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Tém tit

Bai bao phén tich tinh dim sandwich v&i 16p 18i bang vat liéu x6p (porous), hai 16p bé mat 14 vat licu FGM dit
trén nén dan hoi Winkler/Pasternak/Kerr. Ba quy luat phan bé 16 rdng ciia 16p 18i duge xem xét bao gdm: phan
bd déu, phan bd khong déu ddi ximg va phan bb khong déu bat dbi xtimg. Hai 16p bé mat co co tinh dugc gia
thiét bién thién tuén theo quy luat Iy thtra. Céac phuong trinh can bang ctia dim duoc thiét 1ap theo nguyen ly
Hamilton, trén co s& 1y thuyét dam bac cao bén dn chuyén vi c6 xét dén d6 cong theo phwong chidu cao dam.
Nghiém giai tich cho bai toan phan tich tinh dwoc x4y dung bang cach sir dung dang nghiém Navier. D6 tin cay
ctia mo hinh va chuong trinh tinh dugc kiém chimg qua céc so sanh két qua nhan duoc véi cac két qua da cong
bd. Cac khao sat sb thuc hién nhim danh gia sy anh hudng cua cac tham s6 kich thudce hinh hoc, dic trung vat
lidu, nén dan hoi dén do vong va tng suit cua két ciu dam cong sandwich.

Tir khod: phan tich tinh; ddm cong sandwich; vat liéu FGM; vét liéu x6p; nén dan hoi.

STATIC ANALYSIS OF SANDWICH CURVED FG POROUS BEAMS RESTING ON WINKLER/
PASTERNAK/KERR FOUNDATION

Abstract

The article analyzes the static behavior of sandwich beams with a porous core and two surface layers made
of Functionally Graded Material (FGM) resting on a Winkler/Pasternak/Kerr elastic foundation. Three types
of pore distribution in the core are considered: uniform, symmetric non-uniform, and asymmetric non-uniform
distributions. The FGM surface layers are assumed to have variable properties that follow power laws. Based on
the high-order four-variable displacement theory, taking into account the curvature along the height direction
of the beam, the equilibrium equations of the beam are derived by using the Hamilton’s principle. Applying
the Navier tchnique, the analytical solutions are obtained. The reliability of the computational model and the
Matlab’s code is verified through comparative examples with published results. Numerical investigations are
carried out to evaluate the influence of geometrical, material, and elastic foundation parameters on the overall
deflection and stress of the curved sandwich beam.

Keywords: static analysis; sandwich curved beams; FGM; porous material; elastic foundations.
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1. Giéi thiéu

Vit liéu ¢6 co tinh bién thién (Functionally graded materials - FGM) dugc cac nha khoa hoc vét
li¢u Nhat Ban phat kién vao nam 1984 nhu 12 mot loai vat liéu cach nhiét [1] va dugc st dung nhiéu
trong cac nganh cong nghiép vil try, cong nghiép hang khong, cong nghiép nang lugng. Mot cach khai
quat c6 thé dinh nghia FGM 1a loai vat liéu composite tién tién, cau thanh tir hai hodc nhiéu hon hai
pha vt liéu thanh phan co tinh bién d6i tron va lién tuc theo méot hodc nhiéu phuong [2, 3]. FGM két
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hop duoc nhimg vu diém cua cac vat liéu thanh phan, nhu kha ning chiu nhiét, chéng an mon cia
gém (ceramic) cung véi do bén cua kim loai (metal), tao ra nhitng dac tinh vugt trdi so véi vt licu
thudn nhat. Mot trong nhitng phat trién méi cua vat liéu FGM 1a vat liéu xép (porous material - FGP).
O loai vat liéu ndy, cac 16 rong phan bd theo mot quy luat nhét dinh trong két cAu tao nén sy thay doi
tron va lién tuc cac dic trung co hoc cia vat lidu. Vat lidu xp co trong luong nhe, kha ning hip thu
nang luong tot, ddng thoi co tinh cach am va cach nhiét tot.

Két cAu sandwich di dugc ing dung rong rii trong cic nganh cong nghiép hang khong, cong
nghiép 6 t6, xay dung dan dung. Két ciu sandwich bao gdm ba phan chinh: hai 16p bé mat mong lam
tur vat liéu c6 do cting cao, chu yéu chiu uén; 16p 161 day lam tr vat li€u xép chu yéu chiu luc cit va
¢6 kha ning khuéch tan ning lugng, cach am, cach nhiét. Trong nhitng nam gan déy, cac bai toan vé
phan tich tinh va dong ctia ddm sandwich da dugc nhiéu tic gia quan tim nghién ctru. Nguyen va cs.
[4] da phan tich on dinh va dao dong riéng cua dam sandwich FGM véi cac diéu kién bién khac nhau
bang cach sir dung 1y thuyet bién dang cét bac cao va ly thuyet twa 3D (quam 3D). Nguyen va Nguyen
[5] da d& xuat mot 1y thuyét bién dang cat hypebol m&i dé phan tich udn, on dinh va dao dong tu do
ctia dam sandwich FGM c¢6 16p 16i cimg va 161 mém déng huéng. Mu va Zhao [6] d3 phat trién mot
mo hinh giai tich dé phan tich tan s6 co ban cta dim sandwich voi cac 16p bé mat FGM, 16p 15i vat
ligu xép béang cach sir dung 1y thuyét dam cb dién (CBT). Tru(mg va cs. [7] da phan tich dao dong
riéng dim sandwich FGM xop v6i diéu kién bién khac nhau bing phuong phap Ritz. Osofero va cs.
[8] da phat trién 1y thuyét bién dang cit tya 3D dé phan tich Gng xir udn cua dam sandwich FGM
diéu kién bién tua khép. Su va cs. [9] da nghién ctru dao dong tu do cia dam sandwich FGM vdi céc
diéu kién bién khic nhau dat trén nén dan hoi Pasternak theo 1y thuyét dam bac nhat (FSDT). Nirmala
va cs. [10] da phat trién cac biéu thirc phan tich ng suit dan hdi nhiét trong dim sandwich FGM.
Zenkour v cs. [11] da phan tich ubn udn dam sandwich FGM, bién hai dau tua khop dit trén nén dan
hdi Pasternak bang cach sir dung cac 1y thuyét dam bac cao (HSDT) khac nhau. Sayyad va Ghugal
[12] da str dung ly thuyét bac cao dé phan tich uén dam cong sandwich FGM véi 16p 16i 1a vat liu
dang hudng.

