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Tém tit

Bai bao ndy tap trung phan tich tmg xir phi tuyén tinh ctia dim c6 co tinh bién d6i theo hai phuong (2D- FG)
dit trén nén dan hoi va chiu tac dung cua luc phan b6 déu hoac phan b6 dang hinh sin bang phuong phap phan
ttr hiru han. Vat liéu dim bao gom hai thanh phan chinh 1a gom va kim loai, véi cac dic trung co hoc bién ddi
lién tuc theo chiéu cao va chidu dai ciia dam. Quan hé giita bién dang va chuyén vi dugc xay dung dwa trén Iy
thuyét bién dang truot bac cao vdi ba an chuyén vi, c6 ké dén phi tuyén hinh hoc Von Karman. Quan hé gitra
(g suat va bién dang tuan theo dinh luat Hooke. Phan tir dim hai diém nut vi cdc ham noi suy tuyén tinh va
béc ba dugc sir dung dé roi rac va xay dung hé phuong trinh can bang tinh phi tuyén cho dam. Hé phuong trinh
can béng phi tuyén tinh dwoc giai trén co s phuong phap lap Newton—Raphson. D tin cay cia md hinh dugce
kiém chiing qua Kkét qua so sanh véi cac tac gia da cong bd. Anh hudng cia mot ) yéu t6 hinh hoc, vat liéu va
diéu kién bién dén do vong cua dam dugc khao sat va thao ludn chi tiét.

Tur khoa: phan tich phi myén; phén tich tinh; dam; 2D-FGM; sandwich; ph?m tr hitu han.

NONLINEAR STATIC ANALYSIS OF BIDIRECTIONAL FUNCTIONALLY GRADED BEAMS ON AN
ELASTIC FOUNDATION

Abstract

This paper focuses on analyzing the nonlinear static behavior of beams with mechanical properties varying in
two directions (2D-FQ), resting on an elastic foundation and subjected to uniform distributed or sinusoidally
distributed forces by finite element method. Beam materials include two components, ceramic and metal, with
mechanical properties that continuously change according to the thickness and length directions of the beam.
The relationship between deformation and displacement is built based on the theory of high-order shear defor-
mation with three unknown displacements, and includes Von Karman geometric nonlinearity. The relationship
between stress and strain obeys Hooke’s law. Two-nodal beam elements with linear and cubic interpolation
functions are used to discretize the domain and establish static nonlinear equilibrium equations for the beam.
The nonlinear equilibrium equations are solved by using the Newton—Raphson iterative method. The reliability
of the model is verified through comparison results with data in literature. The influences of geometric param-
eters, materials parameters and boundary conditions on the deflection of beams are investigated and discussed
in detail.
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1. Gioi thiéu

Vat liéu ¢6 co tinh bién thién (function graded materials - FGMs) da dugc cac nha khoa hoc Nhat
ban nghién ctru lan dau tién vao nam 1984 [1], day 1a loai vat li€u dugc tao nén tr hai hay nhiéu vat
lidu thanh phan, thuong 1a gdm va kim loai. FGMs c6 co tinh bién dbi tron, lién tuc trong khong gian
két cAu theo mot phuong (1D-FG), hai phuong (2D-FG), thdm chi da phwong, va ¢6 nhidu wu diém
ndi troi so voi vat liéu composite thong thuong, nhu chiu duge nhi¢t d6 cao nhd mat giau gém, tang
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tinh déo nho ti phﬁn kim loai cao, khic phuc dugc hién tugng bong, tach l6p, do vay né dugc ung
dung nhiéu trong k¥ thut nhu dong co ddt trong trong hang khéng vii tru, vit ¢b dinh xuong trong y
hoc, xe dap, vot tennis trong thé thao [2].

Nghién ctru iing xtt co hoc cua cac két cau duoc 1am tir FGMs di va dang nhan duogc sy quan tam
ctia nhiéu nha khoa hoc khép noi trén thé gibi, dién hinh 1a céc cau kién co ban nhu dam, tdm, vo. Co
nhiéu nghién ctru phan tich tuyén tinh hodc phi tuyén vé ing xir tinh, dao dong riéng, dao dong cudng
bue cho cac két cdu nay véi hai phuong phép tinh toan chii yéu dugc sir dung 1a giai tich va 10i giai
s6. Mot s6 nghién ctru tuyén tinh dé tap trung phén tich vé Gmg xur ciia két cdu 1D-FG nhu Vo [3, 4],
Chinh [5] va Yarasca [6] da phén tich u6n va on dinh tinh cho dim sandwich, sir dung ly thuyét bac
cao, phuong phap giai tich va phan tir hitu han (PTHH). V& tng xtr ctia dim trén nen dan hoi da duoc
mot sO tac gia nghién ctru, Phuong [7] st dung phuong phap giai tich phan tich udn tinh cho dam co
156 rdng, Tossapanon [8] phan tich 6n dinh tinh va dao dong riéng cho dam 1D-FG sandwich v&i mo
hinh nén dan hdi hai hé s6, Su [9] di phan tich tinh va dao dong riéng cho dam sandwich vdi viée st
dung khai trién chudi Fourier va cac diéu kién bién khac nhau. Bén canh d6, tmg xtr phi tuyén cta
dam FG ciing di dwgc mot s6 nha khoa hoc quan tim nghién ctru, Zhang [10], Kien [11] va Srikarun
[12] da phén tich uén tinh phi tuyén cho dam 1D-FG, dam sandwich c6 15 rdng, c6 xét dén vi tri clia
mit trung hoa. Kien [13, 14] d4 phan tich phi tuyén tinh ctia dam Euler-Bernoulli. Hung [15] d4 sir
dung phuong phap khong ludi dé phan tich ubn tinh phi tuyén cho dim sandwich c6 15 rdng.

