo + kg x20 ksy 9 20
+ (1 MV?) 5 Y =0
T ox? Yoxdy 7 0y?
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s« * 62“0 % * 52”0 s« * s * a2‘}0
(311 KD11) F + (Bse - KDee,) By + [(312 - KDIZ) + (B66 - KD66)] Oxdy
3
T Ty T T; . 2 \] "wo sOwo
+ [(AIE +A2Z — KA37 — KA4z) - (KEU — K Gll)] W —-A W
Tb Tt Th Tt
A—+A——A——A—) 3
+(12 2 TRy Ty 0"wo

— (kE}, - RGy) - 2 (kEgs — 2G| 90
82
[(Cu 11) (KET1 - KZGTl)] _afzx

* * * 2 vk 829}5 s
+ [(C66 — KE66) — (KE66 —K G66)] 6_)12 — A0,

[(CIZ 12) (KET2 - KZGTZ) + (CZ6 B KE;G) B (KEZ6 B K2G26)] Axdy =0

. 0* o?
[(331 - KD;l) + (B26 - KDEG)] ﬁ + (B66 KD66) (9):20 + (332 - KDZz) 8_y2

3
N [(Al +A2— _ KA3? — kA4 h) (KEZ1 - KZG;) - 2(/<Eg6 - K2G26)] ;TV‘(;(;
N 9
+ [(Al— +A2 n - KA3? — kA4 h) ( ESZ B Kszz)] a;vo Salyo
+ [(C 5 KE;) ( ) (CE() 66) (KEgﬁ ZGE(’)] 8x8y
£ 56,
+[(Cig ki) = (kg5 ~ Gi) | 53
. * 2 ® 629}’ K
#[(C - oE3) - e, - GR)] 3 - 4%, =0

2.3. Loi gidi Navier

Gia thiét tim nano chiu tac dung ciia tai trong ngang ¢ va tai trong nén theo hai phuong: N? =
—y1No, Ny = =y2No, Ny, = 0.

Diéu klen bién khop trén cac canh ciia tim chit nhat c6 dang nhu sau:

0
Taix=0vix=a: vo=wp=0,6=0N,=0M =020 =0M, =0
o (16)
Taiy=0vay="b uo=wo=0,60,=0,N,=0,M :0,% =0,M, =0
X
Chon dang nghiém Navier dé thoa man cac diéu kién bién trén (16):
Uy = Z Z Uomn €OS (@x) sin (By); v = Z Z Vomn Sin (@x) cos (By)
m=1 n=1 m=1 n=1
wo = > > Womn sin (@) sin (By) (17)
m=1 n=1
Hx = Z Z men COos (CIX) sin (ﬁy) 5 Z Z eymn sin (Q’X) €os (ﬂy)
m=1 n=1 m=1 n=1
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nrw

, mi . 1A A A ;4
trongddoa = —,B = 7; m,n=1,2,3,..; Uomn, Vomn> Womn> @xmn» Oymn 1a cac hé s6 can xac dinh.
a

Tai trong phan bd ¢ ciing dugc khai trién dudi dang chudi lugng giac kép twong tu:

g063) = " g sin () sin (By) (18)
m=1 n=1
trong do
4 a b
qmn = % Q(X, y) sin (ax) sin (ﬁy) dXdy (19)
0 0

Thay (17) va (18) vao hé phuong trinh (15), nhém cac hé sé dé dugc hé phuong trinh dai sé tuyén
tinh dudi dang ma tran, Y(m, n):

S11 S12 813 814 S15 0 0 0 O O})(uomn 0
$21 §22 $23 824 825 0 0 0 O Offfvomn 0
s31 832 833 s34 s35|—No|0 O k33 O Of|{Womn = {EGmn (20)
S41 S42  S43  S44 845 0 0 0 O Off[bwm 0
$51 S50 S53 854 855 0 0 0 O 0f)bm 0
Hay du6i dang ma tran thu gon:
(LK1= No [K,|) 10} = (F) @1)

trong d6 k33 = & (ylaz + 7/2,82) ;E=1+ ,u2 (az +ﬁ2). Céac hé sb s;j ciia ma tran dg cirg két cau [K]
duoc trinh bay trong Phu luc B.

