Tap chi Khoa hoc Cong ngh¢ Xay dung, PHXDHN, 2024, 18 (3V): 1-15

DAO PONG RIENG VA PAP UNG PONG CUA TAM FGM
CO VI BOT RONG TREN NEN PAN HOI KERR
Lé Thanh Hai®, Nguyén Vin Long®™, Tran Minh TP

“Khoa Xdy dung, Truong Bai hoc Vinh, sé 182 dwong Lé Dudn, thanh phé Vinh, Nghé An, Viét Nam
bKhoa Xay dwng Din dung va Céng nghiép, Truong Dai hoc Xdy dung Ha Ngi,
$6 55 dwong Gidi Phong, qudn Hai Ba Trung, Ha Ngi, Viét Nam

Nhdn ngay 22/12/2023, Sira xong 25/3/2024, Chdp nhdn dang 12/4/2024

Tém tit

Duya trén co s 1y thuyét bién dang cét bac nhat don gian v&i bon an sé chuyén vi, bai bao xay dung 10 giai
Navier cho tim FGM c6 vi bot réng dit trén nén dan hdi Kerr. Str dung nguyén ly Hamilton cting véi viée xem
xét dén yéu t6 mat trung hoa ctia tAm c6 co tinh thay doi theo chidu day, hé phwong trinh chuyén dong thu duoc
c6 dang don gian hon so véi khi tinh qua mat trung binh. Phuong phap Runge-Kutta voi cac diéu kién ban dau
cua bai toan duogc ap dung dé phan tich dap tmg chuyén vi ciia tim dudi tac dung ciia tai trong dong. Céc vi
du kiém chimg ca vé dao dong riéng va dép tmg dong ctia tim cho thiy do tin cdy ciia mo hinh ap dung. Anh
hu(”n}g ctia cac tham sb vat liéu, va cac tham 6 nén dan hdi dén ung xu dao dong thm duoc khao sat qua cac vi
du so.

Tir khod: tAm FGM c6 vi bot rdng; nén dan hdi Kerr; phan tich dao dong; bién dang cit bac nhét don gian; 1o
giai Navier.

FREE VIBRATION AND DYNAMIC RESPONSE OF FUNCTIONALLY GRADED PLATES WITH
POROSITIES RESTING ON KERR’S ELASTIC FOUNDATION

Abstract

Based on the simple first-order shear deformation theory with four displacement unknowns, the free vibration
and dynamic response of the FGM plate with porosities resting on Kerr’s elastic foundation are presented by
using Navier’s solution. The equations of motion are derived from Hamilton’s principle considering the neutral
surface position, so it has a simpler form than when choosing a reference coordinate system located on the
middle plane. The Runge-Kutta method with the initial conditions is utilized to analyze the dynamic response
of the plate under excited loads. Verified examples of both the free vibration and dynamic response of the
plate demonstrate the reliability of the proposed approach. The influence of material and elastic foundation
parameters on plate vibrational characteristics is investigated through numerical examples.

Keywords: FGM plate with porosity; Kerr’s elastic foundation; vibration analysis; simple first-order shear de-
formation theory; Navier’s solution.

https://doi.org/10.31814/stce.huce2024-18(3V)-01 © 2024 Truong Pai hoc Xay dung Ha Noi (PHXDHN)

1. Mé dau

Vit lidu c6 co tinh bién thién (Functionally Graded Material - FGM) dugc biét dén nhu 13 loai vt
lidu tién tién, cAu thanh tir hai vat liéu thanh phﬁn: gém ¢6 kha nang khang nhiét tot va kim loai ¢6 do
bén déo cao [1]. Do ty phan thé tich cac vat liéu thanh phan bién d6i tron va lién tuc theo mot hoic
nhiéu hudng trong khong gian két cdu, nén cac dic trung co hoc ctia ching c6 thé biéu dién bang mot
ham lién tuc theo toa d¢ khong gian vat li¢u. Loai vat liéu nay thudng dugc str dung dé ché tao cac chi
tiét co khi hay cAu kién cong trinh lam viéc trong mdi truong nhiét do cao do tranh dwoc sy tap trung
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g suét hay bong tach 16p, diéu thuo'ng xay ra voi vat liéu composite truyén théng [2]. Cac ng dung
ctiia FGM c6 thé tlm thdy trong nhiéu linh vuc khac nhau, ching han trong céng nghiép hang khong vil
try va trong két cdu cta 16 phan ung nhiét hach [3], trong cong nghlep dong tau, 6 t6, chuyén doi nang
luong, sinh hoc, ... [4]. Dé nang cao hiéu qua st dung, thi hiéu biét sau vé timg xtr co hoc cua két cau
sir dung FGM 1 can thiét, do vy viéc phat trién cdc md hinh va phuong phép tinh toan cic két ciu
FGM la chi dé thu hut sy quan tdm cac nha khoa hoc trong va ngoai nudc. Téng quan vé cac mo hinh
va phuong phép tinh 4p dung cho két cdu tim va vo FGM Thai va cs. trinh bay trong [5], Swaminathan
va cs. trinh bay trong [6]. Cac nghién ciru cu thé vé tng xir tinh, n dinh va dao dong cua tim FGM
1a phong pht, ching han, Talha va Singh [7] phan tich l'Ing xir tinh va dao dong riéng ctia tim FGM
bang phuong phap phan ttr hiru han (PTHH) theo 1y thuyét bién dang cét bac cao (HSDT) Trén cd sé
ly thuyet tam co dién, Chakraverty va Pradhan [8] d4 phén tich dao dong riéng cta tim FGM véi cac
diéu kién bién khac nhau bang phuong phap Rayleigh-Ritz. Str dung nghiém Navier va ly thuyét bién
dang cit bon 4n s6 chuyén vi, Zenkour va Radwan [9] phén tich tng xir udn va 6n dinh cta tim FGM,
dat trén nén dan hoi va 1am viée trong méi trudng nhiét. Zidi va cs. [10] phan tich tmg xir tinh cta tim
FGM duéi tac dung clia tai trong co-nhiét-m theo 1y thuyét bon 4n chuyén vi cai tién. Stir dung cac
phuong phap s6 khac nhau (phuong phap khong ludi va phuong phap PTHH), Bernardo va cs. [11]
khao sat ing xir udn va dao dong riéng ctia tiam FGM theo ly thuyét bién dang cit bac nhat (FSDT).