Céc két cau 1D-FG c6 nhiéu vu diém va di dugc ung dung nhiéu trong thuc té ki thuat [2], tuy
nhién dé dap tmg diy dui hon cac yéu ciu cua tmg dung, cin c6 cac két cau co nhiéu wu diém hon
nira, nhu két cau c6 co tinh bién ddi theo hai phuong hodc nhiéu phuong. Trong nhiéu truong hop,
viéc nay tro thanh yéu td quyét dinh giira thanh cong va thét bai trong trién khai cong nghé. Mic du
d3 c6 nhitng nghién ctru tién tién vé FGMs, tuy nhién, con nhiéu tiém niang chua dugc kham pha day
du. Sy mé rong pham vi nghién ctru dén két ciu 2D-FG khong chi 1a mot bude quan trong dé hiéu sau
hon vé tinh chat cta vat liéu ma con la chia khoa mé ra cac ung dung rong 16n trong thuc té. Gan day
viéc nghién ctru vé ung xu cho két cAu 2D-FG cling da nhan duogc sy quan tdm nhiéu nha khoa hoc.
Karamanli [16] dd phan tich Gng xir udn tinh ctia dim sandwich c6 co tinh bién déi hai phuong theo
quy luat luy thira. Simsek [17] da phan tich 6n dinh tinh ctia dam c6 co tinh bién ddi theo hai phuwong
voi cac diéu kién bién khac nhau. Le [18] di phan tich dao dong riéng va 6n dinh cua dam 2D-FG
sandwich, sir dung phuong phap PTHH véi phan tir duge lam giau. Cong Ich [19] da phan tich dao
dong riéng cho dam 2D-FG sandwich tua mot phan trén nén dan hoi véi 1y thuyét bién dang truot bac
cao dang luong giac. Le [20] d4 phén tich dao dong riéng phi tuyén cta dim sandwich c6 co tinh bién
ddi theo hai phuong véi ba thanh phﬁn vat liéu, dat trén nén dan hi khong lién tuc.

Dua trén nghién ctru tong quan va kién thirc ciing nhu sy hiéu biét cua tac gia, cho thay hién nay
van chua c6 nghién ciru nao tip trung vao phan tich phi tuyén tinh ctia ddm 2D-FG trén dan hdi chiu
tai trong phan bd voi cc quy luat khac nhau. Do d6, trong nghién ctru ndy, mot mo hinh phan tir dim
hai diém nit, mdi nat nim bac tu do dugc dé xuét dé dé phan tich cac dac tinh phi tuyén hinh hoc cua
dim 2D-FG trén nén dan hdi. Ung xir phi tuyén tinh ciia dim 2D-FG duoc khao sat thong qua duong
cong tai trong - 0 vong. Cac vi du so sanh duoc thuc hién dé khéng dinh tinh chinh xac va d6 tin cay
cua md hinh. Bén canh do, anh huong cta cac tham s6 vt liéu, tham sé hinh hoc va diéu kién bién
dén g xtr phi tuyén tinh cua dam 2D-FGM ciing dugc khao sat. Cac nhan xét, danh gia va két luan
duogc rat ra tir két qua ctia bai bao s& co y nghia trong viéc nghién ciru trén ciing linh vuc.

2. M6 hinh dam 2D-FG

Trong bai bao nay, xét dam 2D-FG c6 chiéu dai L, chiéu rong b va chiéu cao & nhu trén Hinh 1.
Dam nam hoan toan trén nén dan hoi, duogc lién két tai hai dau cia dam va chiu tac dung cua Iyc phan
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bd g(x) vudng goc vdi truc cua dam. Su dung mo hinh nén dan hdi Pasternak hai hé s, bao gém hé
s6 nén Winkler 13 ky va hé sb nén Pasternak 12 kg.