Trong bai toan phan tich 6n dinh, dit q bang khong, tai trong mat 6n dinh dwoc xac dinh tir phuong
trinh tri riéng:

(LK1 - No [K]) 10} = (0} (22)

Nghiém cua phuong trinh nay la Ng,,: tai trong mét 6n dinh ung vdi dang mét 6n dinh (m, n); tai
trong t&1 han 1a gia tri nho nhat trong cac tai trong mat 6n dinh:

Ny = min {NOmn} (23)
Trong bai toan phan tich udn, cho Ny = 0, véc to chuyén vi {Q} duoc xac dinh tir phuong trinh:

[K1{Q} = {F} (24)

Tur d6 cac thanh ph?m chuyén vi, bién dang, ing suét va noi luc cua tAm cling dugc xac dinh.
3. Két qua s va thao luan

Vi nghiém giai tich da thiét 1ap & phan trén, chuong trinh tinh trén nén Matlab dugc viét dé thuc
hién céc vi du sd. Céc vi du kiém ching db tin cay cua 10i giai duoc thyc hién cho mét sé truong hop
riéng bao gém: (1) dn dinh cua tAm nano FGM c¢6 xét anh hudng cia hi€u tng phi cuc bg; (2) d6 vong
ctia tAm nano dang hudng c6 xét anh hudng cia hiéu img bé mit. Tiép dén 1a cac khao sat sb cho tim
chit nhat kich thudc nano a x b x h, lién két khép 4 canh dit trén nén dan hdi Pasternak véi cac hé sb
nén kyy, kyx, ksy. Vat licu FGM chtra vi bot rSng, hai vat liéu thanh phﬁn la Si va Al ¢6 cac dac trung
co hoc va tham s6 bé mat [33, 34]:
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Si: E =107 GPa, v=0,33, u* = -2,7779 N/m, 2* = —4,4939 N/m, 7° = 0,6056 N/m;
Al: E=90 GPa, v =0,23, ¢i* = —0,54251 N/m, 2* = 3,4939 N/m, 7° = 0,5689 N/m.
Dé thuan tién cac cong thirc khong thir nguyén duge sir dung [35-37]:

_ 10E.R* [a b Nen a?
W= wol5s 5] = Nin——73
qoa* 22 thEmh3
k,a* k. a? kb2 (25)
a a .
Ko = =, = - ¥ Eo=1,0GPa

T ER YT VB v Eohd

trong d6 g 1a cudong do cua tai trong phan bd déu, c6 phwong vudng goc véi bé mat tam. Dé dam bao
tinh hdi tu ciia nghi€ém Navier cho bai toan udn, sau khi kiém tra, sb sb hang dugc léy 18 Mmax = Pmax
= 20 khi tinh toan.

Luuy r::ing: Nsy, Wsy tuong ing 1a tai trong téi han va do vong tai tam tAm nano khi xét anh
huong ddng thoi cua hidu ing bé mit va hiéu tmg kich thudc. Khi cho tham s6 kich thude u = 0,
ta c6 moé hinh dan hoi bé mat vai cac gia tri tuong tng la Ny, Wg. Néu chi bo qua hiéu ng bé mat
(1* = 2* = v° = 0) ta 6 md hinh dan hdi phi cuc bo véi cac gia tri twong g 1a Ny, Wy. Khi b6 qua
ca hiéu img bé mat (u° = 1* = ¥ = 0) va hiéu Gmg kich thudc (u = 0) ta c6 mod hinh dan hdi truyén
thong véi cac gia tri tuong tng 1a Ny, Wy.

3.1. Viduy kiém chimg

Vi du 1. Kiém ching on dinh cta tAm nano FGM c¢6 xét anh huong cua hiéu trng phi cuc bd.

Tam vudng nano bﬁng vat liéu FGM (AI/AL,O3): E,, = 70 GPa, v,, = 0,3; E. = 380 GPa, v, =
0,3, h=1nm, a/h =20, b/a= 1, lién két khép trén chu myén. Tai trong t&i han khong thir nguyén N
clia tAm v&i cac chi sb ty 1¢ thé tich p khac nhau cho hai truong hop: tim chiu nén theo mét phuong
(y1 = 1,2 = 0) va tim chiu nén dong thoi theo ca hai phuong (y; = 1,7, = 1) dugc thé hién trong
Bang 1. Trong vi du nay, hiéu Ung phi cuc by dugc xét téi voi p/a =0,1; va trong truong hop p/a=0ta
¢6 két qua cho bai toan phan tich 6n dinh theo 1y thuyét dan hdi truyén thong. Nghiém giai tich trong
bai bao dugc so sanh v6i cung nghiém giai tich sir dung dang nghiém Navier, nhung theo 1y thuyét
bién dang cit 5 an s6 v6i ham e-mil ctia Khorshidi va Fallah [11]. Cac két qua tinh toan tai trong téi
han trong Bang 1 chi ra rang nghiém Navier cho bai toan 6n dinh tinh ctia tim nano khi xét dén anh