Trong cac nghién ciru ké trén, cic tac gia chi dé cap dén FGM hoan hao. Tuy nhién, trong qué
trinh san xuat, trong cau trac FGM thudng xuat hién céac vi bot rdng (porosity), sy ¢c6 mat cia chung
lam thay ddi tinh chét co 1y ciia vat liéu. DA c6 nhidu nghién ciru khao sat vé anh huong dang phan b
ctia vi bot rdng, ciing nhu hé sé réng dén tng xir co hoc cua két cdu tim FGM c6 vi bot rdng. Long
va cs. [12] xay dung 10i giai giai tich dya trén 1y thuyét ddm Timoshenko trong phén tich Gmg xir udn
phi tuyén ctua dam c6 cac diéu kién bién khac nhau. Ta va cs. [13] st dung 1y thuyét bién dang cat
béc nhat don gian dé phﬁn tich tmg xtr uén tim FGM C(') vi bot rf)ng, cac khao sat s6 da danh gié duoc
anh huéng cua tham sé vat lidu, kich thudc hinh hoc, nen dan hoi dén do vong Va cac thanh phan | ng
suat. Pic trung dao dong cua tim FGM co vi bot rong la mot trong nhu’ng van dé quan trong, can
duoc quan tim trong qua trinh tinh toan, thiét ké. Anh hudng ciia vi bot rong dén dao dong ciia tim
FGM duoc Yousfi va cs. [14] khao sat trén co s& 1y thuyét bién dang cét voi ham chuyén vi dang ham
sine va st dung 101 giai Navier. St dung phuong phap Vlasov-Galerkin, Kumar va cs. [15] nghién ctru
cac dic trung dao dong ciia tim FGM c6 vi bot rdng véi chiéu day thay ddi dat trén nén dan hdi theo
Iy thuyét FSDT. Merdaci va cs. [16] phan tich dao dong riéng ctia tim FGM c6 vi bot rng, sir dung
HSDT va dang nghiém Navier. Anh huong cua cac tham s6 vat liéu, cling nhu céc tham sb vé kich
thudce hinh hoc cta tAim dén tin sb dao dong riéng dugc khao sat qua cac vi du s6 khéac nhau. Rezaei
va cs. [17] str dung 1y thuyét tim bac nhat don gian, va dang nghiém Levy phan tich dao dong tu do
ctia tim FGM c6 vi bot rdng. Ciing str dung mé hinh FSDT va nghiém Navier, Hu va Fu [18] phan
tich dao dong riéng ctia tim FGM véi cac loai FGM va kiéu phan bd vi bot rdng khac nhau. Bang tiép
can giai tich va ban giai tich, Thinh va Tung [19] khao sat dao dong riéng va dap tng dong ciia tAm
FGM c6 vi bot rdng véi cac lién két theo phuong tiép tuyén, sir dung 1y thuyét tm cd dién, c6 ké dén
thanh phan bién dang phi tuyén von Karman, d6 khong hoan hao hinh hoc va can két ciu.

Phan tich tmg xir co hoc cua két cau dam/tim/vo dit trén nén dan hoi 13 bai toan co y nghia ing
dung thuc té, chéng han, ta vet dudng ray tau hoa dat trén nén da, mong nha dét trén 16p bé tong 16t, mat
duong dat trén nén dét, ... C6 nhidu md hinh nén khac nhau da duoc dé xuét va dugc ung dung trong
phan tich cac két cau dit trén nén dan hoi. Tran va cs. [20] sir dung phuong phap phan tir hitu han tron
(edge-based smoothed finite element method), phan tich dao dong riéng cua tim FGP (functionally
graded porous) dit trén nén dan hoi Pasternak. Vi 1y thuyét twra dan hoi 3D (quasi-3D), Kaddari va
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cs. [21] nghién ciru img xtr udn va dao dong riéng cua tim FGP dit trén nén dan hoi, Shahsavari va
cs. [22] phén tich dao dong ty do ctia tim FGM c6 vi bot rdng dit trén nén dan hdi. Li va cs. [23] véi
ly thuyét HSDT phén tich dao dong riéng ctia tim FGM trén nén dan hdi Winkler/Pasternak/Kerr. Str
dung 1y thuyét bién dang cit bac cua Reddy va phuong phap phan tich dang hinh hoc, Vu va cs. [24]
phan tich dao dong riéng cua tim FGP trén nén dan hdi Kerr.