Vit lidu cua dam dugc cdu tao tir hai vat liéu thanh phan 1a gém va kim loai. Ty phan thé tich
V., Vi, clia cac vat liéu thanh phan trong cac 16p bién ddi theo hai phwong z va x theo quy luét luy thira

nhu sau [16]:
1 sz X Px
c=1= — 1—— ,szl_ c 1

v (2+h)( ZL) v M

trong d6, p, va p, c6 gia tri khong 4m 1a s6 mii cta quy luat phan bd vat lidu. Céc chi sb ¢, m 1an luot
la ky hi¢u cho vat liéu gom va kim loai.

Z

Hinh 1. M6 hinh ddm 2D-FG trén nén dan hdi

Ky hiéu P (x,z) dai dién chung cho cac dic trung co hoc ciia vat liéu dam 2D-FG, bao gom mo
dun dan hoi E (x, z), hé sb Poisson 9(x, z) va duoc xac dinh theo md hinh Voigt béi biéu thirc sau:

P(x,z) = P.V. + P, Vy, (2)

7
o+ Vi

-
[

v

z/h

1 05 1 05
@) Ve(x,2), Vi (x,2) (b) E(x,2)
Hinh 2. Sy bién thién ty phan thé tich va mé dun dan hdi ciia dim 2D-FG

Trén Hinh 2 1a sy bién thién ctia cac ty phan thé tich Ve (x,2), Vi (x, z) vamé dun dan hdi E (x,7) cla
dam 2D-FG theo hai phuong x va z. o] day, px = p. = 0,5 va vat liéu gbm 1a Al,03 c6 E, = 380 GPa,
vat liéu kim loai 1a Al ¢6 E,, = 70 GPa.
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3. Cac hé¢ thirc co ban
3.1. Biéu dién todn hoc

Trudng chuyén vi trong dim tai diém c6 toa d6 (x, z) dwoc x4c dinh theo 1y thuyét bién dang truot
bac cao cua Shimpi [21]:

ll:{ u }:{uo—zwb,x_f(Z)Ws,x } (3)
w Wp + Wy
trong d6, u va w 1a cac thanh phin chuyén vi theo phwong x va z, wy, va wy 1a cac thanh phan chuyén vi
» . y \ 0 Owy
theo phuong z do bién dang uon va bién dang trugt. Cac thanh phan dao ham wy, , = %, Wex = %
X x
. 473
va f(z) = TR

Truong bién dang trong dam khi ké dén tinh phi tuyén hinh hoc Von Kamén dwoc xac dinh theo
biéu thirc:

O LIRS L) @
TUE Yy B THITS ox) 0 7T 0z Ox
Thay biéu thirc (3) vao biéu thirc (4) nhan duoc:

€ =¢&L+ ENL (5)

0 day, &7 va eyz 1an luot 13 cac thanh phan bién dang tuyén tinh va phi tuyén va duoc xac dinh boi

biéu thitc sau:
e = Uox Whxx | _ f Wi, xx + 0 -1= f’
L=Y o 1 o 0 El wee [0 87

(6)
c L L )
MZo\ex) T2 0
Truong tng suat dugc xac dinh theo dinh luat Hooke:
- E(x,2) 0
0'2{ Oy Oy = 0 E(x,2) £ =Qc¢ 7
2[1+9(x,2)]

H¢ phuong trinh can bing cua ddm dwoc xac dinh theo nguyén 1y cuc tiéu thé ning toan phan:
U +6U  —sW =0 (®)

trong d6 6U, sU” va 6W lan lugt 1a bién phan thé nang bién dang dan hoi ctia dam, bién phén thé ning
bién dang cua nén va codng cua luc ngoai g (x), duge xac dinh boi:

oU = f selodQ, oW = f q (x) Swdx
y - ©)

6Uf:f(kww6w+kgw,x6w,x)dx
L

trong d6 Q 1a thé tich cua dam.
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3.2. Céng thirc phan twr hivu han
St dung phan tir ddm hai diém nat voi 5 bac tu do mdi nut, bao gdm g, wy, wg, Wy, VA Wy, nhu
trén Hinh 3. Véc to chuyén vi nut d, cta phan tu ¢6 dang:

d =[a) daf d'| (10)
10x1

trong do,

T T
d,, ={ upr Uy } , dp ={ Wpl Wplx Wp2 Wpax }
2x1 4x1

T (11)
dg :{ Wsl Wslx Ws2 Wgy }
4x1
Z
A We2
W, W,
RALEE ” }\\W%“ .
Uo) v{/. ‘4// oo X
blx Le b2 x
>

Hinh 3. M6 hinh phan tir ddm hai diém nut véi 10 bac tu do

Céc thanh phan chuyén vi trén mat trung binh cua dim dugc xdp xi theo chuyén vi nit phin tir
thong qua cac ham dang boi cong thirc sau:

up = Nd,,,, wp =Hd,, w;=Hd;