2
Bang 1. T4i trong t&i han khong thir nguyén N = N,ha— ctia tam nano FGM

E.h

ula Nguén p=0 p=1 p=2 p=>5

y1=Ly=0
0 Khorshidi va Fallah [11] 19,3544 9,6682 7,5372 6,3434
Bai bao 19,3528 9,6675 7,5371 6,3448
0,1 Khorshidi va Fallah [11] 16,1638 8,0743 6,2948 5,2976
Bai bao 16,1624 8,0738 6,2946 5,2988

yri=Ly=1
0 Khorshidi va Fallah [11] 9,6772 4,8341 3,7686 3,1717
Bai bao 9,6764 4,8337 3,7686 3,1724
0,1 Khorshidi va Fallah [11] 8,0819 4,0372 3,1474 2,6488
Bai bao 8,0812 4,0369 3,1473 2,6494
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huong cua hidu tmg phi cuc bd phu hop véi két qua ciia Khorshidi va Fallah véi tat ca cac truong hop
ctia tham s vt liéu, tai trong va tham $6 phi cuc bo u.

Vi du 2. Kiém ching d6 vong ctia tim nano ding hudng c6 xét anh huéng cia hiéu ing bé mat.

T4m vudng nano bang vat liéu dang hudng, lién két khép trén chu tuyén voi: E = 177,3 GPa; v
=0,27; 7° = 1,7 N/m; p* = 2,5 N/m; 2° = =8 N/m. Ty s6 do vong 16n nhét tai tim tdm khi xét dén
hiéu ing bé mit so v6i khi bo qua hi¢u tng bé mat: Ws/W, duge tinh toan va thé hién qua dd thi trén
Hinh 2. Nghiém Navier trong bai bao dugc so sanh v6i nghiém theo phuong phap vi phan ciu phuong
tong quat, sir dung mo hinh tim Mindlin cta Ansari va cs. [21]. Cac dudng cong quan hé gitra ty sb
d6 vong Ws/W va chiéu day tam / trong bai bao va két qua twong tmg ctia Ansari va cs. hoan toan
tiém can nhau, cho thdy d¢ tin cdy cta nghiém chuyén vi cho bai toan phén tich uén khi xét dén anh
hudng ciia hiéu ing bé mat.

1

:.S:-—\_'
T
b
e
E
T opal £ o ah =10 (Bai bao) il
T —ah =10 (Ansari vics.)
D.Ejf: A g/h =20 (Bai bao)
s gy = 200 (Ansari va cs)
0.1 : ' ' ’ '

[
.
o L
on

10 12 14 16 18
/1 [nm]

Hinh 2. So sanh bién thién cua ty s6 do vong Ws/W,, ctia tim nano theo chiéu day &

Qua cac két qua kiém chimg & Bang 1 va Hinh 2, ¢6 thé thiy riang, nghiém giai tich xdy dung
trong bai b4o va code chuong trinh may tinh da thiét 1ap cho bai todn 6n dinh va bai toan uon ctia tam
nano c6 do tin cay.

3.2. Khao sat anh huong cua hiéu ung kich thuoc, hiéu trng bé mat va cdc tham sé kich thude, vit
liéu va tham s6 nén dan hoi

Trong cac nghién ctru dudi ddy, tim nano chit nhat FGM (Si/Al) c6 vi bot rdng, lién két khép trén
chu tuyén véi: h=1nm; b/a = 1; p = 2 s€ dugc xem xét dudi hai dang bai toan sau day:

- Phan tich udn: Tinh toan d6 vong tai tim tim dudi tic dung cia tai trong phan bd déu g = go
vudng goc véi bé mit.

- Phan tich 6n dinh: Tinh toan tai trong téi han cta tdm khi chiu tac dung cta tai nén trong mat
trung binh, dong thoi theo hai phuong x,y: y; = 1,7 = 1.