Tir cac phén tich trén, c6 thé thdy rang cac nghién ctru vé ing xir dao dong riéng va dap ung dong
ctia tim FGM c¢6 vi bot réng dit trén nén dan hdi ba hé s6 nén (Kerr foundation) theo 1y thuyét bién
dang cit bac nhat cai tién con chua duoc dé cap dén. Vi thé bai bao nay s€ tién hanh khao sat dao dong
riéng va dap tmg dong cho tim FGM c6 vi bot rdng, lién két khop trén chu vi, sir dung dang nghiém
Navier. Vi viéc str dung hé quy chiéu di qua mat trung hoa dé tinh toan, twong tac mang-uén (B; )
trong quan hé ndi lyc - bién dang bi loai bo, chinh vi thé céac biéu thirc ndi luc, cling nhu hé phuong
trinh cén bang viét theo chuyén vi tré nén don gian hon, thoi gian tinh toan vi thé ciing dugc rut ngin
hon. Sau khi kiém chig d6 tin cdy cta 10i giai, cic khao sat s s& duoc thuc hién nhdm danh gia anh
hudng ciia quy ludt phan bd 1 rdng, chi s ty 18 thé tich p, ty phan thé tich 15 rdng «, va cic tham
s6 nén dan hdi dén tan s dao dong riéng va dap tmg chuyén vi theo thoi gian ciia tim FGM ¢6 vi
bot rong.

2. Co s6 Iy thuyét
2.1. Tam FGM c¢6 vi bot rong

Xét tém chit nhat FGM ¢o vi bot réng (Hinh 1), v6i chidu day h, kich thudc cac canh a x b. Tam
dat trél} nén dan hQi Kerr v&1 ba hé s6 nén lé}n luot 1a: ku, la hé s6 do cfmg udn cua lop dan hoi trén; k;
1a hé s0 do cling cat cia 16p giira; k; 1a h€ sO d9 cirng uon cta 16p dan hoi dudi.
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(b) FGM-1 (c) FGM-2 (d) FGM-3

Hinh 1. Tém FGM c6 vi bot rdng dit trén nén dan hdi Kerr va ba dang quy luat phan b cua vt liéu
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FGM gbm hai pha vat liéu thanh phan: ceramic va kim loai; cac tinh chét hiéu dung duoc gia thiét
bién ddi tron doc chiéu day tim theo quy luat ham ldy thira (P-FGM). Mat trén 1a mat giau gdm va mat
dudi 1a mat glau kim loai. Pbi véi tim FGM khong hoan hao, cac 16 rong phat trién theo chiéu day
tam do khuyét tat trong qua trinh ché tao. Chinh vi thé, mat trung hoa ciia tim c6 thé khong tring voi
mit trung binh. Str dung mit trung hoa (x-y-z,,) 1a mit phang tham chiéu, cac tinh chét hiéu dung cua
tam FGM hoan hao va tim FGM khong hoan hao véi hai quy luat phan bé 18 rong [25, 26] nhu sau:

- FGM hoan hao (khong c6 vi bot réng: FGM-1):

p
P == P Z5C 4 5) 4, (1)

- FGM ¢ vi bot réng phan b déu (FGM-2):

P
P(Zns)z(Pc_Pm)(¥+%) +Pm_%(PC+Pm) (2)

- FGM c6 vi bot réng phan bd khong déu - d6i xtimg (FGM-3), tap trung & vi tri giita chiéu cao
tam, va giam tuyén tinh vé khong ¢ mat trén va mat dudi:
s +C 1

P a
+§) +Pm_§(Pc+Pm)(1_

3

P(zps) = (P Pm)( 2|zns + Cl)

h

trong d6: p 1a chi sb ty 1& thé tich (p > 0); @ 1a ty phan thé tich 15 rdng (0 < a < 1).
C 14 khoang cach tir mat trung binh dén mit trung hoa. Vi tri mit trung hoa ctia tim FGM c6 vi
bot réng dugc xac dinh tir diéu kién [27]:

o) )2
C= f E(z)zdz|/ f E(z)dz 4)
) /2

bé don gian, hé s6 Poisson dugc gia thiét 1a h::flng s6 theo chiéu day tAm [25, 28, 29]: v = const.
2.2. Cdc phuong trinh co ban - Hé phwong trinh chu dao
Ly thuyét bién dang cit bac nhat voi nam an s chuyén vi thudng duoc sir dung trong phan tich
két cau tAm c6 do day trung binh do tinh don gian va dé sir dung, mic du viéc xac dinh hé sé hiéu
chinh cit chinh xac 1a kha phirc tap. Dé giam an sb chuyén vi, Thai va Choi [30] da d¢ xuat cai tién:
phan tich d¢ vong thanh hai thanh phan: d6 vong do bién dang uén va do bién dang cit ngang, sb an
chuyén vi vi thé giam xubng con bén. Theo Thai va Choi, trudng chuyén vi ctia 1y thuyét bién dang
cit bac nhat don gian c6 dang [30]:
owy,
M(X,y’zns, t) = Up (-xaya t) - Znsa_
b
owy,
V(X,y,Zns,t) =V (X,y, t)_znsa_ (5)
y
W(XJ’aZns, t) = Wb (xsyv t) + WS (xsyv t)

trong do: ¢ 1a bién thoi gian; ug, vo 1a cac thanh phan chuyén vi ciia diém trén mit trung hoa cua tim
theo cac phuong x,y; wp, ws tuong ung la d§ vong do bién dang uon va do vong do bién dang cat
gay nén.
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Cac thanh phén bién dang dugc x4c dinh tir quan hé chuyén vi-bién dang:

ouy _82Wb
E axz 80 (9Ws
Ex 2 x Kx 0
ov 0wy %
IR R R S e R FA S
0 ) yz - vz
e duo + 9vo B *wy, Yy Ko ay
dy  Ox 0x0y
Quan h¢ tmg suét - bién dang c6 thé dugc viét dudi dang sau:
1 v 0 0 0 |
Ox v 1 0 0 0 Ex
1—
D _E@o 0 =% o o |]|®
Tl =T 2 l-v Yo 0
Txz 0 0 0 5 0 Yz
g 1- Yy
. 00 0 0 — TP