N:[N1 Nz], H:[Hl H, H; H4] (12)

trong do,
Ny=1-¢ Nr=¢ H =1-3+28

13
Hy=1-26+&, Hy=38-28, Hy=-(+8 (13)

) e x . . . A A o n n A a
o day, & = 7 1a toa trong he toa do ty nhién cua phan tu, & € [0; 1], ¥ 1a toa do trong he toa do dia
e
phuong cua phan tu va L, 1a chiéu dai cia phan tu.
Thay biéu thirc (12) vao biéu thirc (3), truong chuyén vi cua diém bat ky trong phan ta dam duoc
xac dinh theo chuyén vi niit cia phan tir nhu sau:

N —H, —fH,x] d {Nu

dy, ;=
0 H H d, N,

}de = Nud, 14)

Thay cac thanh phan chuyén vi trong biéu thirc (12) vao biéu thirc (6) chung ta nhan duoc cac véc
to bién dang tuyén tinh €;:

_ [ NJC _ZH,XX _fH,xx
€L =

0 0 (-f)H, ]de:BLde ()

va cac véc to bién dang phi tuyen ey :
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L[ wpy+w 1
ENL = E { bx 0 S }(Wb,x + Ws,x) = EBNLde (16)
trong do, By, duoc xac dinh boi:
Bys = [ G(;le ]G, G=[0 H, H, | (17)

Thay biéu thirc (15) va (16) vao biéu thirc (5) chung ta nhan dugc:

&=

1
BL + EBNL:| q. (18)

Thay biéu thirc (18) va biéu thirc (7) vao biéu thirc (9), nhan dugc bién phan thé ning bién dang
ctia phan tir nhu sau:

1
oU, = 6d'K.d,, K, = fv BTQ(BL + EBNL) av (19)

trong d6 K, 12 ma tran d6 cimg ctia phan tir, phu thudc vao véc to chuyén vi nit d, ciia phan tir thong
qua ma tran By;.
Thay biéu thirc (14) vao biéu thire (9), nhan duoc bién phan thé ning cia phin tr nén dan hdi
nhu sau:
sU! = sa'Kld,, K! = f (kwNIN,, + kN, N,, ) dx (20)
L,

va bién phan cong cua lyc ngoai tac dung 1én phan tu:

6W, =6d'F,, F,= f g (x)NTdx (21)
L,

trong d6, K/ va F, 1an luot 1a ma trin d6 clmg ctia phn t&r nén dan hdi va véc to tai trong nit ciia
phan tir dam.

Thay cac biéu thirc (19), (20) va (21) vao biéu thirc (8), nhan dugc hé phuong trinh can biang phi
tuyén tinh ctia phan tr dim nhu sau:

R(d,) = (K. +K/)d, —F. =0 (22)
viét lai cong thirc (22) dudi dang:
R(d,) = F"(d,) -F" =0

F" (d,) = (K, +K!)d.F!" = F, 23)

trong do, R (d,) duogc goi 1a véc to Iuc du, F” (d,) va FO“ 1an luot 13 véc to Iuc trong va véc to luc
ngoai ctia phin ti.
Sau khi tap hop céc phan tr dam, hé phuong trinh can bang phi tuyén tinh ctia toan bo dam c6 dang:

R(D, ) = F" (D) - AF* = 0 4)

nEl nEl
trong d6, D 14 véc to chuyén vi nat téng thé cua dam, F" = Z F" va Fo = Z Fo* 1an luot 1a cac
e=1 e=1
véc to lyc trong va luc ngoai téng thé ctia dim, A 1 tham sb tai trong, nhan gia tri trong doan [0; 1] va
nEl 1a sb phan tir ddm duoc chia.
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Heé phuong trinh (24) dugc giai trén co so thuat toan 1ap Newton—Rapshon [22]. Theo d0, tai trong
ngoai duoc chia thanh céc cap tai trong khac nhau boi tham so A, (n = 1;2;3...), thuat toan lap duoc
thuc hién cho mdi cap tai trong nay. Gia st trong cap tai trong n, dd xac dinh dugc véc to D, & budce
lap thiri (i = 0;1;2;3...), 0 day Dg la gia tri khoi tao ctia D). Véc to chuyén vi nat trong budc lap
thtr i + 1 duoc xac dinh theo thuat toan sau:

Dit! = D! + AD'H! (25)

voi AD;+1 1a s6 gia cua chuyén vi, dugc xé4c dinh boi biéu thirc:

. =1 .

AD! = - [Kr (D)| R(Dj. A, (26)

nEl
trong d6 Ky = Z K.7 1a ma tran d6 ctng tiép tuyén tong thé, K,7 1a ma tran d6 cing tiép tuyén cua
e=1
phan tir duge xac dinh theo cac cong thire dudi day
_0Rd,) OF’d,)
- od,  od,

KL = fQ B,QB.dQ, KJ = fQ G'o,GdO (27)

K7 =KL+ K+ K]+ K

KV = f (B[QBy. + By, QB, + B}, QBy.)dQ
Q.

va véc to lye du R (D}, 4,) duoc xac dinh theo biéu thirc (24).

