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Tém tit

Bai bdo phan tich dao dong riéng ctia dim sandwich c6 16p bé miit 1a vat lieu FGM va 16p 16i 1a vt liéu FGM
xdp véi cdc didu kién bién khic nhau. St dung nguyén 1y cuc tiu ning lugng toan phan, hé phuong trinh
chuyén dong dugc thiét 1ap cho cac mo hinh dim khac nhau trén co sé trudng chuyén vi dusi dang tdng quat.
Tan s6 dao dong riéng ctia dAm dudgc xic dinh theo tiép cin nghiém ban gidi tich biang phuong phap Ritz. Két
qua phan tich dudc kiém chiing vé6i cic tai liéu uy tin cho thiy dd tin cdy ctia md hinh va chuong trinh tinh da
thiét 1ap. Anh hudng ctia cac tham s hinh hoc, vét liéu va diéu kién bién dén tan s6 dao dong riéng dudc danh
gia qua cdc khéo sat sb.

Tir khod: dAm sandwich; vat liéu FGM; vit liéu FGM xdp; phan tich dao dong riéng; phuong phép Ritz.

FREE VIBRATION ANALYSIS OF FUNCTIONALLY GRADED POROUS SANDWICH BEAMS UNDER
VARIOUS BOUNDARY CONDITIONS BY USING RITZ METHOD

Abstract

In this paper, free vibration of sandwich beams with functionally graded face sheets and porous core subjected
to various boundary conditions is analyzed. Using the minimum total potential energy principle in the frame-
work with generalized beam theory, equations of motion are derived. Based on the semi-analytical approach,
natural frequencies are predicted by applying the Ritz method. Obtained results are compared with those of
available literature to validate the accuracy of the proposed theoretical model and homemade Matlab’s code.
Effects of geometrical and material parameters, boundary conditions on natural frequency are evaluated through
numerical investigations.

Keywords: sandwich beam; functionally graded materials; functionally graded porous materials; free vibration
analysis; Ritz method.
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1. Tong quan

Két cAu sandwich c6 ciu tao gom ba 16p vat lidu: hai 16p bé miit tuong déi moéng, thudng lam tir
cac loai vat liéu c6 cudng do cao, déng vai tro chiu luc chinh; 16p 16i c6 chiéu day 16n hon va thudng
dudgc 1am tlr céc loai vt liéu nhe, mém, chii yéu chiu luc cat, dong vai tro cach 4m, cach nhiét, ... Véi
dic diém céu tao hop ly, két cdu sandwich phat huy t6t dudc vu diém ciia cac vat liéu thanh phan va
dang ngay cang dudc ting dung rong rii trong nhiéu nganh cong nghiép, dic biét 1a linh vuc k¥ thuat
xay dung.

“Tac gia dai dién. Pia chi e-mail: truonghq@nuce.edu.vn (Trudng, H. Q.)
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Vit liéu x6p hay vat liéu rong (functionally graded porous materials - FGPMs) 1a mot dang clia
vt lidu c6 co tinh bién thién (functionally graded materials - FGMs). Loai vat liéu nay c6 cac 16 rong
phan bd lién tuc v6i qui luat phan bd va mat do 16 rdng xdc dinh nham dat dugc nhitng tinh chit co
hoc mong mudn clia ngudi thiét ké. Vi cau tao nhu viy, vat liéu FGP c6 trong lugng nhe, kha ning
hap thu ning Iudng cao, kha ning cach am, cach nhiét va kha ning thdm thau t6t [1-3], ... Do dé,
loai vat liéu nay thich hop dé 1am 16p 16i ctia két cAu sandwich. D& han ché hién tuong tip trung dng
suAt va hién tuong tach 16p thudng thiy trong két ciu sandwich, can dim bdo tinh lién tuc gilta cic 16p
vt lidu. Dam sandwich véi hai 16p bé mit bang vat liéu FGM va 16p 16i 1am bing bot kim loai (metal
foam) 12 mot Iya chon hop 1y dé tinh chit vat liéu theo chiéu cao dim dudc lién tuc. Trong thuc té, cac
bai toan phén tich tinh, dao dong riéng va 6n dinh ctia dAm sandwich c6 16p bé mit bing vt licu FGM
va 16p 16i bang vat liéu ddng hudng da dudc nghién citu tuong dbi day di [4-7]. Magnucka-Blandzi
va Magnucki [8] mic du da nghién cifu bai todn tinh va &n dinh ctia dim sandwich c6 16p bé miit
bing vt liéu FGM va 16p 16i bing bot kim loai nhung méi chi diing lai & diéu kién bién tua khp, cic
nghién ctiu vé dao dong riéng cia md hinh dam nay véi cac diéu kién bién khéc nhau con it dugc dé
cap dén.