Trong thuc té nhét 1a nganh xay dung hodc cau duong ta s€ gap loai két cdu 1a cac dam dat trén
mot moi trudng dan hdi nhu ddm moéng dat trén nén dat, pha chuyén tai nim trén mat nudc hay cac
ta vet dat trén nén dat da. Cac bai toan nay thudc dang bai siéu tinh dac biét, viéc xac dinh chuyén
vi, ing suét, ndi luc ciia dam phu thudc vao quan niém va mé hinh nén duoc gia thiét. M6 hinh nén
Winkler [13] 1a mé hinh nén co hoc don gian nhit va di dwoc ap dung rong rii trong nghién ctru bai
toan dam trén nén dan hdi. Trong mo hinh Winkler, mot bo bao gdm nhiéu 16 xo doc 1ap duoc gin
doc theo ddm dé tao thanh hé mong dam. Loai md hinh nén nay thuong dugc goi la mo hinh nén “mot
tham s6” vi n6 chi dugc dic trung boi do climg thang dimg ctia 10 xo nén Winkler. Mic du don gian,
thuan loi trong tinh toan nhung mo hinh nén Winkler c6 han ché 1a su khong lién tuc trong chuyén Vi
nén do gia thiét cac 10 xo 1am viéc doc 1ap. Ngoai ra, viéc tach roi cac 10 xo theo md hinh Winkler
din dén viéc bo qua su tdn tai ctia nén bén ngoai phia hai dau cua dim chiju tai va dan dén su thay ddi
dot ngot khong thuc té trong chuyén vi bé mit mong giita ving chiu tai va khong tai. Dé khéc phuc
nhuoc diém cia mé hinh nén mot tham s6, mot s6 nha nghién ctru [14-16] da cai tién mo hinh nén
Winkler bang cach dua vao tham s6 nén thir hai dé giai thich cho sy ton tai ctia 16p trugt bén trong moi
truong nén, goi 1a mo hinh nén “hai tham s6”. Trong cac md hinh nén hai tham s6 nay thi mé hinh nén
Pasternak [16] dugc sir dung nhiéu hon ca. Tiép sau mé hinh nén hai tham s6, Hetenyi [17] va Kerr
[18, 19] d thém tham sé nén thir ba (mo hinh nén ba tham sb). Vai trd chinh ciia tham sé mong thir ba
1a cung cép tinh linh hoat cao hon trong viéc kiém soat mirc d6 lién tuc ciia bé mat nén giita cac ving
chiu tai va khong tai ciia nén dudi dam. Piéu nay phu hop voi quan sat ciia Foppl [20] rang chuyén vi
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bé mit nén bén ngoai ving chiu tai dugc du doan bdi mé hinh lién tuc giam qua cham so v&i nhiing gi
xay ra trong thuc té, va do d6 tn tai mot ranh gidi gian doan (khong lién tuc) nhat dinh ¢ ving chiu
tai va khong chiu tai. Trong sé cac mo hinh nén ba tham s, mé hinh nén kiéu Kerr [18, 19] dwoc dic
biét quan tdm vi nd bit ngudn tir moé hinh nén hai tham sé Winkler - Pasternak phd bién [16] da c6.
Céu tao nén Kerr dugc mo hinh bao gdbm mét 16p 16 xo bén dudi va mét 1p 16 xo bén trén kep giita
1a mot 16p chiu cit khong nén duge. Cac tham sé dic trung cho mé hinh nén Kerr 1a do cimg cia cac
10 xo phia trén (hé s6 nén cua 16p nén dan hoi phia trén), dudi (hé s6 nén cua 16p nén dan hoi phia
duéi) va do cting cua 16p giita chiu cit (hé s6 nén cua 16p gitra chiu cét). Mot sb it cac nghién ciru da
cong bd vé dam cong dat trén nén dan hdi c6 thé ké dén Quoc-Hoa Pham va cs.[21] dd nghién ctru dao
d6ng nhiét, am ciia dam cong FGM hai chiéu c6 chira cac 16 rdng dat trén nén dan hoi Pasternak bang
phuong phép phan tir hiru han. Hong [22] d3 lua chon tiép can giai tich dé nghién ciru timg xir co hoc
ctia dam cong hai 16p FGM dit trén nén dan hoi Pasternak theo 1y thuyét dam Timoshenko cai tién.
Qua tong quan nghién ctru c6 thé thiy rang nhu cau Gng dung vao thuc tién cua vat litu FGM,
vat lidu xop 1a rat 16n vi vay cac két cAu lam tir hai loai vat liéu nay da duoc nhiéu tic gia quan tim
nghién ctru. P c6 kha nhiéu bai bao vé phan tich tinh, dong va 6n dinh cua dim thang sandwich theo
cac 1y thuyét khac nhau. Tuy nhién, nghién ctru tuyén tinh v& phan tich tinh dam cong sandwich c6
16p 16i 1a vat lidu xp, 16p bé mat FGM (sandwich FGM x&p) dit trén nén dan hoi ba hé s dén nay
dang con han ché. Trong bai bao nay, 1y thuyét dam bac cao bbn n chuyén vi c6 xét dén anh huong
ctia do cong theo phwong chiéu cao dam duoc sir dung dé phan tich tinh dam sandwich FGM x&p dit
trén nén dan hoi Winkler/Pasternak/Kerr. So sanh két qua ctia bai bao véi cac két qua da cong bd cho
thdy do tin cdy cia md hinh dé xuat. Tir d6, bai bio nghién ciru anh hudng cua cac dic trung vat licu,
kich thudce hinh hoc, nén dan hdi dén do vong va ing suét cua két cAu dim sandwich FGM xép.