Trong thuat toan trén, can phai biét trude gia tri khoi tao cua véc to chuyén Vi trong mdi cép tai
trong, thong thuong duogc cho boi DY = 0 va Dg = D,_;. Trong qu4 trinh tinh, diéu kién hoi tu luén
duoc kiém tra sau mdi vong lip theo cong thirc sau:

HR(D;',, )

<y || F (28)

& day ¢ 1a sai s, dugc chon bang 107%.

Véc to sb gia chuyén vi AD*! trong cong thirc (26) dwoc xac dinh véi didu kién bién cho trude.
Trong bai bao nay, xét dam duoc lién két tai hai ddu (x = 0 va x = L) voi hai diéu kién bién duoc
str dung 1a lién két tua don (SS) voi ug = w, = wy = 0 va lién két ngam (CC) voi ug = wp, = wy =
Wpx = Wex = 0.

4. Két qua sb va thao luan

Trong phan nay, xét dam 2D-FG duoc ciu tao tir cac vat liéu thanh phan 1a A1,O3 ¢6 E. = 380 GPa,
9. = 0,3 va Al ¢6 E,, = 70GPa, 9,, = 0,3. Dam duoc chia thanh 20 phan tr c¢6 cung d6 dai, dam
bao sy hoi tu ciia két qua tinh toan. Hai truong hop dam SS va CC, chiu lyc phan bd déu, ¢ (x) = go
va phan bd dang ham sin, g (x) = gg sin % duoc khao sat. Cac tham ) khong thir nguyén dugc dinh
nghia nhu sau [10, 16]:

_ 1 OOEml’l3 Wax _ Wmax
w=————9"7, w =
qoL* N
L\ — qobLl*

e =w(3). P= (29)
—  kwl* = kgl? bh3
Ky = , Kg = 5 I=—

Y EL YT El 12
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4.1. Két qua so sanh

Bang 1 1a két qua so sanh ctia bai bao vdi Karamali [16] vé tham s6 d6 vong tuyén tinh w ciia dam
2D-FG khi thay doi chi s mil ctia quy luat phén bo vat li¢u. Trong d6, Karamali da su dung 1y thuyét
Quasi 3D va phuong phap giai tich dé tinh cho dam c6 lién két SS, chiu tai trong phan b déu, vat liéu
dam dugc ciu tao tir Al O3 va Al ¢6 ti phan thé tich dwoc xac dinh theo cong thirc (1).

Bang 1. Tham s6 d6 vong tinh tuyén tinh w ctia dam 2D-FG twa don (L = 20h)

A Px
D Nguon
0 0,1 0,5 1 2

0 Karamali [16] 2,9455 3,0177 3,3215 3,7333 4,6555
Bai bao 2,9438 3,0155 3,3171 3,7282 4,6569
0,1 Karamali [16] 3,2622 3,3401 3,6655 4,1031 5,0682
Bai bao 3,2567 3,3339 3,6578 4,0962 5,0733
0,5 Karamali [16] 4,5015 4,5957 4,9843 5,4912 6,5521
Bai bao 4,4946 4,5882 4,9753 5,4840 6,5614
1 Karamali [16] 5,8035 5,9040 6,3124 6,8297 7,8657
Bai bao 5,8014 5,9016 6,3090 6,8296 7,8858
2 Karamali [16] 7,3967 7,4891 7,8588 8,3170 9,2137
Bai bao 7,3937 7,4855 7,8547 8,3183 9,2396

Bang 2. Tham s6 d6 vong tinh tuyén tinh w ciia ddm c6 vat liéu dong nhat

Tham s6 nén dan hoi I: =120 % =5
Kw K¢ Phuong [7] Bai bao Phuong [7] Bai béo
0 0 1,3023 1,3023 1,4321 1,4320
10 0 1,1806 1,1806 1,2855 1,2855
10 0,6133 0,6133 0,6387 0,6387
25 0,3557 0,3557 0,3631 0,3631
100 0 0,6401 0,6401 0,6671 0,6671
10 0,4256 0,4256 0,4362 0,4362
25 0,2828 0,2828 0,2869 0,2869

Bang 2 1a két qua so sanh ctia bai bao vdi Phuong [7] vé tham s6 d6 vong tuyén tinh w ciia dam ¢
vat liéu dong nhit trén nén dan hoi. O day, Phuong di st dung Iy thuyét ddm Timosenko va phuwong
phap giai tich dé tinh cho dam c6 lién két SS, chiu luc phan bd déu, sir dung md hinh vat liéu c6 ty
phin thé tich xac dinh theo cong thic (1) véi cac chi sé mil p, = p, = 0.