Hinh 3 13 dd thi so sanh anh huéng cta quy luat phan b vi bot réng va tham s phi cuc bo u 1én
g xtr uén va 6n dinh cua tim nano. Céc két qua cho thiy:

- T4m FGM hoan héao (FGM-1) ¢6 d6 cimg ubn tét nhat do d6 d6 véng khong thir nguyén w nhod
nhat va tai trong t6i han khong thir nguyén N 16n nhit trong sé ba quy luat phan b vat liéu duoc xem
xét. Khi ¢ vi bot rdng, rd rang 1a do cimg uén cua tim giam, dan dén w ting va N giam. Véi quy
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06 : .
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(a) Bién thién ctia do vong khong thir nguyén w (b) Bién thién cua tai trong t6i han khong thir nguyén N

Hinh 3. Anh hudng ctia quy luat phan bé vi bot rong va tham sé phi cuc bé u 1n tng xtr uén
va 6n dinh coa tim nano FGM

luat phan bé vi bot rdng déu (FGM-2) d6 cig cua tim s& bé hon so v6i quy ludt phan bé vi bot réng
khong déu - d6i xtg (FGM-3), diéu nay thé hién & viéc tim FGM-3 ¢6 w bé hon va N 16n hon déng
ké so v6i tim FGM-2 tuong Ging.

- V& anh hudng ctia tham s phi cuc bo y 1én Gmg xir udn va 6n dinh ctia tim: véi ca ba dang FGM
dugc xét, khi ¢ = 0 tAm nano c¢6 d6 cting udn cao nhét, gia tri cta u ting 1én 1am cho d6 ctmg udn cua
tam giam, do vong w tang va tai trong toi han N giam.

- V& anh huodng cua ty 1¢ thé tich cua 16 rdng: voi ca 2 quy ludt phan bd vi bot réng (FGM-2 va
FGM-3) khi ting e tir 0,1 1én 0,3, d6 cimg ubn cua tAm giam, dan dén d6 vong w ting va tai trong toi
han khéng thtr nguyén N giam. Cac dudong chim - chim mau do (gdm dudng c6 hinh thoi va dudng
khong c6 hinh thoi) xa nhau hon so véi cac dudong gach - dut mau den (gom dudng co hinh tam giac
va duong khong c6 hinh tam giac) cho thay khi ting e lam cho tim FGM-2 giam nhanh d6 cimg uén
hon so v6i tim FGM-3.

1.2 : .
p=1nm;k=1nm; E;.-lr_1=1;~,.1=1;‘_.,_=1;

FGM-3; p=2;e=0.1; K:| =0; JU =0

O ving
e
(=]

=)
=

Ty s d

0.4

027 Ha. p=1nm: h=1nmm: ba=1. ] < S S
---W /W, | FGM3:p=2;2=0,1; E =0:J,=0
0 : . - 0 : -
10 15 20 25 30 10 15 20 25 30
a [nm] a [nm]
(a) Bién thién ctia d6 vong (b) Bién thién cua tai trong téi han

Hinh 4. So sanh anh huong ctia hiéu tmg phi cuc bo, hidu g bé mit 1én tmg xir udn va 6n dinh
cua tam nano FGM-3 khi kich thuéc tam a thay doi
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Hinh 4 1a d6 thi so sanh anh huong cta hi¢u tng phi cuc b, hi¢u tng bé mit 1én ung xu tinh cta
tam nano FGM-3 khi kich thudc tdm a thay ddi. Co thé thiy rang, véi viée gitt nguyén chiéu day h,
khi ting kich thu6c cac canh cua tim nano thi do cimg uén cua tAm giam, tim nano lam viéc gidng
nhu mot phan tir mang; thé ning dan hoi bé mat tré nén dang ké so voi thé nang cua tim. Vi vay, cac
két qua nhu mong doi:

- Anh hudng cua hiéu timg phi cuc b 1a dang ké (Iam ting d6 vong va giam tai trong toi han so véi
Iy thuyét dan hdi c6 dién) khi kich thudc cta tim nhé. Tuy nhién c6 thé bo qua hiéu tmg kich thude
khi kich thudc tim du 16n, diéu nay duoc thé hién qua viéc cac duong mau den - nét dirt tiém can dan
t6i gia tri 1 va cac dudng mau xanh - nét lién tiém can din v6i duong mau d6 - chim chim khi ting a.

- Anh hudng cua hiéu tmg bé mit c6 thé 1am giam rd rét do vong va tang tai trong téi han tiy
thudc kich thude cta tAm. Khi kich thude tim du 16m, anh hudng huong ctia hiéu tng bé mat tham chi
1a rat 16n. Nhin chung, can ké dén anh huong cua hiéu Gmg bé mat trong ca truong hop tam cé kich
thude nho va kich thudc 16n.