2. Mb hinh dim cong sandwich FGM xp diit trén nén dan hoi
2.1. M6 hinh dam
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Hinh 1. Dam sandwich FGM xdp dit trén nén dan hdi Winkler/Pasternak/Kerr
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Xét dam cong sandwich FGM x&p dit trén nén dan hoi nhu thé hién trén Hinh 1. Dam c6 chiéu dai
L, mit cit ngang chit nhat b x h, ban kinh cong theo chiéu cao ddm R. Cac bién thién cta bién chiéu
dai x, chiéu rong y va chiéu cao z trong hé toa d Descartes lan luot dugce xac dinh theo: 0 < x < L;
—-b/2 <y < b/2; —h/2 < z < h/2. Truc z duoc gia dinh hudng xudng.
2.2. Lép vit liéu bé mat — FGM

Vit lidu FGM cho céc 16p bé mat duoc xem xét trong nghién ctru nay 14 vat liéu P-FGM. M6 dun
dan hoi E(z) bién thién theo chiéu day mbi 16p duoc xac dinh theo [12]:

E(x)= Em1 + (Emz - Eml) V(2) (1)

trong d6 V(z) 1a ham thé tich cho dam cong sandwich x6p — FGM:

Lép 1 (FGM mit trén dam): V,(z) = ((z — ho) / () — ho))? v6i z € [ho, 1] )
Lop 2 (FGP): E(z) tinh theo cac cong thtc (5) + (11) voi z € [hy, hy] 3)
Lép 3 (FGM mit dudi dam): Vj,(2) = ((z — h3) / (hy — h3))P v6i z € [ha, h3) 4)

V6i E,y, va E,y, 12 cic mo dun dan hoi ctia kim loai va gdm céu thanh nén vt liéu FGM; “p” 1a chi s6
ty 1é thé tich cua vat liéu FGM.
2.3. Lop vt liéu 16i — xop

Lép 16i 1a vat liéu xdp (FGP) duoc xem xét trong nghién ciru nay 13 bot kim loai (metal foam) véi
ba quy luét phan bd: Phan bd déu, phan bd khong déu dbi xtng va phan bd khong déu bt dbi xtmg.
Mo dun dan hoi kéo — nén, mé dun dan hoi trugt va khdi luong riéng cua vat liéu FGP phy thudc vao
mat d§ phan bd 16 rSng, va bién thién lién tuc theo chiéu cao dim, d3 dugc dé cap dén theo céc quy
luat sau [23]:

Phén bb déu (PBD)
E@=E1(1—eyy) voiy =1/eg —(1/ey) ((2/7r) Vi—-eo -2/ + 1)2 ®))
G(z) =G (1 —egx) (6)

Phan b6 khong déu — d6i ximg (KD-DX)

E(Z) =E{(1- e()COS(ﬂ'Z/]’l)) voi ep=1- Ez/E] =1- Gz/G] (0 <ep < 1) (7)
G (2) = G1 (1 - eqcos (mz/h)) ®)

Phan b khong déu — bat d6i xing (KD-BPX)
E(z) = Ey (1 - egcos (n (z/h + 1/4))) ©)

G(z) =G (1 —egcos (m(z/h + 1/4))) (10)

trong do cac hé s6 mat do 15 r5ng duogc tinh theo cong thuc:
eo=1-E)/E1 =1-G,/Gy vbieye (0,1) (11)
voi E; 1a gia tri 16n nhét ctia md dun dan hoi kéo — nén; G, 1a gia tri 16n nhét cia mo dun dan hoi

truot; E, 1a gia tri nho nhét nhit cia mo dun dan hdi kéo — nén; G, 1a Gia tri nho nhét ciia md dun dan
hoéi trugt. Trong bao cao nay, hé so Poisson dugc coi 1a khong thay doi theo toa do z.
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3. Cong thirc Iy thuyét

Dé phan tich dao dong riéng ciia dam cong sandwich FGM xdp dit trén nén dan hdi, bai bao sir
dung ly thuyét dam bac cao bon an chuyén vi ¢ xét dén anh hudng cia dé cong theo phuwong chiéu
cao dam.
3.1. Truwong chuyén vi

Trudng chuyén vi cia mot diém bat ky thude dam duoc gia thiét [12]:

u(x,2) = (I +z/R)up(x) — zwox + f(2) ¢px (x) (12)
w(x,2) = wo (x) + g (2) ¢, (x) (13)

trong d6 u, w 1an luot 1a chuyén vi cia diém bat k}‘/ thugc dam theo phuong truc x, z, ug, wo 1a cac
chuyén vi ctia diém bét ky trén truc trung hoa ciia dam cong theo cac phuong truc x, z; R 1a ban kinh
cong theo phucmg chiéu cao dam; ¢, 1a gbc xoay ctia mit cit ngang dam tai truc trung hoa va ¢, 1a
mot 4n s6 can tim lién quan dén chuyén vi ngang. Ham f(z) duoc gia dinh theo sy bién thién cua tmg

5 4
sudt cat ngang trén chiéu cao ctia dam. Theo [24] ham f (z) = 4Z (1 322) thoa mén diéu kién triét
tiéu ng suat cit ngang tai mat trén va dudi dam.
3.2. Truong bién dang
Trudng bién dang dugce suy ra tir truong chuyén vi:
Ex = UQ,x — IW0,xx T f(Z) ¢x,x +wo/R + (¢Z/R)g (2) véi g (2) = 0 (f (Z))/aZ (14)
&; = (08 (2)/02) ¢, 15)
=g (¢x + ¢Z,x) (16)

3.3. Truong img sudt

Truong tng suét duoc xéac dinh tir quan h¢ gitia ing suét va bién dang theo dinh luat Hooke:

O Cii Cio O] (&
o.0=|Ci2 Cxn 0 |{e& (17)
Txz 0 0 C33 Yxz

trong d6 o, o, 1an luot 1a ing suit phap theo phuwong doc truc va phuong chiéu cao dam; 7y, 13 Gng
suat cat ngang (Ung suat tiép theo phuong chiéu cao); C;; 1a cac hé s6 dan hoi dugc xac dinh nhu sau
(hé so Poisson gia thiét 1a hang so):

(z)

Cii(@) = Cn() = yy: (18)