Hinh 4 13 c4c két qua so sanh cua dudng cong tai - 6 vong véi bai béo ciia Zhang [10] cho dam
ddng nhat. Trong d6, Zhang di st dung 1y thuyét bién dang truot bac cao va phuong phéap Rizt, hai
loai vat liéu duoc xem xét 1a Si3O4; SUS304 v6i md dun dan hoi 1an luot 1a 322,27 GPa; 200,79 GPa
va c¢6 cung hé sé Poisson 0,3, str dung mé hinh vat liéu c6 ty phan thé tich xac dinh theo cong thirc (1)
v6i cac chi sé mil p, = p, = 0.
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Hinh 4. Puong cong tai-do vong cua dam dong nhat (L = 30k)

Céc két qua so sanh cho thiy sai sb giita két qua tinh toan bang phuong phép ciia bai bao va ciia
cac tac gia khac 1a rat nho, gi tri sai so trong Bang 1 va Bang 2 déu nho hon 1%, diéu nay khang dinh
do tin cay ctua phuong phap nghién clru trong bai béo.

4.2. Két qua s6 va thdo ludn

Bang 3 va Bang 4 1an luot 1a sy bién thién d¢ vong tinh phi tuyén wy; cia dam 2D-FG theo chi
chi s6 mii cia quy luat phan bd vat liéu p, va p, cho hai truong hop cua tai trong g(x) 1a phan bd
déu va phan bo hinh sin. Trong do, py va p. c6 gia tri thay doi tir 0 dén 5, tham sé cap do tai trong

P =300, tham s6 hé s6 nén Ky = 10, K¢ = 10, ti s6 gitra chiéu dai va chiéu cao cia dam la 7 =20,

hai diéu kién lién két dugc khao sat 1a SS va CC. Trong tat ca cac truong hop khao sat vé diéu kién
bién va dang phéan b cua tai trong g(x), khi ting p, hoac p. hoac ting dong thoi ca p, va p, déu lam
cho Wy, tang 1én, diéu nay duogc giai thich 1a do theo cong thirc (1), khi ting p, hodc p, hoic ca p,
va p., ty phan thé tich V, cua vat liéu gbm giam, V,, cua vat liéu kim loai tang 1én, lam cho d¢ cimg
ctia tim 2D-FG giam, do vay d6 vong tang lén.

Hon nira, vi gid tri cua p, cang nhd, anh hudng cua sy thay dbi p, dén su thay ddi cia Wy, cang
16n. Cu thé trong Bang 3, véi lién két SS, khi p, = 0, gié tri cua wy; bang 1,3080 (p, = 0) va 1,8641
(px = 5), ting 42,52%, con khi p, = 5, gia tri ciia Wy, bang 1,8095 (p, = 0) va 2,1490 (p, = 5), ting
18,76%. Ciing twong ty nhu vay, voi gid tri ciia py cang nho, anh hudng cua su thay doi p, dén su thay
d6i ciia Wy, cang 16n. Cu thé trong Bang 4, voi lién két CC, khi p, = 0, gi4 tri ciia Wy, bang 0,9040
(p. = 0) va 1,5665 (p. = 5), ting 73,29%, con khi p, = 5, gia tri ctia wy, bang 1,4184 (p, = 0)
va 1,8240 (p. = 5), ting 28,6%. Ngoai ra, gia tri ciia wy, khi dam chiu tai trong g(x) phan b6 déu
16n hon so v&i khi dam chiu tai trong phan bd hinh sin, cu thé voi truong hop dam c6 lién két SS va
Py = p. = 1, wyz nhan gia tri 1an luot bang 1,5974 va 1,4911 twong tng voi ¢ (x) phan bd phan bd
déu va hinh sin, 16n hon 6,65%.

Hinh 5 va Hinh 6 1a sy bién thién d6 vong tinh phi tuyén wy;, ctia dim 2D-FG theo tham sé tai
trong P, lan luot twong g voi hai dang lién két 1a SS va CC. Trong d6, c¢b dinh cac tham s6 hé sb
nén Ky = 10, Kg = 10 va ti 1¢ giira chiéu dai va chiéu cao ciia dam la % = 20. Trong mdi truong hop
khao sat, cb dinh mot trong hai chi s mii py, p. nhan gia tri bang 1 va thay doi gia tri cua chi s6 mi

con lai b:ling 0;0,5; 1; 2 va 5, quy luat cua tai trong g(x) la phan bd déu hodc phan bd dang hinh sin.
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Bang 3. Su bién thién wy, khi dim 2D-FG chiu tai trong ¢ (x) = g