0.46

_K3=é__.r3=0 h=1nma=>5=10nm:
045 Ka =50, fa =0 FGM-3; p=2:2=0.1

0.44 |

L 0 fi=1nm; a=b=10nm;
- ---K =50.J =10 FGM-3;p=2e=0.1

0 0.2 0.4 0.6 0.8 1 0 02 0.4 0.6 0.8 1
¢ [nm] 4o [nm]

(a) Bién thién cta do vong khong thir nguyén w (b) Bién thién cua tai trong t&i han khong thit nguyén N

Hinh 5. Anh hudng ctia tham sb phi cuc bo u va cac hé s6 nén (Ko, Jo) 1én Gng xtr udn
va on dinh ctia tam nano FGM-3

Cudi cung, Hinh 5 1a db thi thé hién anh hudng tham ) phi cuc bd u 1€n Ging x1r tinh clia tAm nano
FGM-3 v&i hé sé nén dan hdi (Ko, Jo) khac nhau. Tuy thudc vao gia tri ciia cac tham sé nén dan hoi,
ba truong hop khac nhau ctia nén duoc xét ti bao gdbm: tim khong c6 nén dan hoi (Ko = Jo = 0), tim
trén nén dan hdi Winkler (Ko = 50, Jo = 0), tm trén nén dan hdi Pasternak (Ko = 50, Jo = 10). Anh
hudng ciia tham sd phi cuc bd u 1én tmg xir ciia tAm trén nén dan hdi ciing nhu di voi tim khong trén
nén dan hoi, khi tang u 1am cho d vong W ctia tAm ting va tai trong t6i han N giam. Rd rang 13, viéc
tang cac tham s6 nén gdp phan lam ting d6 cimg tong thé cua tAm, dan dén giam d6 vong va ting tai
trong t6i han. M6 hinh nén Pasternak cho két qua d6 vong w bé hon va tai trong téi han N 16n hon so
v6i mo6 hinh Winkler twong tng.

4. Kétluan

Bai bao xdy dung md hinh giai tich dé phén tich Gmg xtr udn va 6n dinh cta tim nano FGM co
vi bot réng dit trén nén dan hoi Pastenak, trong d6 dnh hudng cua hiéu ing phi cuc bd va hiéu tng
bé mit duoc xét dén dong thoi. TAm FGM hoan hao va hai dang phéan bd vi bot rdng ctia tim FGM
khong hoan hao dwoc xét ti bao gdm: phan bd déu va phan bd khong déu - dbi xing. Nghiém Navier
duoc ap dung cho tAm chir nhat, lién két khép trén cac canh, cung véi chuong trinh tinh tu viét béng
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phan mém Matlab dugc kiém ching cho thay du tin cdy. Cac khao sat s6 da duoc thuc hién cho phép
danh gia anh hudng tham $6 phi cuc b9, hi¢u rng bé mit, cac tham sb kich thude va nén dan hoi 1én
d6 vong va tai trong téi han cia tam. Mot s két qua chinh bao g(‘Sm:

- TAm nano FGM hoan hao c6 kha ning chiju tai uén va kha ning 6n dinh cao hon so véi khi c¢6 vi
bot rong. Tam nano FGM-3 ¢6 d6 ctng u6n cao hon so FGM-2 twong tmg.

- Anh huong ciia hiéu ing phi cuc bd 1am giam d6 cimg uén ciia tim, can xét t6i khi kich thude
clia tim nho.

- Anh hudng cua hiéu tng bé mit ludn can ké dén, ngay ca truong hop tim cé kich thudc nho va
kich thudc 16n. Hig¢u ttng bé mat c6 thé 1am giam ro rét d0 vong va tang tai trong toi han cua tAm nano
FGM.

Loi cam on
Nghién ciru nay dugc tai trg boi B Gido duc va Dao tao trong dé tai ma s6 B2022-XDA-04.

Tai liéu tham khao

[1] Pradhan, S. C., Phadikar, J. K. (2009). Nonlocal elasticity theory for vibration of nanoplates. Journal of
Sound and Vibration, 325(1-2):206-223.

[2] Aghababaei, R., Reddy, J. N. (2009). Nonlocal third-order shear deformation plate theory with application
to bending and vibration of plates. Journal of Sound and Vibration, 326(1-2):277-289.