Cia(2) = ME(Z)z (19)
E

Cx(0) = %%?m (20)
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3.4. Phwong trinh cdin bang
Hé phuong trinh cin bang cua 1y thuyét dim cong bac cao bdn an chuyén vi dit trén nén dan hdi
dugc xac dinh bang cach sir dung nguyén ly Hamilton [25]:

f(6U+5Uf—6V)dQ =0 (21)
Q
trong do: 6U, 6U s va oV lan lugt 12 bién phan thé ning bién dang dan hoi ciia dam, bién phan thé nang
ctia phan lyc nén va bién phan cong ngoai lyc.
Bién phén thé nang bién dang dan hdi ciia ddm duoc xac dinh theo:

h/2
oU =b f f késx + 0"263Z + T’;Z(S’yxz)dzdx
h/2

c P (22)

3 f ( N,yOug — MS SWo xx + M3 8¢ + Nxdwo/R ) I

0 \ +0:00:/R + Q::6¢. + Vo6, + V0. x
Bién phan thé ning cta phan lyc nén Winkler/Pasternak/Kerr:
L
oUy = f f.6wdx véi f, 1a phan luc ciia nén dan hdi (23)
0
Cong thirc xac dinh phan luc nén f, nhu sau [26]:
fo = fw(Winkler) = k,w 24)
Je = fp(Pasternak) = kyw — G,w (25)
kik keky 0*w

Je = fkerr(Kerr) = L - (26)

i+ bk, ki +ky 02

voi ky, 1a hé sb do cung udn cua nén dan hdi Winkler/Pasternak; Gplahé s6 do cung cit ciia nén dan
hdi Pasternak; k;, kg, k,, 1an luot 1a hé sb do ciing udn cta nén dan hoi trén, hé sb do ciing cit va hé sb
d6 cimg ubn cuia nén dan hoi dudi trong mo hinh nén Kerr.

Bién phén cong cua tai trong udn:

L
oV = f q (x) owdx 27
0

trong d6 N, M, M3, O, Q.., V. 1a luc doc, m6 men udn, mé men uon do anh huong luc cat, lyc cat
va cac lyc cit bac cao. Bicu thirc cudi cung cho cac thanh phan ndi luc nay thu dugc sau khi tich phan
ung suat theo chi€u day ctia dam cong duoc két qua nhu sau:

+h/2 ug 62 wo 0p bz
N,=b dz=Ay1—-B + B Px 4 —+D —+E 28
! Ih/z Tt ey 152 175, np np 119z (28)
M =b dz =By 22— F 0 pS 2y g B0y pS B S 29
! j:h/z Ttz Wy 1 Ox2 oy IR nR 12¢: (29)

+h/2 ou O*w 0¢ )
s _ s Oup S 0 s 0P« s W s Pz s
Mx = bj:h/z O'xf(Z)dZ - B11 Ox F11 Ox 2 Gll ox Bll R +H11 R +J ¢)Z (30)

+h/2 Auy 0wy ¢ ¢z
= x =D - D} +HY =+ Dy — + K}, — + L} 1
Q: bf:h/z 758 (Q)dz = Dug Ox 1 x2 1 9x "R -+ KD R T Lt D

6
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+h/2 d
2(2) Ouyg S > wo Sa¢x s ¢z s
sz=bL1/2 oy dz=Engr —E,— o +J, 7+ En 7+L12R + L) ¢

+h/2
V.=b f e (OF (/02 dz = K (6 + o)

—h/2

v6i cac hé s6 do cung trong céac bi€u thic ndi lyc duoce xac dinh theo:

12 12 h/2
Aqy =bf Ci1(2)dz, Biy =bf C11 () zdz, Fy =bf Cn (2)7°dz
)2 /2 “h/2

h/2

h/2 h/2
Fj, = bfh/ C11 (2)zf (2)dz, B, =bf Cn (2) f (2)dz, D1y =bfh/ Ci(@g@)dz
—h/2 —h/2

h/2 h/2
D} = bf Ci(2zg(@)dz, Ep = bf C12(2) (0g (2)/0z2) dz,
—h/2 —h/2
h/2

h/2
E' = b f C12(2)2(3g (/0) d2. G, = b f Cu@If @ ds
—h/2 —h/2

h/2 h/2
H = f CHOF@8@ds I = b f L Cr @O
/2

h/2
E}, = bfh/z C12(2)z(0g (2)/02)dz, L], = bfh/z C12(2) g(2) (0g (2)/02) dz

h/2 h/2
L =b f Con (2) (3 (/00Pdz. K}, = b f i1 @l @)z
—h/2 —h/2

12
K3, = bf C33 (2)]g ()] dz

h/2

(32)

(33)

34

Thay thé cac bién phan 6U va 6V dugc xac dinh tir cac biéu thirc (22) dén (33) vao phuong trinh
(21) va thuc hién cac phép bién doi bién phan, sau d6 dong nhat hé sé cac bién phan ug, Swo, 6., 66,

ta thu dugc hé cac phuong trinh can bing cua ly thuyét dim cong béc cao bdn an chuyén vi:

5u0 'Nxx =0
owo 1 MS

X, XX Nx/R+Q(x)_fe:0
Oy fox V.=0

6¢Z : z,x_ sz - QZ/R =0

(35)
(36)
(37
(€1))

Céac phuong trinh can bﬁng (35) + (38) duoc st dung dé phéan tich ubn dim cong sandwich FGM

x6p dat trén nén dan hdi Winkler/Pasternak/Kerr.

3.5. Loi gidi gidi tich — nghiém Navier

Trong nghién ciru ndy, Gmg x tinh cia dam cong sandwich FGM x4p hai dau khop dwoc phan

tich bang cach sir dung 10i giai Navier véi diéu kién bién khép tai hai du dam thoa mén:

wo=Ny=M;=M;=0taix=0vax=1L

(39
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Theo Navier, cic bién chua biét trong truong chuyén vi duoc khai trién ¢ dang chudi luong giac
thoa man di€u kién bién hai dau dam tya khop.