Lién két D Px
0 0,1 0,5 1 2 5

SS 0 1,3080 1,3198 1,3678 1,4294 1,5539 1,8641
0,1 1,3264 1,3383 1,3868 1,4488 1,5732 1,8775
0,5 1,3971 1,4093 1,4587 1,5209 1,6424 1,9241
1 1,4755 1,4877 1,5367 1,5974 1,7133 1,9713
2 1,5977 1,6094 1,6561 1,7128 1,8178 2,0406
5 1,8095 1,8197 1,8594 1,9060 1,9882 2,1490
CcC 0 0,9949 1,0084 1,0621 1,1278 1,2521 1,5340
0,1 1,0431 1,0565 1,1097 1,1745 1,2962 1,5688
0,5 1,1989 1,2116 1,2616 1,3218 1,4330 1,6748
1 1,3314 1,3432 1,3891 1,4439 1,5440 1,7588
2 1,4888 1,4990 1,5388 1,5860 1,6712 1,8524
5 1,6888 1,6967 1,7275 1,7637 1,8278 1,9591

Bang 4. Sy bién thién Wy, khi dam 2D-FG chiu tai trong ¢ (x) = go sin ”—Lx

Lién két D: Px
0 0,1 0,5 1 2 5

SS 0 1,2120 1,2232 1,2692 1,3279 1,4467 1,7429
0,1 1,2299 1,2413 1,2876 1,3468 1,4654 1,7560
0,5 1,2990 1,3107 1,3578 1,4171 1,5328 1,8017
1 1,3751 1,3868 1,4334 1,4911 1,6012 1,8475
2 1,4921 1,5032 1,5474 1,6011 1,7007 1,9138
5 1,6911 1,7007 1,7384 1,7827 1,8612 2,0166
cc 0 0,9040 0,9169 0,9680 1,0305 1,1490 1,4184
0,1 0,9506 0,9634 1,0141 1,0757 1,1917 1,4521
0,5 1,1018 1,1139 1,1615 1,2187 1,3243 1,5546
1 1,2301 1,2412 1,2846 1,3365 1,4312 1,6353
2 1,3803 1,3899 1,4272 1,4716 1,5519 1,7241
5 1,5665 1,5739 1,6029 1,6371 1,6979 1,8240

Két qua cho thiy, trong tat ca cc truong hop khao sat vé diéu kién bién va dang phan bd cua tai
trong ¢(x), khi ting p, hodc p. déu lam cho Wy, ting 1én, diéu nay hoan toan phu hop véi cac két qua
trong Bang 3 va Bang 4, su 1y giai cho diéu nay ciing hoan toan twong tu nhu d6i voi cac két qua trong
Béng 3 va Bang 4. Quan sat cac dudng cong tai - d6 vong ta thiy, voi dam 2D-FG c6 lién két SS, tinh

phi tuyén 16n hon so v6i dam c6 lién két CC, nhét 1a khi P thay d6i tir 0 dén 150.

Hinh 7 14 anh hudng ddng thoi cua sy thay dbi gia tri cua chi sé mii quy luat phan bd vat liéu
theo hai phuong p,, p. &n su bién thién do vong tinh phi tuyén wy;, ciia ddm 2D-FG, twong tng voi

A A e £ z Lol P— L
hai diéu kien lién két 1a SS va CC. Trong do, cac tham so dugc co dinh, bao gom P = 300, 7 = 20,

Kw = 10, quy luat | bién thién cua tai trong ¢(x) 1a phan bb déu. Ba truong hop thay dbi gia tri cia
tham sb hé s6 nén K lan luot bang 0; 25 va 100.
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Hinh 5. Puong cong tai - d6 vdng cua dim 2D-FG, lién két SS

Két qua cho thiy, trong cac truong hop thay d6i vé diéu kién bién va K, gia tri ciia wyy co su
thay ddi nhiéu hon khi py, p, thay d6i trong pham vi gia tri nhé va thay dbi it hon khi p,, p, thay ddi
trong pharn vi gi4 tri 16n. Cu thé xét mot truong hop trong Hinh 6(a), voi p, = 0,5, trong nam khoang
thay ddi gia tri cia p, lan Iuot tir O dén 5, tir 5 dén 10, tir 10 dén 15 va tr 15 dén 20, gia tri cia wyr
tang s6 phan tram tuong g 1a 29,83;7,31; 3,48 va 2,05. Diéu néy hoan toan hop ly, vi theo cong
thirc (1), ty phén thé tich V.. va V,, c6 su bién thién 16n hon khi chi s& mu trong pham vi gia tri nho.