[3] Zozulya, V. V. (2018). Higher order couple stress theory of plates and shells. ZAMM - Journal of Applied
Mathematics and Mechanics / Zeitschrift fiir Angewandte Mathematik und Mechanik, 98(10):1834—1863.

[4] Thai, H.-T., Kim, S.-E. (2013). A size-dependent functionally graded Reddy plate model based on a
modified couple stress theory. Composites Part B: Engineering, 45(1):1636—1645.

[5] Tsiatas, G. C.(2009). A new Kirchhoffplate model based on a modified couple stress theory. International
Journal of Solids and Structures, 46(13):2757-2764.

[6] Mohammadi, M., Fooladi Mahani, M. (2015). An analytical solution for buckling analysis of size-
dependent rectangular micro-plates according to the modified strain gradient and couple stress theories.
Acta Mechanica, 226(10):3477-3493.

[7] Shaat, M., Mahmoud, F. F., Gao, X.-L., Faheem, A. F. (2014). Size-dependent bending analysis of Kirch-
hoff nano-plates based on a modified couple-stress theory including surface effects. International Journal
of Mechanical Sciences, 79:31-37.

[8] Sobhy, M. (2015). A comprehensive study on FGM nanoplates embedded in an elastic medium. Composite
Structures, 134:966-980.

[9] Liu,J. C., Zhang, Y. Q., Fan, L. F. (2017). Nonlocal vibration and biaxial buckling of double-viscoelastic-
FGM-nanoplate system with viscoelastic Pasternak medium in between. Physics Letters A, 381(14):
1228-1235.

[10] Bentabet, R., Attia, A., Selim, M. M., Chikh, A., Bourada, F., Bousahla, A. A., Ghazwani, M. H., Tounsi,
A. (2023). Bending and Buckling Responses of FGM Nanoplates Embedded in an Elastic Medium. Phys-
ical Mesomechanics, 26(3):313-328.

[11] Khorshidi, K., Fallah, A. (2016). Buckling analysis of functionally graded rectangular nano-plate based
on nonlocal exponential shear deformation theory. International Journal of Mechanical Sciences, 113:
94-104.

[12] K&, T. V., Hong, N. T. (2022). Phén tich dao dong riéng ctia dam Nano cong FG nim trén nén dan hoi str
dung phuong phap Rayleigh-Ritz. Tap chi Khoa hoc Ky thudt Thuy loi va Moi truong, 79:96—103.

[13] Mechab, 1., Mechab, B., Benaissa, S., Serier, B., Bouiadjra, B. B. (2016). Free vibration analysis of
FGM nanoplate with porosities resting on Winkler Pasternak elastic foundations based on two-variable
refined plate theories. Journal of the Brazilian Society of Mechanical Sciences and Engineering, 38(8):
2193-2211.

[14] Daikh, A. A., Drai, A., Bensaid, 1., Houari, M. S. A., Tounsi, A. (2020). On vibration of functionally
graded sandwich nanoplates in the thermal environment. Journal of Sandwich Structures & Materials, 23
(6):2217-2244.

153


https://doi.org/10.1016/j.jsv.2009.03.007
https://doi.org/10.1016/j.jsv.2009.04.044
https://doi.org/10.1016/j.jsv.2009.04.044
https://doi.org/10.1002/zamm.201800022
https://doi.org/10.1016/j.compositesb.2012.09.065
https://doi.org/10.1016/j.compositesb.2012.09.065
https://doi.org/10.1016/j.ijsolstr.2009.03.004
https://doi.org/10.1007/s00707-015-1384-5
https://doi.org/10.1007/s00707-015-1384-5
https://doi.org/10.1016/j.ijmecsci.2013.11.022
https://doi.org/10.1016/j.ijmecsci.2013.11.022
https://doi.org/10.1016/j.compstruct.2015.08.102
https://doi.org/10.1016/j.physleta.2017.01.056
https://doi.org/10.1016/j.physleta.2017.01.056
https://doi.org/10.1134/s1029959923030062
https://doi.org/10.1016/j.ijmecsci.2016.04.014
https://doi.org/10.1016/j.ijmecsci.2016.04.014
https://doi.org/10.1007/s40430-015-0482-6
https://doi.org/10.1007/s40430-015-0482-6
https://doi.org/10.1007/s40430-015-0482-6
https://doi.org/10.1177/1099636220909790
https://doi.org/10.1177/1099636220909790

[15]

[16]

[17]

[18]

[19]
[20]

(21]

[22]

(23]

[24]
[25]
[26]
[27]
(28]
[29]
[30]
(31]
[32]
[33]
[34]
[35]
[36]

[37]

Long, N. V., va cs. / Tap chi Khoa hoc Cong ngh¢ Xay dung

Hadji, L., Avcar, M., Civalek, O. (2021). An analytical solution for the free vibration of FG nanoplates.
Journal of the Brazilian Society of Mechanical Sciences and Engineering, 43(9).