W:ZZmﬂW“W” (40)
Wo = Z::m W, sin (@x) A1)
b= D45 bamcos (@) (42)
b= D35 emsin (@) (43)

trong d6 @ = mnr/L va uy, Wy, @xms Gz 12 cac hé sb chua biét can xac dinh. Tai trong phan bd déu q
tac dung 1én mit trén cua dim ciing dugc gia thiét dudi dang chudi luong giac:
- 4
qx) = Z 0 Gin (ax) (44)
mm
m=1,3,5
v6i o 1a cuong d6 cuc dai cua tai trong va m 13 cac s6 1é nguyén duong (m = 1, 3,5, ..., ).
Thay cac biéu thirc chuyén vi va tai trong tir (40) = (44) va (28) + (34) vao (35) = (38) ta dugc hé
phuong trinh can bang viét dudi dang ma tran:
Su Sz Si3 S| um 0
Sa S S23 Sl fwm|_ 4 Jqo
S31 Sz S33 S| |dwm| mm |0
Sa1 Sa2 Sa3 Saal \dm 0

trong d6 cac phan tir cia ma tran do cimg [S], vecto chuyén vi {A} va vecto luc {F} dugc xac dinh
boi:

hay [S]{A} = {F} (45)

Al Dy
S11——A11a S]z—(B]]Cl +?a/) S]3—-B [0 S14—(7+E12)

BS DV l)11 E12 H¢
Sos = (Ff1“3 + %0),524 = (—Elza2 - Taz - ?),534 = (% + iy~ K§3)a

s o Kiyo2Ly, (46)
Saq = |K530" — — = —= = L,|, 521 = 812,531 = 813,832 = 823,541 = 514,542 = S04,

4
S43=S34, A} = {thn, Wons By G}, {F} = {O HEIO 0 0}

- Nén Winkler:
2B11 5, An
Szz—( F11a/ ——R a —_R2 —kw) (47)
- Nén Pasternak:
2B A
4 11 2 11
S22:(_F11(}’ +(GP—T)Q’ —F—kw) (48)

- Nén Kerr:

(49)

SzzZ(—F11a4—( ksk, +2311) ,»  An kik, )

ki+ks R )] R kitk,
T phuorng trinh (45), ta c6 thé xac dinh cac hé s6 chwa biét U, Wi, ¢xm, $zm. Cac hé s6 nay duoc
sir dung dé xac dinh cac dai luong can tim ug, wo, @, ¢-, 1a chuyén vi, bién dang va tng suit ciia dim

cong sandwich FGM x4p dat trén nén dan hdi Winkler/Pasternak/Kerr.
8
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4. Két qua sb va thao luan
4.1. Cdc vi du kiém chirng

Do céc cong bd hién tai vé phan tich tinh ddm cong sandwich x6p — FGM dang con rat han ché
nén bai bao thuc hién hai vi du so sanh dé kiém chimg do chinh xac cia mé hinh hién tai so véi cac
truong hop riéng da cong bod. Vi du thir nhét 1a kiém ching két qua d6 vong, ing suat ciia dam cong
sandwich c6 16p 18i dang hudng, hai 16p bé mit 13 vat liéu FGM. Vi dy th hai thuc hién nham kiém
chtng d6 vong cho dim thang bang vt liéu ddng hudng dit trén nén dan hoi.
a. Kiém chimg do vong, img suat cho dam cong sandwich FGM, 15i déng hudng

Tinh toan d6 vong, ing suat ciia dam cong sandwich véi 16p 13i 1a vat lidu dang hudng, 16p bé
mit 12 vat lieu FGM c6 toa do cac 16p theo chiéu day 1a: kg = h/2, hy = h/6, hy = h/6, h3 = h/2. Cac
thudc tinh vat liéu:

+ Gém (ceramic) Al,O3 c6: E.= 380 GPa, i =0,3.

+ Kim loai (metal) Al ¢o: E,, = 70 GPa, u =0,3.

Két qua do vong, tmg suat dugc trinh bay dudi dang khong thir nguyén. Cac cong thirc khong thir
nguyén duoc ldy theo nghién ctru cia cac tac gia Sayyad va Ghugal [12]:

w

L 100wE,,bh? L h\ o.bh

Tx.Dh
2 qoL L

(50)

Bang 1. So sanh d9 vong, mg suat cia dim cong sandwich c6 15i 1a vat lidu dang hudng
va hai 16p bé mit la vat liéu FGM (ty so R/L=15)

p
L/h 0 1 5 10

Baibao [12] Baibsao [12] Baibao  [I12]  Baibdo  [I2]

w 5 3,1026  3,1294 6,1341 6,1913 10,9793 11,0770 12,2900 12,3960
10 29338 29337 59706 59706 10,8508 10,8470 12,1686 12,1620

Oy 5 3,7934  3,8221 1,4299 1,4449  2,6018 2,6274 29175 2,9432
10 7,5177 7,5665  2,8437  2,8708 5,1895 5,2363 5,8223 5,8687

Tz 5 0,7232  0,7431 0,8443  0,8623 0,9931 1,0010 1,0457 1,0487
10 0,7365 0,7561 0,8585 0,8754 1,0105 1,0170 1,0642 1,0658

Bang 1 thé hién két qua cua bai bao tinh toan do vong, tmg suit cua dam cong sandwich c6 151 1a
vat liéu déng huéng va hai 16p bé mat 1a vat liéu FGM. Két qua duoc so sanh voi nghién clru cla tac
gia Sayyad va Ghugal [12] tinh toan theo phuong phap giai tich sir dung 1y thuyét dam bac cao voi
ham mé ta ing suat cit ngang dang hinh sin va c6 ké dén bién dang theo phuong chiéu cao dam. C6
thé thay sai 1éch giira két qua cta dé tai va tai liéu kiém chung 1a khong déng ké.

b. Kiém chimg d6 vong cho dam dit trén nén dan hoi
: . . . L

Bang 2 trinh bay két qua cua bai bao so sanh d¢ vong gitra nhip khong thir nguyén w (x =7.2= 0) =

100wE bh*

TN ctia dam thang dang hudng véi két qua nghiém chinh xac (Exact) ciia Chen va cs. [27]
q0

, s . I
v6i hai gia tri khac nhau cua ty so L/h va cac tham s6 nén khong thir nguyén: Winkler K,, = k,, (E)

9
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_ L? 3
va Pasternak K = k; (EI) voil = 50 14 m6 men quan tinh cia tiét dién dam hinh chit nhat. C6 thé

nhan thay, két qua bai bao kha phii hop véi két qua ciia tai liéu kiém chimg.
Bang 2. So sanh d¢ vong giita nhip khong thir nguyén w (L/2, 0) ciia dam thing ding huéng dit trén
nén dan hoi Winkler/ Pasternak