Tich phan cac thanh phan mg suét doc theo chidu day tim ta dugc cac thanh phan ndi luc:
h/2—C
(Nx, Nya ny) = f (O_x’ Oy, ny)dzns

-h/2-C
h/2-C

(Mx, My, Mxy) = f (O'x, Ty, O'xy)Znstns (8)
—h/2-C
h/2-C

(Qx, Qy) =k f (sz’ U'yz)dzns

—h/2-C

trong do: k 1a hé s6 hiéu chinh cit.
Thay quan hé (7) vao bi€u thirc (8), ta dugc:

Ny | Y 0 82
Nyt =Alv 1 0 &)
Ny 00 (1-»/2]¥)
M, 1 v 0 Ky 9)
My:=D|v 1 0 Ky
M, 0 0 (I-v)/2] (ky
(Gt -+[s I}
0, 0 1] vy,
h/2-C h/2-C h/2-C
T E(Zns) O E(Zns) 2 LS _ E(Zns)
voi: A = f —V2d nss D = f l_vzznstnS’As =k m ns
-h/2-C -h/2-C —h/2-C
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Str dung nguyén 1y Hamilton [31], hé phuong trinh chuyén dong cho tim thu duoc duéi dang [30]:

ON, ON,, oy
= lyiig — [ — 10
ox " ay 0o =11 ox (10)
ON,, ON, Oy
— =Iyvg — [1— 11
Fa o ovo — I 3 (11)
PM, _0*M, 0*M, diiy Iy 5
2 — fo =TIy (W o)+ I | — + — |- LVW 12
a2 oy T o T f O(Wb+w)+1(ax+8y) 2V (12)
(9 X aQ y .. .
an +6_;+q_fe:IO(Wb+Ws) (13)
2 2
trong do: V2 = % + (;9? la toan tu Laplace trong h¢ toa dd Cartesian cho bai toan 2 chiéu. Iy, I, I

h/2-C

la cdc mo6 men quan tinh khdi luong: I; = f pzi”dzns;i =1,2,3.

-h/2-C
Phan lyc nén f,, theo mo hinh nén Kerr [22, 32] biéu dién boi:
ks 2 kukl kuks 2
- V2, = — (wp + wy) — \Y + 14
fe ku " kl fe ky + ki (wp + wy) ku " kl (Wh Ws) ( )

Khi cho k, — oo, ta dugc md hinh nén Pasternak, voi phén luc nén tuong ung:
o =iy +wy) = ksVZ (wp + wy) (15)
Mot truong hop dac biét cua nén Pasternak 14 nén Winkler khi cho k, = 0:

fe =ki(wp +wy) (16)

ks
k, +k

Ap dung toan tir (1 - Vz) 1én cac phuong trinh (12)—(13), két hop véi phuong trinh (14) ta
1

duoc:

2 ’PM,, M,
1ok ) (IMe 0 My Y 4yq
ky + ki 0x? 0x0y 0y?

kukl kuks 2
- + + ——V + 17
ik (wp + wy) P (wp +wy) (17)

ks o Oiiy Oy 5.
=(1- V2|1 O+ |=—+=—|-LV
( otk )[O(W”+W)+l(ax+ay) > Wb]

ks* 6Qx 8Q} kukl
- —2 v? - ;
( k, + ko )(ax "oy ”’) ok W)

kuks 2 k& 2 .. .
\% =(1- Vol I
etk (wp + wy) ( otk o O + Wy)

Bing cach thé cac phuong trinh (6) va (9) vao (10)~(11) va (17)—~(18), hé phuong trinh chuyén
dong biéu dién theo cac thanh ph?m chuyén Vi uo, Vo, Wp, Wy thu duoc:

(18)

+

o
= lgiig — I, 2 (19)
ox

_(8*ug N 1 —v du . 1 +v 8%
ox? 2 0y? 2 dxdy
6
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(Pvog 1-vPvy 1+vdu owyp,
A + + = Iopvg — [1— 20
( a2 2 a2 2 axay) o0~y (20)
1- V2| (-DV*w; +q) - Kkt )+ K G2 )
k, +k ky + k; ky + ki
kg 5 Odilg Oy 2 @D
=|1- VoI + +1 +—— |- LV
( otk )[ oWy +Ws) + 1 ( ax " ay ) 2 Wb]
kg kyk; kyk
1- V2| (AVPw, + “ Fwy) + ——V2 (wp, + wy
( ky + k; )( Ws q) ky + k; (w5 +ws) ky + ki (v ) 22)

ko,
=1- Vol lo (wp + Wy
( s ) o (Wp +V0y)

3. Loi gidi Navier
Trong trudng hop tam chir nhat lién két khép trén chu tuyén, didu kién bién c6 dang sau [30]:
Taix=0,a: Ny=vo=wp=wy=M,=0

. (23)
Taiy=0,b: Ny=up=wp=wy=M,=0

Céc thanh phin chuyén vi dugc gia thiét dudi dang chudi lwong giac kép, thoa méan didu kién
bién (23):

8

Vomn (1) sin (ux) cos (17y)