Van Vinh, P., Tounsi, A., Belarbi, M.-O. (2022). On the nonlocal free vibration analysis of functionally
graded porous doubly curved shallow nanoshells with variable nonlocal parameters. Engineering with
Computers, 39(1):835-855.

Slimane, M., Hadj Mostefa, A., Boutaleb, S., Hellal, H. (2020). Free Vibration Analysis of Functionally
Graded FG Nano-Plates with Porosities. Journal of Nano Research, 64:61-74.

Phung-Van, P., Thai, C. H., Nguyen-Xuan, H., Abdel-Wahab, M. (2019). An isogeometric approach of
static and free vibration analyses for porous FG nanoplates. European Journal of Mechanics - A/Solids,
78:103851.

Gurtin, M. E., Tan Murdoch, A. (1975). A continuum theory of elastic material surfaces. Archive for
Rational Mechanics and Analysis, 57(4):291-323.

Gurtin, M. E., lan Murdoch, A. (1978). Surface stress in solids. International Journal of Solids and
Structures, 14(6):431-440.

Ansari, R., Shahabodini, A., Faghih Shojaei, M., Mohammadi, V., Gholami, R. (2014). On the bending
and buckling behaviors of Mindlin nanoplates considering surface energies. Physica E: Low-dimensional
Systems and Nanostructures, 57:126—137.

Ansari, R., Sahmani, S. (2011). Surface stress effects on the free vibration behavior of nanoplates. Inter-
national Journal of Engineering Science, 49(11):1204-1215.

Karimi, M., Shokrani, M. H., Shahidi, A. R. (2015). Size-dependent free vibration analysis of rectangular
nanoplates with the consideration of surface effects using finite difference method. Journal of Applied
and Computational Mechanics, 1(3):122—-133.

Yang, Y., Hu, Z.-L., Li, X.-F. (2021). Axisymmetric bending and vibration of circular nanoplates with
surface stresses. Thin-Walled Structures, 166:108086.

Norouzzadeh, A., Ansari, R. (2018). Isogeometric vibration analysis of functionally graded nanoplates
with the consideration of nonlocal and surface effects. Thin-Walled Structures, 127:354-372.

Bao, G., Wang, L. (1995). Multiple cracking in functionally graded ceramic/metal coatings. International
Journal of Solids and Structures, 32(19):2853-2871.

Wattanasakulpong, N., Ungbhakorn, V. (2014). Linear and nonlinear vibration analysis of elastically
restrained ends FGM beams with porosities. Aerospace Science and Technology, 32(1):111-120.

Ait Atmane, H., Tounsi, A., Bernard, F. (2015). Effect of thickness stretching and porosity on mechanical
response of a functionally graded beams resting on elastic foundations. International Journal of Mechanics
and Materials in Design, 13(1):71-84.

Reddy, J. N. (2006). Theory and Analysis of Elastic Plates and Shells. CRC Press.

Eringen, A. C., Edelen, D. G. B. (1972). On nonlocal elasticity. International Journal of Engineering
Science, 10(3):233-248.

Eringen, A. C. (1983). On differential equations of nonlocal elasticity and solutions of screw dislocation
and surface waves. Journal of Applied Physics, 54(9):4703-4710.

Reddy, J. N. (2017). Energy principles and variational methods in applied mechanics. John Wiley &
Sons.

Miller, R. E., Shenoy, V. B. (2000). Size-dependent elastic properties of nanosized structural elements.
Nanotechnology, 11(3):139-147.

Shenoy, V. B. (2005). Atomistic calculations of elastic properties of metallic fce crystal surfaces. Physical
Review B, 71(9):094104.

Zenkour, A. M. (2009). The refined sinusoidal theory for FGM plates on elastic foundations. International
Journal of Mechanical Sciences, 51(11-12):869-880.

Thai, H.-T., Choi, D.-H. (2011). A refined plate theory for functionally graded plates resting on elastic
foundation. Composites Science and Technology, 71(16):1850—1858.