Hé s6 nén L/h=120 L/h=15

K, K, Chen [27] Bai bao Chen [27] Bai bao
0 0 1,3023 1,3023 1,3153 1,3132
10 0,6448 0,6448 0,6483 0,6473

25 0,3661 0,3661 0,3674 0,3668

10 0 1,1806 1,1805 1,1913 1,1895
10 0,6133 0,6133 0,6165 0,6155

25 0,3557 0,3557 0,3568 0,3563

100 0 0,6401 0,6401 0,6434 0,6425
20 0,4256 0,4256 0,4272 0,4265

15 0,2828 0,2828 0,2836 0,2832

4.2. Cac vi du khao sat

Trong muc nay, bai bio phan tich uén dam cong sandwich FGM xp tiét dién chir nhat chiéu dai
L, chiéu rong b, chiéu cao i khong nén va co dit trén nén dan hdi Winkler/Pasternak/Kerr. Lop bé
mat 14 vat liéu FGM cAu thanh tir hai loai vat liéu Al,O3 va Al ¢6 thudc tinh vat liéu nhu trinh bay &
muc 4.1.a. L6p 16i dam lam bang vat liéu x6p (bot kim loai — metal foam) vé6i hé s6 16 rong eg. Cac
héng sb vat lidu: E; =200 GPa, u = 1/3. Tai trong phan bd déu c6 cudong do gy (N/m?). Ba dang phan
b6 15 rdng duoc khao sat bao gdm: Phan bd déu, phan bd khong déu dbi xting va phan bd khong déu
bat dbi xtmg nhu di trinh bay tai muc 2.3. Cac két qua do vong, ing suit va cac tham sd nén khong
thr nguyén lan luot duoc tinh theo (50) va (51) [27, 28]:

_ LY\ . LY\ L*\ . LY\ L
K,=ky| —=):G, =G| = Ks;=ks| = s Ku =ky| = |, Ki = k| — 51
w W(EI), )4 W(EI), K S(El)a u M(EI), I I(EI) ( )

a. Anh huong ciia nén dan hoi

Xet dam cong sandwich FGM x&p tiét dién chir nhat chiéu dai L, chiéu rong b, chidu cao h dat
trén nén dan hdi Winkler/Pasternak/Kerr véi cac hé s6 nén khong thtr nguyén Kw, G, K, Kl, K,. Két
qua trong Béang 3 cho thiy, cac gié tri w, &y, Ty, cia dam cong sandwich FGM xp trén nén dan hdi
Pasternak va Kerr nho hon so v6i ddm trén nén dan hoi Winkler. Diéu nay c6 thé duoc giai thich 1a do
nén dan hdi Pasternak va Kerr c6 ké dén hé sb do cung cit cia nén. Hon nita, véi cung do cling ubn
cuia 16p nén bén dudi va do cung cat, do vong, tng suat khong thir nguyén cua dam trén nén dan hoi
Kerr 16n hon dam trén nén dan hoi Pasternak. Nguyén nhén 12 do mé hinh nén Kerr c6 thém mét 16p
nén dan hoi bén trén tiép xtc véi dam, 16p nén nay s& 1am giam d6 ctng udn cua hé dam — nén. Mat
khac, ciing theo sb lidu khao sat trong Bang 3 vdi ddm cong sandwich FGM xdp khong dit trén nén
dan hoi, khi ting hé s 18 réng ey d6 vong va cac ung suét ciia dam ting 1én nhung khi dit dam trén
nén dan hoi Winkler/Pastemak/Kerr d6 vong clia dam ting trong khi cac ing suit lai giam xudng.
Ngoal ra, voi dam dat trén nen dan hoi Kerr, do Vong W va cac ing suét khong thr nguyén &, T, cua
dam ting 1én khi ting thong sé Kerr (K;) va giam xudng khi ting hai tham s K, K.

10
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Bang 3. Do vdng va tmg suit khong thir nguyén cua dim cong sandwich FGM xdp
(R/L=10,L/h=10, p=5, KD-DX ty 1€ chiéu day cac 16p dam sandwich 1-2-1)

Nén dan hoi HE s0 nén eo w Oy Tz

Khong dat trén nén dan hoi 0 36741  9,0952 04417
02 3,7121  9,1434  0,3880
0,5 3,7790 92192  0,2844

Winkler K, =10 0 3,2456  8,0045 0,3990
0,2  3,2750  8,0366 0,3501
0,5 3,3267  8,0850 0,2562

Pasternak K,=G,=10 0 1,5059  3,6230 0,2153
0,2 1,5119  3,6194 0,1879
0,5 1,5223  3,6098 0,1361

Kerr K, =K;=K; =10 0 2,1381 5,2107 0,2832

0,2  2,1506  5,2148 0,2476
0,5 2,1723 5,2170 0,1801

K,=K;=10;K, =15 0 2,2949  5,6052 0,2998
0,2 23094  5,6122 0,2624
0,5 23346 5,6189  0,19101

K.=K, =K =15 0  1,7674 42784 02437
02 1,7758 42773 02129
0,5 1,7904 42713  0,1545

b. Anh hudng cta chi s ty 1é thé tich p va hé sb rdng e dén d6 vong w ctiia dam sandwich FGM x&p

Do vong 16n nhit ctia ddm cong sandwich FGM xdp w dit trén nén dan hoi Kerr (K, = K, = K; =
10) véi ba dang phan bd 15 réng khi hé s r5ng e thay dbi thé hién trong Bang 4 va Hinh 2. Quan sat
két qua ta thay khi ting chi sb p (ting phan thé tich gém, giam kim loai), 46 vong ctia dam sandwich
glam Xuong, hay néi cach khac 1a khi ch1 s6 p tang 1én s& 1am ting d6 ctng ctia dim sandw1ch FGM
x6p. Két qua ciing chi ra rang khi hé sb 16 rdng ting s& lam d¢ cimg ciia dim giam xudng (dim bi
vong nhiéu hon) véi ca ba kiéu phan bé 16 rdng. V&i s6 liéu khao sat, trong ba kiéu phan bé 16 rong,
kiéu KD-DX ludn cho d¢ vong ctia ddm sandwich FGM xdp 1a 16n nhat (d cting dam nho nhit) véi
moi gia tri ciia eg. Ngoai ra, d6 vdng trong trudng hop phan b 16 réng KB-BPX va PBD cho két qua
xap xi nhau.