Ms

- i D omn(£) cos (ux) sin (my); vo = i

m=1 n= m=1n

1l
—_

Z Z Womn(D) Sin ) sin (y); - wy = D> Wna(?) sin (ux) sin (7y)
m=1 n=1 m=1 n=1
, N A A ~ e X , . . mimn niw
trong A6 Uomn, Vomns Womn» Wsmn 1a cac hé so phu thugc thoi gian can dugc xac dinh, vay = —;n = >
a
Tai trong ¢(x, y, t) ciing duoc khai trién theo chudi lugng giac kép:
06y, 1) = D )" qua(t) sin (ux) sin (7y) (25)
m=1 n=1
vOI1:
g = 7 f f gCx, ) sin () sin (7y) dxdy (26)
Khi tai trong c6 dang phan bd déu, g = go(1):
16¢0(2)
CImn(t) = Zq (27)
memn

Thé biéu thire (24) va (25) vao (19), ta dugc nhan dugc hé phuong trinh vi phan theo thoi gian,
Ym, n:

sitos12 00 O] (uomn myp 0 mz O (iiomn 0

s20 22 0 O || vomn N 0 myp my3 O |fVom|_J O (28)
0 0 s33 34| |Womn m31 m3y m33z mas| | Wemn qmn
0 0 S43  S441 \Wsmn 0 0 m43  ma4 Wsmn qmn

7
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Hay duéi dang ma tran thu gon:

[K1{Q0)} + IM1{O()} = {F()} (29)

trong do [K],[M],{Q}, {F} tuong (ng la ma tran do cing cua két cAu, ma tran khdi lugng, véc to cac
hé s6 chuyén vi va véc to tai trong. Cac h¢ s6 s;; va m;; duoc xac dinh boi:

_ 1-v 1+v- _(1-v
S11=A(/12+ 772); S12 = 821 = — Apn; S22=A( > /12"'772)
_ 2 kuk; k,k
s33 = ED(i +17) + —— + == (i + 1)

ku + kl ku + k]
kukl kuks 2 2
ku+kl+ku+kl( +17)

— 2 2 uhl uks 2 2

myy =my =lo; miz=—uly; myz—nly;, m3g =maz =mas = Elp;,  mz = —Euly

m3 = —=&nly; m33=§[10+(u2+172)12]; E=1+ (,u2+772)

534 = S43 =

S
ku+k[

Hé phuong trinh (30) dugc str dung dé gii cac bai toan phén tich tuyén tinh vé dao dong bao gom:
dao dong tu do va dao dong cudng burc.
3.1. Phdn tich dao dong riéng

Trong phan tich dao dong riéng, bd qua tai trong ¢; bang cach gia thiét nghiém chuyén vi {Q} =
{Qo} ™", ta x4c dinh duoc tan s dao dong riéng cua tam FGM c¢6 vi bot r5ng tur vi¢e giai dinh thirc:

det ([K] - w},, [M]) =0 (30)

trong d6 wy,, 13 tan s6 dao dong riéng cia tAm, twong ing voi dang (mode) dao dong (m, n). Tan sb
dao dong co ban dugc xac dinh boi: wy = min {w;y,}.
3.2. Phan tich dap vng dong

Trong phan tich dap timg dong, gia thiét tai trong cudng birc dudi dang tai diéu hoa cé bién do P va
tan s6 Q: g(r) = Psin Qr. Tir d6, hé phuong trinh vi phan trong cong thire (29) dugc viét lai dudi dang:

[K1{Q(®)} + [M1{O(n)} = {Fo} sin Qr (31)

Hé phuong trinh (31) duoc dung dé phan tich dap tmg dong luc hoc cua tim FGM c6 vi bot rdng.
Phuong phap Runge—Kutta vi cac diéu ki¢n ban dau {Q(0)} = {0}:{Q(0)} = {0} s& duoc ap dung dé
nhan dugc d4p g ciia chuyén vi theo thoi gian.

4. Két qua s6 va thao luin

Trong phﬁn nay, trudce tién cac vi dy kiém chung dugc thyuc hién cho: a) Dao dong riéng cta tam
FGM hoan hao (FGM-1); b) Dao dong riéng ctia tim FGM c6 vi bot rong (FGM-2 va FGM-3); ¢) Pap
g dong cta tim dang huéng. Tiép theo d6, anh hudng ciia cac tham sé vat lidu, hinh hoc va nén dan
hdi dén tan sb dao dong riéng va dap tmg chuyén vi ciia tim s& dugc khao sat théng qua cac vi du sb.

Vit liéu P-FGM (Al/A1,03) véi tinh chét cac vat liéu thanh phan [33] nhu sau:

- Ceramic (Al;03): E. =380 GPa; v. = 0,3; p. = 3800 kg/m3;

8
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- Kim loai (Al): E,, = 70 GPa; v, = 0,3; p,, = 2702 kg/m®.

Trong tAt ca cac tinh toan va vi du kiém chiing, gia tri cua hé s6 hiéu chinh cit dugc léy lak=5/6.
Cac gia tri khong thir nguyén sau day dugc stir dung [22, 30]:

2
N Pm . - a Pc
=wh,|—;, W=w— .=
E. h \E. (32)
kya* sa> kja® E.h
K, = ;o K= ; Ki=— Dw=-—F7""5
Dy, n Dy, 12 (1-v2)

4.1. Kiém chimg dg tin cdy ciia 101 gidi

Xét tam FGM (Al/Al,03) hoan hao dao dong tu do trén nén dan hoi Pasternak (k, — o0) v6i cac
cap tham s6 nén (K; K,) va chi sb ty 1& thé tich p khac nhau. Cac két qua tinh toan tan s6 dao dong co
ban khong thir nguyén & cua tim (b/a = 1, a/h = 10) dugc thé hién trong Bang 1.