Trong Bang 5 1a sy bién thién cta wy; theo sur thay d6i cac tham sb hé s nén, Ky nhan cac gia
tri 0; 10 va 100, va K nhan gia tri 0; 10;25 va 100. Dam chiu tai trong phan bd déu voi tham sé tai
trong P = 300. Hai diéu kién lién két 1a SS, CC va ba gia tri ti 1 giita chidu dai va chiéu day % lan
luot 1a 5; 10 va 20. Két qua cho thiy, trong tit ca cac trudng hop tinh toan, voi bat ky diéu kién bién

~L e T N R — A e , \ A+ 1A
vatile 7 o, khi taing Kw va K¢ gia tri cia wyy, deéu giam. Trong ca ba truong hop thay doi ti 1e

L = . : e — . Lo g 13 . x .
7 khi tang K¢ tu 0 dén 100, gié tri wyy gidam khoang 12,23% d6i voi dam c6 lién ket SS va gidm
khoéang 14,50% ddi voi dam co lién két CC.
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Hinh 6. Su bién thién Wy, ciia dam 2D-FG lién két CC theo tham s6 tai trong P

(a) SS

wyr

(b) CC

Hinh 7. Sy bién thién Wy, ciia dim 2D-FG theo su thay dbi cta chi sb mil py, p.
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(c) S8, g(x) = gosin %‘

_ _ SS CC
Ky K¢
L =5h L =10h L =20h L =5h L=10h L =20h
0 0 1,4842 1,4800 1,4790 1,3793 1,3142 1,2831
10 0 1,4823 1,4781 1,4771 1,3775 1,3125 1,2814
10 1,4639 1,4597 1,4587 1,3577 1,2926 1,2616
25 1,4364 1,4321 1,4312 1,3284 1,2631 1,2322
100 1,3015 1,2973 1,2964 1,1866 1,1217 1,0914
100 0 1,4649 1,4609 1,4600 1,3607 1,2965 1,2660
10 1,4465 1,4425 1,4416 1,3410 1,2768 1,2463
25 1,4191 1,4151 1,4142 1,3118 1,2474 1,2171
100 1,2849 1,2810 1,2801 1,1709 1,1070 1,0774
1,4
1,24 —
1t e
- = 081 r.:”////‘]’
& & 0,61 /'<’/’ ——Ku=0
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(d) CC, g (x) = gosin 7%

Hinh 8. Anh huong ciia K dén duong cong tai - d6 vong

150



Chinh, N. V. / Tap chi Khoa hoc Cong ngh¢ Xay dung

Hinh 8 12 anh huong cta tham sb hé s6 nén K dén su bién thién d6 vong tinh phi tuyén wy; cia
dam 2D-FG theo tham s6 tai trong P. Trong d6, co dinh cac tham s6 hé s6 nén Ky = 10 va ti 1€ gitra

.« A . <A A L A ~ A A A~ « A
chiéu dai va chi€u cao ctia dam la 7= 20, cac chi so mil ciia quy luat phan bo vat lieu p, = p, = 0,5,

tham sé K¢ nhan cac gia tri 0; 10; 25; 50 va 100. Hai diéu kién lién két dugc khdo sat 1a SS va CC,
hai dang tai trong g(x) 1 phan bé déu va phan bd dang hinh sin. Két qua cho thay, khi ting gid tri cia
tham s6 hé s6 nén K, gia tri cia wy, déu giam xudng trong bat ky diéu kién lién két ciing nhu dang
tai trong phan bd nao.
5. Két luan

Bai bdo nay di tinh toan do vong phi tuyén tinh cho dim c6 co tinh bién ddi theo hai phuong
chiéu cao va chiéu dai, ddm tya hoan toan trén nén dan hoi, lién két khop-khop, ngam-ngam va chiu
tai trong phan bd déu va dang ham sin. Phuong phap phan tir hiru han voi 1y thuyét bién dang truot
bac cao, quan hé bién dang chuyén vi theo mé hinh phi tuyén Von Kaman va mé hinh nén dan hdi
hai hé s6 di duoc st dung. Hé phuong trinh can bang phi tuyén tinh ctia dim duoc xay dung dya trén
nguyén 1y thé ning cuc tiéu toan phan va duoc giai theo thuat toan 1ap Newton-Rapshon. D¢ tin cdy
ctia phuong phap tinh toan trong bai bao di duoc kiém chimg, cho thay sai s6 nho khi so sanh véi cac
tac gia khac. Két qua tinh toan s cho thiy sy thay doi co tinh vat lidu theo ca hai phuong chiu dai
va chiéu cao cia ddm c6 anh hudng dang ké dén tng xtr tinh phi tuyén cua ddm 2D-FG, mic d6 thay
d6i nhidu hon khi chi s6 mii thay dbi trong pham vi gi4 tri nho, sy anh hudng nay khéng bi chi phdi
boi didu kién lién két, dang tai trong phan bd ciing nhu hé s nén dan hoi. Tinh phi tuyén khi dim cé
lién két khop - khop thé hién rd nét hon ddi voi ddm co lién két ngam - ngam, nhat 12 véi gia tri tham
s6 tan s trong pham vi nho. Mot sb két qua sb vé gia tri do vong tai chinh gitra dam va dudng cong
tai - 46 vong cua ddm 2D-FG véi sy thay ddi ciia cac tham s6 ddu vao da duoc tinh toan, khao sat va
thao lun chi tiét.
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