Bang 4. D6 vong khong thir nguyén w ctia d:?lm cong sandwigh FGM x&p trén nén dan hoi Kerr
(R/L=10, L/h =10, ty 1¢ chiéu day cac l6p dam sandwich 1-2-1)

Kiéu phan b6 16 rdng p €0
0 0,2 0,4 0,6 0,8
Kb-bX 0 3,8615 3,8829 3,9053 3,9294 3,9568
1 2,5066 2,5228 2,5415 2,5640 2,5924
2 2,2914 2,3059 2,3226 2,3422 2,3662
5 2,1381 2,1506 2,1646 2,1807 2,1996
10 2,0857 2,0972 2,1100 2,1244 2,1409

11
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. Lox €
Kiéu phan bo 10 rong p 0
0 0,2 0,4 0,6 0,8
Kb-BbX 0 3,8615 3,8788 3,8968 3,9158 3,9360
1 2,5066 2,5191 2,5330 2,5486 2,5666
2 2,2914 2,3026 2,3149 2,3287 2,3443
5 2,1381 2,1477 2,1582 2,1681 2,1793
10 2,0857 2,0944 2,1038 2,1122 2,1211
PBD 0 3,8615 3,8781 3,8960 3,9161 3,9404
1 2,5066 2,5185 2,5322 2,5487 2,5709
2 2,2914 2,3020 2,3142 2,3288 2,3480
5 2,1381 2,1472 2,1576 2,1699 2,1855
10 2,0857 2,0942 2,1037 2,1148 2,1288
8 T T T T T T T T T 26

b2

i)

=02
_eCI 0.2

eU=D,4
— e3=D.S

ta

S8 F

ta

b2

=]

ta

2)

—
L
fed
n , 1
(=

O
2.
0 1 2 3 4 5 6 7 g 9 10 01 02 03 04 03 06 07 08
P €o
(a) Kiéu phan b6 156 rong PBD (b) Do vdng w theo hé s e, ctia dam xdp

Hinh 2. Bién thién d6 vdng w ctia dam sandwich FGM xdp trén nén dan hdi Kerr theo chi sb ty 1& thé tich p va
hé s6 ey (1-2-1, p=1,L/h=10,R/L=10)

c. Anh huéng cua chi sé ty 18 thé tich p va hé s6 phan bd 15 rdng ey dén sy phan bd Gng suit o, Ty,
theo chiéu cao dim sandwich FGM x4p

D6 thi Hinh 3+4 lan lugt biéu dién anh hudng ctia hé s rong e dén sy phan bo timg suit phap 7, va
(g suat tiép 7. theo chiéu cao dam sandwich FGM xdp trén nén dan hoi Kerr (KM =K,=K; = 10).
Xét hai truong hop ciu tao ctia 10p vat liéu FGM: truong hop thir nhat (Hinh 3(a), Hinh 4(a)), céc 16p
FGM c6 bé mit 1a kim loai tiép xtic v6i 16p 16i x6p FGP; truong hop thir 2 (Hinh 3(b), Hinh 4(b)), cac
16p FGM c6 bé mat 1a gbm tiép xtic voi 16p 16i xop FGP. Cac duong d6 thi trong truong hop thi hai
xuét hién “budc nhay” vé gia tri mg sut gitra cac 16p, diéu nay s& gy ra hién tuong tip trung ng
suét va dé lam bong tach cac lop cua dam sandwich. Vi vay cAu tao vat liéu cua 16p FGM trong trudong
hop thtr nhét s& hop 1y hon truong hop thir hai khi 16p 13i 1a bot kim loai FGP. Ngoai ra, tir Hinh 4 ¢6
thé thay véi Iy thuyét ddm bac cao bbn 4n chuyén vi ma bai bao sir dung, ing suit cat ngang thoa méin
diéu kién bi triét tiéu tai bé mat trén va dudi cia dim sandwich FGM xép.

12
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05 0.5
04F 04F oy
(2
03 F 03 (3)
02 02
0.1 01
S 0 £ of
-0.1 01k
02 02 F
-03 D3 F
D4F 04 F
05 L 1 v L -05 .
-6 -4 -2 0 2 4 6 -5 -4 -3 -2 -1 0 1 2 3 4 5
T oy
(a) FGM c6 bé mit 1a kim loai tiép xuc v&i 16p 16i bot (b) FGM ¢6 bé mit 1a gbm tiép xtc véi 16p 18i bot
kim loai kim loai

Hinh 3. Bién thién ctia ng suat phap &, theo chiéu cao dam sandwich FGM x4p trén nén dan hoi Kerr (1-2-1,
p=10,Kb-bX, L/h=10,R/L =10)

— : " T : . 0.5 v
4F 4 0.4F N
3tk K p 4 0.3
ozt f \ E R
I i
0.1F '-' 1 —y=0 _ o1k " — =0
Lo W
= of (?J @ g-) - =504 - = o} == me0s
' ]
01k "‘, : =emem2,=0.8 o1 —-—--ED:0.8
1
Lo
02F 4! -0.2
)
0.3
04
0 02 0.4 0.6 0.8 1 1.2 14 0 02 04 06 08 1 12 14 16 18
TXZ X2
(a) FGM c6 bé mat la kim loai tiép xtic vdi 16p 151 bot (b) FGM c6 bé mit 1a gom tiep xuc vai 16p 161 bot
kim loai kim loai