Bang 1. Tan sé dao dong co ban khong thir nguyén & cua tim vuéng FGM

(K;:K,) Ngudn p=05 p=1 p=2 p=5
(0; 0) Thai va Choi [33] 0,0964 0,0869 0,0788 0,0740
Bai béo 0,0963 0,0868 0,0789 0,0744

Sai 56 (%) 0,10 0,12 0,13 0,54
(100; 0) Thai va Choi [33] 0,1000 0,0911 0,0837 0,0795
Bai béo 0,0999 0,0910 0,0837 0,0799

Sai s6 (%) 0,10 0,11 0,00 0,50
(100; 100) Thai va Choi [33] 0,1550 0,1520 0,1505 0,1515
Bai bao 0,1549 0,1519 0,1505 0,1517

Sai s6 (%) 0,06 0,07 0,00 0,13

Nghiém Navier trong bai bao duoc so sanh vdi cong bd cuia cac tac gia: Thai va Choi [33] ciing sir
dung dang nghiém Navier nhung dua trén 1y thuyét bién dang cit bac cao cai tién voi bdn an chuyén
vi va tinh toan trén hé truc quy chiéu qua mit trung binh ctia tim. C6 thé nhan thay 10i giai trong bai
béo cho két qua tan s6 dao dong co ban rat gan véi phan tich cua Thai va Choi (sai 1éch 16n nhit cua
2 mo6 hinh chi 1a 0,54% khi p = 5, K; = K; = 0).

Tiép theo, Bang 2 trinh bay cac két qua so sanh tan sé dao dong co ban khong thir nguyén & cia
tam vuéng FGM (Al/Al,03) c6 vi bot rdng giita nghiém Navier duoc xay dung trong béi bao voi
nghiém Levy va phuong phap khong gian trang thai cia Demirhan va Taskln [34]. Luu ¥ rang, nghién
ctru cua Demirhan va Taskin dya trén ly thuyet bién dang cat don gian bon an chuyén vi va dang ham
sin [35]. D& dang nhan thay, vdi cac tham s vat liéu p va a khac nhau, sai 1éch giita hai phuong phap
tinh 13 nho (v6i sai s6 16n nhét 13 1,62% khi p = 0,1 va a = 0,4).

Sau cung, dap ung dao dong cua tim vudng ding hudng lién két khép trén chu tuyén, dudi tac
dung cua tai trong bude duoc tinh toan va kiém chimg voi 10i giai theo phuong phép sé ciia Shen
va cs. [36]. Cac thong s6 hinh hoc va vat liéu cua tim bao gém: a = b = 2,438 m; h = 6,35 mm;
E =70,3 GPa, v = 0,25 va p = 2547 kg/m3 . Tai trong budc phan bd déu trén bé mat tAm véi cuong
d6 g = 48,82 Pa, tac dong dot ngdt trong khoang thoi gian tir £ = 0 dén 1 = 0,2 s. Quan sat do thi trén
Hinh 2, ta thay rang dudng cong bién thién do vong tai tim tm, 7 theo nghiém giai tich cia bai bao
tiém cén véi két qua caa Shen va cs.
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Bang 2. Tén s6 dao dong co ban khong thir nguyén & cua tim FGM ¢6 vi bot rdng (a/h = 10)

a Ngudn p=0,1 p=05 p=1
FGM-2
0,2 Demirhan va Taskin [34] 0,11373 0,09719 0,08324
Bai bao 0,11210 0,09595 0,08231
Sai sb (%) 1,43 1,28 1,12
0,4 Demirhan va Taskin [34] 0,11807 0,09592 0,07194
Bai bao 0,11639 0,09478 0,07134
Sai s6 (%) 1,42 1,19 0,83
FGM-3
0,2 Demirhan va Taskin [34] 0,11388 0,10013 0,08859
Bai bao 0,11232 0,09845 0,08773
Sai sb (%) 1,37 1,68 0,97
0,4 Demirhan va Taskin [34] 0,11787 0,10216 0,08991
Bai bao 0,11596 0,10092 0,08851
Sai s6 (%) 1,62 1,21 1,56
0.2
0¢ E = 70,3 GPa; v =0.25; p= 2547 kg/m’;
a=b=2438m: h=6.35mm
-0.2 4
3 -0.4 .
-0.6
-0.8 1
———Baii bao
O Shen va cs.
-1 : | |
0 0.05 0.1 0.15 0.2

Hinh 2. So sanh dudng cong d6 vong tai tim tim, W dudi tac dung ciia tai trong budc phan bd déu trén bé mit

Qua 3 vi du kiém chiing & trén, bao gdm cac két qua kiém chimg vé tan sb dao dong riéng va dap
ung dong cua tam, cé thé thay rang, tiép can giai tich cling nhu mo hinh tinh theo 1y thuyét bién dang

cit bac nhat don gian trong bai bao c6 do tin cay.
4.2. Cdc khéo sat s6
a. Phan tich dao dong riéng

T4m chir nhat FGM c6 vi bot réng duoc xem xét trong hai trudng hop: vi bot rdng phan bd déu
(FGM-2) va vi bot rdng phan bd khong déu (FGM-3). TAm dao dong ty do trong méi truong khong
can véi cac thong s6 ddu vao: h = 0,1 m;a/h=20;b/a=1,5; p=3;a=02; K, = K; =100; K; = 50.
Bién thién tan sé dao dong riéng véi cac mode dao dong (m, n) khac nhau dugc thé hién trén Hinh 3.
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Céc két qua cho thiy, v6i ca 2 quy ludt phan bb 15 rdng, khi m hoidc n ting déu lam cho tin sé dao
d6ng riéng cla tim ting, tan s6 dao dong co ban g voi mode dao dong (1, 1). V& anh hudng cua
quy luat phan b6 15 rdng, 16 rang 14 véi cing mot mode dao déng, phan bd khong déu - dbi xting lam
cho tdm dao dong véi tan sd cao hon so v6i phan bd déu. Nguyén nhan chu yéu 1a do véi ciing cac dic
trung p va a cia FGM c6 vi bot rdng, phan bd khong déu - d6i ximg c6 mé dun dan hdi E cao hon so
v6i phan bd déu. Vi du, voi (m,n) = (1, 1), tan sb co ban ctia tim FGM-2 1a w = 707,01 rad/s, trong
khi tim FGM-3 ¢6 gia tri tvong tmg 1a w = 795,85 rad/s (ting 12,57%).