Thai, H.-T., Choi, D.-H. (2012). An efficient and simple refined theory for buckling analysis of function-
ally graded plates. Applied Mathematical Modelling, 36(3):1008—-1022.

154


https://doi.org/10.1007/s40430-021-03134-x
https://doi.org/10.1007/s00366-022-01687-6
https://doi.org/10.1007/s00366-022-01687-6
https://doi.org/10.4028/www.scientific.net/jnanor.64.61
https://doi.org/10.4028/www.scientific.net/jnanor.64.61
https://doi.org/10.1016/j.euromechsol.2019.103851
https://doi.org/10.1016/j.euromechsol.2019.103851
https://doi.org/10.1007/bf00261375
https://doi.org/10.1016/0020-7683(78)90008-2
https://doi.org/10.1016/j.physe.2013.10.021
https://doi.org/10.1016/j.physe.2013.10.021
https://doi.org/10.1016/j.ijengsci.2011.06.005
https://doi.org/10.1016/j.tws.2021.108086
https://doi.org/10.1016/j.tws.2021.108086
https://doi.org/10.1016/j.tws.2017.11.040
https://doi.org/10.1016/j.tws.2017.11.040
https://doi.org/10.1016/0020-7683(94)00267-z
https://doi.org/10.1016/j.ast.2013.12.002
https://doi.org/10.1016/j.ast.2013.12.002
https://doi.org/10.1007/s10999-015-9318-x
https://doi.org/10.1007/s10999-015-9318-x
https://doi.org/10.1201/9780849384165
https://doi.org/10.1016/0020-7225(72)90039-0
https://doi.org/10.1063/1.332803
https://doi.org/10.1063/1.332803
https://doi.org/10.1088/0957-4484/11/3/301
https://doi.org/10.1103/physrevb.71.094104
https://doi.org/10.1016/j.ijmecsci.2009.09.026
https://doi.org/10.1016/j.compscitech.2011.08.016
https://doi.org/10.1016/j.compscitech.2011.08.016
https://doi.org/10.1016/j.apm.2011.07.062
https://doi.org/10.1016/j.apm.2011.07.062

Long, N. V., va cs. / Tap chi Khoa hoc Cong ngh¢ Xay dung
Phu luc A. Cic hé s6 trong hé phwong trinh (14)
A=A = A+ 4 +2u; AL =AY =An+ 4 +T5  Afg = Aes + 21 —

311=322=Bu+§(/1b+2,ub); Blz=321=312+5(ﬂb+ﬁ;); 366=B66+§(2,Ub—7b)

* « h? . . W2 . n2
C112C22:C“+Z(’lf+2:“l); C12:C21:C12+Z(/lt+7t); C66:C66+Z(2,ut_7t)
D71=D32=D11+§(’1b+2“b)? D72:D§1:D12+§(ﬂb+7b); D26=D66+§(2,ub—‘1'b)

4 4 4

E11=E22=E11+E(/lt+2,ut); E12=E21=E12+E(/lt+7t); E66=E66+E(2ﬂ1_7t)

* * h6 * * h6 * h6
G11 =G22=G11+a(/lt+2ﬂt); G12:G21 :G12+6_4(/1t+7t); G66=G66+a(2ﬂt_7't)

ﬂ[ — /lS+ +/1S_; #b — #S+ _ﬂs—; /lt — AS+ + AS_; /lb — /lS-I- _ /ls—; T, = TS+ + TS—

h/2
1, =77 =7 (Ay. By, Cijr Dijy Eij, Gij) = f Qij(1.2.2%2%, 24 %)z, (ij = 11,12,22,66)
—h/2
h/2 h/2
Ay = f G(1-36P) dz A= f d00@dz  (i=0,1,2,3,4)
—h/2 —h/2

Phu luc B. Cac hé sbs; j cia ma tran do cing két cau [K] trong hé phwong trinh (21)

® 2 w2, _ * *
S11 = A“CZ +A6()B y o S12 = (A12 +A66)a,8

T, T, T T,
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2 Tb b T\ 4
533 =(K Gll_KA3? E—KA4z),B
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- KA4%) ot + (KZGZZ — kA3
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Th Ty Tp Ty # 2 v 3 K
43 = [(A1? +A2ﬁ —KA3? —KA4z)—(KE“ —K G”)]af +A'a

Th T Th Tt * 2 vk * 26 2
+ [(A] >+ Azz - KA33 - KA4Z) - (KE12 —K Glz) - 2(KE66 K G66)] ap
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