Hinh 4. Bién thién ciia ing suét cit ngang 7. theo chiéu cao dam sandwich FGM x&p trén nén dan hoi Kerr
(1-2-1, p=10,Kb-bX, L/h =10, R/L = 10)

d. Anh huong cua ty sb R/L dén d6 vdng w, Gmg suét 7, T, cia dim cong sandwich FGM x&p
Anh hudng ciia ty s6 R/L dén d6 vong w, ng suét &, .. cua dam cong sandwich FGM xdp theo
ba kiéu phan bd 16 rdng dugc thé hién trong cac Bang 5. Tir két qua trong Bang 5 ta thiy gia tri o
thay d6i nho trong khi w, 7, gan nhu khong ddi khi ty s R/L thay ddi. Nhan xét vé anh hudng cia
ty s6 R/L nay tuong tu v&i doi tuong 1a ddm cong sandwich c6 16p 161 dang hudéng, 16p bé mat FGM
trong [12] ciia nhoém tac gia Sayyad va Ghugal.
e. Anh huong cia ty 1& chiéu day 16p 16i v6i hai 16p bé mat dén do vong w, ing suét G, Ty, ctia dam
sandwich FGM xdp
Bang 6 va do thi Hinh 5 thé hién anh huéng cua ty 1& chiu cao cac 16p dam sandwich (chi s6
8 = he/hy) dén do vong W clia ddm sandwich. Véi s6 lidu khao sat cho thdy khi chi s ¢ tang 1én s&
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Béang 5. B¢ vong w, ing sudt o, (mg suét T, cia dm cong sandwich FGM xdp dt trén nén dan hdi Kerr theo
tysoR/L(K,=K,=K, =10,p=5,R/L=5,¢ey=0,8)

Kiéu phén I, w o Te
b0 10 rong R/IL=5 R/L=20 R/L=co R/L=5 R/L=20 R/L=c0 R/L=5 R/L=20 R/L=co

KD-DX 10 21409  2,1409  2,1409 51007  5,1032  5,1041 0,0786  0,0786  0,0786
50  2,0441  2,0441  2,0441 26,1381 26,1408 26,1417 0,0824  0,0824  0,0824

KD-BDX 10 21261 2,1261  2,1261 50725 50752 50761 011530 0,530  0,1530
50 2,0398  2,0398  2,0398 259200 25,9228 259237 0,1596  0,1596  0,1596

PBD 10 2,1288 21288  2,1288 51068 51095 51104 0,502  0,1502  0,1502
50 2,0411  2,0411  2,0411 26,1086 26,1114 26,1123  0,1568  0,1568  0,1568

lam cho d6 vdng cua dam ting theo, hay noi cach khac khi ty s6 A /h r tang s€ lam d§ cing cua dam
sandwich gidm xuong.
Béng 6. D9 vong khong thir nguyén w ctia dam cong sandwich xop — FGM (R/L = 10, KD-BX, L/h = 10)

hf —he = hy
p €0
1-1-1 1-2-1 1-4-1 1-6-1 1-8-1
0 0 3,8615 3,8615 3,8615 3,8615 3,8615
0,2 3,8698 3,8829 3,9018 3,9120 3,9178
0.4 3,8786 3,9053 3,9437 3,9645 3,9762
0,6 3,8883 3,9294 3,9880 4,0196 4,0375
0,8 3,8993 3,9568 4,0368 4,0795 4,1036
10 0 1,9596 2,0857 2,3190 2,5031 2,6492
0,2 1,9637 2,0972 2,3430 2,5343 2,6848
0.4 1,9681 2,1100 2,3706 2,5703 2,7256
0,6 1,9727 2,1244 2,4043 2,6149 2,7756
0,8 1,9777 2,1409 2,4482 2,6762 2,8448
4 : - T T T T 4 T r
—— () - (1
sk (1 p=0 - KIE) )] p=0
@) =3 2) =S
(3 p=10 (3) p=10
3 3

& st (1)/ _; a5 (3},/

——

1 2 3 4 5 6 7 8 1
b, bh,

(=

(=
w
.
[P
=3
~1
a

(a) Kiéu phan b6 15 réng PBD (b) Kiéu phan b 15 rdng KD-BX

Hinh 5. Bién thién d6 vong w cta dim sandwich FGM x&p trén nén dan hdi Kerr theo ty s chidu cao 16p
16i/chicu cao 16p bé mat (ep = 0,3; L/h=10; R/L = 10)
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Sy bién thién cua Gmg suat phap & va (mg suat cit ngang 7. theo chiéu cao dam sandwich x6p
— FGM voi céc gia tri khac nhau cta ty sb h/h L 1an luot dugc thé hién trong Hinh 6(a) va Hinh 6(b).
C6 thé thay rang g1a tri (mg suat phap tai 16p bé mit ciia ddm sandwich ting dan khi ting ty s6 he/h f
Su phan b mg suat phap 1a phan dbi ximg nhung khong tuyén tinh, sy phan b tng sut cat ngang
7, la d6i ximg qua mit phang giita dim (z = 0) va nhimg tmg suit nay phan b lién tyc theo chiéu
cao dam sandwich FGM xp.

05

04F

03 F

02F

01F

ok

#wh

(a) Ung suit phap &, (b) Ung suét cit ngang 7.,

Hinh 6. Bién thién cta tng suit theo chiéu cao dam sandwich FGM xdp trén nén dan hoi Kerr khi k. /h f
thay d6i (p = 10; ¢p = 0,8; Kb-BX; L/h=10; R/L=10)

5. Kétluan

Bai béo di thiét 1ap nghiém giai tich cho bai toan phan tich tinh dim cong sandwich véi 16p 16i
bang vat lidu xdp, hai 16p bé mat 1a vat liéu FGM dit trén nén dan hdi Winkler/Pasternak/Kerr. Trén
co s& 1y thuyét bién ddm bac cao bdn an chuyén vi, cac phuong trinh can bang dugc thiét lap theo
nguyén 1y Hamilton 1 co s& dé xac dinh d6 vong va mg suat ciia dam sandwich theo dang nghiém
Navier. B§ vong va ting suét ctia ddm sandwich FGM xép da duogc tinh toan véi cac tham sd vat liéu,
kich thudc va nén dan hdi khac nhau. Két qua sé cho thiy do vong, ing suit ciia dim sandwich FGM
x6p phu thudc vao hé sb 16 rdng e, chi sé ty 18 thé tich p, kich thude hinh hoc, chiéu day cac 16p vat
liéu va loai nén dan hoi. Day 1a nhimng két qua c6 y nghia k¥ thuét trong phan tich g xir cac cau kién
cong trinh dat trén nén dan hdi va ciing 14 co so tot dé t6i wu hoa thiét ké két ciu dam sandwich FGM
x6p trong cac nghién ciru tiép theo.
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