10

w [rad/s]

(a) FGM-2 (b) FGM-3

Hinh 3. Khao s4t anh huéng cia mode dao dong 1én tan sb dao dong riéng ciia tim FGM c6 vi bot rdng

b. Phan tich dap ing dong

Dudi day, tAdm chit nhat (h=0,1 m; a/h=20;b/a=1,5) FGM (Al/Al,03) c6 vi bot réng chiu tic
dung cua tai trong cudng birc diéu hoa, phan bd déu trén mit trén cia tim: ¢(x, y, 1) = Psin Qf; v6i P
=104 Pa; Q =200 rad/s. Luu ¥ rang, trong cac khao sat dudi day, cac tac gia tap trung vao phan tich

. . b \ .
dd vong tai tdm tam: W(t) = w (g, 5 t), mot trong ba thanh phan chuyén vi quan trong thuong duoc

dac biét quan tdm cua tdm chiu uén.

Hinh 4 13 d6 thi thé hién anh hudéng ciia mé hinh nén dan héi 1én dudng cong dap tmg do vong
- thoi gian ciia tim FGM-3 vé6i p = 3; @ = 0,2. Ba trudong hop nén duoc xét d¢én bao gdm: (1) khong
nén: K, = o0, K; = K, = 0; 2) nén Pasternak K, = o0, K; = 100, K, = 50; 3) nén Kerr: K, = o0, K; =
100, K; = 50. D& dang quan sat thdy: trong s6 ba mo hinh nén nay, nén Pasternak lam cho két cau
tam trd nén cung nhat (tim c6 do vong nho nhat véi Winay = 0,0389 mm); nén Kerr do c¢6 thém 16p 10
xo dan hdi so véi nén Pasternak nén két cdu tim c6 do cung thap hon (tim c6 do vong 16n hon so véi
nén Pasternak, véi Wiax = 0,1193 mm); truong hop tam khong dat trén nén dan hoi, két cau sé co do
cung nhd nhét (tém c6 do vong lon nhét v&i Wax = 0,1636 mm).

Anh huéng ciia tham sé d6 cimg 16p dan hdi phia trén K, 1én dap dap tng d6 vong - thoi gian cia
tam FGM-3: p = 3;a = 0,2; K; = 100, K, = 50 dwoc thé hién qua db thi trén Hinh 5. Trong khao sat
nay, bbn truong hop cia tham s6 nén dan hdi K, bao gdbm: (1) K, = 0; (2) K,, = 100; (3) K, = 1000;
(4) K,, = 0. Luu y rang: khi K,, = 0, twong tng véi viéc tim khong dat trén nén dan hoi; khi K, = oo
dong nghia voi viée tim dit trén nén Pasternak. Quan sat do thi ta thdy, khi ting d6 ctng 16p dan hoi
phia trén (ting K,), 46 vong cia tim giam. Anh huorng cta 16p dan hoi phia trén 13 5 rang, chang
han: khi tang K, tir 100 1én 1000, d vong giam 1,99 lan (tr Winax = 0,1193 mm giam xuong Winax

11
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=0,0599); hoac khi tang K, ttr 0 [én oo, d0 vOng gidm 4,21 lan (tr Wiax = 0,1636 mm giam xuéng
Whax = 0,0389 mm).

x10* 5 X 10
3)

W m]

24 0.02 0.04 0.06 0.08 0.1 0 002 004 0.06 008 0.1

Hinh 4. So sanh anh huéng cia mé hinh nén dan hdi ~ Hinh 5. Anh huéng cta d6 ctng 16p dan hdi phia trén

1én duong cong dap ung d6 vong - thoi gian: (1) khong  1én duong cong dap ung dg vong - thoi gian: (1) K, =
nén; (2) nén Pasternak; (3) nén Kerr 0; (2) K, = 100; (3) K,, = 1000; (4) K, =

Tiép theo, anh hudng ciia 16p cit so v6i hai 16p dan hdi & phia trén va phia dudi (hai 16p nay duoc
xem xét co d§ cung nhu nhau: K, = Kj) cla nén Kerr nhu chi ra ¢ Hinh 6. Cac tham s6 vat liéu cua
tam FGM rdng loai 2 bao gdm:p = 3;« = 0,2. Ta thdy rang: voi mdi gid tri 6 cung cua 16p cat K,
d6 cimg cuia cac 10p dan hdi phia trén va phia dudi 1am thay doi dang ké d6 vong; chang han nhu véi
truong hop K; = 50:

+Khi K, = K; = 10, d6 vong 16n nhét tai tim tm 12 Wiy = 0,1588 mm;

+ Khi tang do cimg cac 10 xo 1én K, = K; = 100, d6 vong 16n nhat tai tim tim giam xudng, Wpax
=0,1193 mm (giam 24,85%);

+ Khi tang d¢ cirng cac 10 xo 1én K, = K; = 1000, 36 vong 16n nhét tai tAm tim giam xuéng, Winax
=0,0460 mm (giam 71,04%).

o x1o#

(Se

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1

() K, =0 (b) K, =50 (©) K, = 100

Hinh 6. Anh hudng cia do clig udn va do cimg cét ctia cac 16p dan hoi 1én dap tng dong cua tam:
() K, =K;=10;(2) K, = K; = 100; (3) K, = K; = 1000

Diéu dic biét 1a viéc ting d6 ctng cua 16p cat 1am giam d6 vong, nhung mirc do anh hudng cua
16p cit phy thude vao d clmg cua hai 16p dan hdi phia trén va phia dudi:

+ Trong trudng hop dd clmg cac 16p 16 xo dan hoi 1a nho, chang han K, = K; = 10, khi ting
d6 ctng 16p cat tir K, = 0 1én K = 100, do vong Wiy giam nhe tir 0,1614 mm xudng 0,1587 mm
(giam 1,64%).

12
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+ Trudng hop do clig cac 16p 16 xo dan hoi d 16n, gia st K, = K; = 1000, khi tang d6 cing 16p cat
tr Ky =01én K; =100, d0 vong Wyax gidm dang ké tir 0,0554 mm xuéng 0,0428 mm (giam 22,61%).

Anh huong ciia mé hinh vat liéu va cac tham s6 vat liéu 1én dap ing dong ctia tdm chir nhat FGM
rong trén nén dan hoi Kerr (K, = K; = 100, K = 50) duogc thé hién qua dd thi trén Hinh 7 dén Hinh 9.

Trén Hinh 7 thé hién anh hudng cta quy luat , x10°*
phan b 15 réng véi ba truong hop: (1) FGM-1 (voi A
p =3); (2) FGM-2 (véia = 0,2; p = 3); (3) FGM-
3 (véia = 0,2; p = 3). Do thi nay cho thdy: Tam
FGM hoan hao c6 d6 vong nho nhét (t?irn co do
ctmg 16n nhat) voi Winayx = 0,1045 mm; tim FGM
r5ng loai 2 c6 d9 vong 16n hon mdt chiit voi Wiax
=0,1193 mm (ting 14,22%); tam FGM rSng loai
1 c6 d6 vong 16n hon dang ké so v&i loai 2, Winax
=0,1193 mm (tang 55,08%). %y 0.02 0.04 0.06 0.08 01

Theo d6 thi trén Hinh 8, ta théy rz"mg, véi tAm t1s]

FGM-3 (p = 3), khi ti}ng ty phﬁn the tich 16 r(:)n’g Hinh 7. Anh hudng ciia quy luat phan bé 16 rong
a, d6 vong Wp.x clia tam tang (do do cuing cua két lén dap tmg dong cia tam: (1) FGM-1; (2) FGM-
céu tam giam); @ cang 16n thi d vong ting cang 2;(3) FGM-3

nhiéu. Cu thé 12 khi @ = 0 thi Wynax = 0,1045 mm;

va khi @ =0,1; 0,2; 0,3 d§ vong ting 1én véi cac gia tri twong g 14 0,1109 mm (ting 6,13%); 0,1193
mm (tang 14,22%); 0,1311 mm (tang 25,45%).

Anh huéng cua tham sb p 1én dap g dong cua tim 1a 16n hon so véi ty phan thé tich 1 rong «,
nhu chi ra trén d6 thi & Hinh 9. Khi tang p (dong nghia véi viéc tang ham lugng kim loai), do cimg
clia tim giém dan dén d6 vdng tang; trong khoang bién thién ctia tham s p tang tir 0,5 dén 10 thi do
vong 16n nhét tai tim tam Whax tang tr 0,0601 mm [én 0,1417 mm (tang 135 62%) R4 rang 1a muc
d6 anh huong ciia tham s p 1én dap tng d6 vong dong 16n hon nhiéu so véi tham sb a.

x10™ %107
1L5F [—a=0a=0l-a=02---a=03] s [—p=05~p=1-—p=3---p=10]
;

I3
"
4

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
t[s] t[s]

Hinh 8. Anh hudng ciia ty phan thé tich 16 rdng a 1én Hinh 9. Anh huéng cta chi s ty 18 thé tich p 1én
dap ung dong cla tam dap ung dong cla tam
5. Két ludn
Bai bao d sir dung 1y thuyét bién dang cit bac nhat don gian ciing véi hé truc ban dau gin v6i mat

trung hoa vt liéu dé phan tich tan s6 dao dong riéng va dap ing dong tim FGM c6 vi bot rdng trén
nén dan hoi Kerr. K&t qua kiém chung tan s6 dao dong riéng va dap ung dong trong mdt s6 trudong
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hop dic biét cho thiy su phit hgp ciia mé hinh Iy thuyét va nghiém Navier da thiét 1ap. Mot s6 két qua
chinh trong nghién ctru chi ra rang:

- Su ¢6 mit ctia vi bot rdng 1am giam dang ké do ctng cua tAm.

- TAm FGM c6 vi bot rong phan b khong déu - d6i xtng 1am cho tdm d6 ctng 16n hon, dan dén
tan s6 dao dong riéng 16n hon va d6 vong nho hon so véi trudng hop phan bd déu.

- Nén dan hoi Kerr gidng nhu sy mém héa nén Pasternak, viéc c6 thém 16p dan hoi chiu udn phia
trén cling so v6i hai 16p dan hdi thong thuong ciia nén Pasternak co thé lam giam dang ké do vong
cua tam.

Lo1i cam on

Nghién ctru nay dugc tai tro boi Quy Phat trién khoa hoc va cong nghé Quéc gia (NAFOSTED)
trong d& tai ma sb 107.02-2021.16.
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