Ly thuyét tinh toan dAm da c6 mot lich st phat trién 1au doi. Ly thuyét dim cd dién (classical beam
theory-CBT) [9] hay con dudc goi 1a 1y thuyét ddm Euler-Bernoulli cho két qua t6t khi 4p dung cho
cdc dam dai. Tuy nhién v6i cac dam ngan thi Iy thuyét nay cho két qua khong phii hop véi thuc nghiém
[10, 117, ... do chua ké dén anh hudng ctia bién dang cit. Ly thuyét dam Timoshenko (Timoshenko
beam theory - TBT) tuy di ké dén anh hudng ctia bién dang cit ngang nhung lai phai st dung hé s6
hiéu chinh cit [12] do dng suét tiép theo ly thuyét nay phan b6 déu theo chiéu cao tiét dién dam. Céc
ly thuyét dam bac cao (Higher order beam theory - HBT) sau d6 dugc dé xuét d€ han ché nhudc diém
nay cta ly thuyét TBT. C6 thé ké dén mot s6 1y thuyét dién hinh nhu: ly thuyét dim bac ba Reddy
[13, 14]; ly thuyét dAm véi trudng chuyén vi dang ham sin, sinh ctia Touratier [15, 16], ... D& danh
gia pham vi st dung ctia cic ly thuyét dim cho tiing cu kién diam cu thé, cAn c6 nhiing nghién cifu
dé phan tich ting x co hoc clia ching nham t6i uu héa qua trinh tinh todn, thiét k&, thi cong va bao
tri cac két cAu cong trinh trong thuc té.

Trong cac nghién cdu trudc, Hung va Trudng [17] da phéan tich dao dong tu do, sau d6 cung véi
Anh [18] da gidi quyét vin d& t6i uu héa thiét ké theo tiéu chuin cuc dai tan s6 dao dong riéng co
bén ctia dAm sandwich véi hai 16p bé mit bang vt liéu FGM va 16p 16i bing vat liéu x6p. Tuy nhién
trong cdc nghién cifu trén céc tac gia chi sit dung dang nghiém Navier cho dim c6 lién két don gian &
hai dau. Bai bdo nay sé tién hanh phan tich dao dong riéng tuyén tinh ctia dAm sandwich véi hai 16p
bé mit bang vat liéu FGM va 16p 16i bang vit liéu xdp (metal foam) véi cac diéu kién bién khac nhau
bing phuong phap Ritz. Trudng chuyén vi dudc biéu dién dudi dang tdng quat, theo d6 cac trudng hop
riéng tuong Ung v6i mot s ly thuyét dam thong dung. Sau khi ki€ém ching do tin cdy clia 15i giai, anh
hudng ctia cac tham s6 vat liéu, kich thu6c hinh hoc va diéu kién bién dén tan sb dao dong riéng ctia
dam sandwich s& dugc khdo sat, tit &6 pham vi st dung ctia cac Iy thuyét dam ciing sé& dugc lam ro.

2. Dam sandwich cé 16p bé mit bang vat liéu FGM va 16p 16i bang vat liéu xop

Xét dam sandwich c6 kich thudc L x b x h va hé truc toa ¢ nhu thé hién trén Hinh 1. C4c 16p vat
liéu dugc danh s6 1, 2, 3 tir dudi 1én. Hai 16p bé miit cia dAm sandwich b.:?lng vat liéu FGM véi cac co
tinh vat liéu dugc gia thiét bién thién theo chiéu cao ctia dam vé6i quy luat :

V(@) = (Ve = Vin)g@) + Vi )
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trong d6: V,, V,, 1an lugt 1a cac hang sb vat liéu ctia gdm va kim loai; g(z) 1a ham ty 1& thé tich dudc
gia thiét dusi dang ham ldly thira. V6i 16p thi 1 va 3 clia dAm sandwich thi ham ty 1é thé tich g(z) c6
dang nhu sau:

z—hy \
2@ = (#) . z€[h1.h]
T 2)

2 € [h3, ha]

G _[2=hs

Kim loai

Hinh 1. DiAm sandwich c6 bé mit bang FGM va 16i bing vit liéu x6p

L6p 16i ctia dAm sandwich (I6p thit 2 ctia dAm) 1am bing bot kim loai véi quy luét phan b6 16 rdng
ddi xiing. Dic trung co hoc vat liéu clia 16p 16i dudc dinh nghia bdi cong thiic (3) va biéu dién theo

Hinh 1 [19].
Vi) =V, [1 — e Cos(h;iz hz)] 3)

trong d6: V; 1a gia tri 16n nhit cla dic trung co hoc clia vat liéu 16p 16i; eq 12 hé sb mat do 16 rong.

3. Cac Iy thuyét dam khac nhau va phuoeng phap Ritz
3.1. Truong chuyén vi

Truong chuyén vi ctia dAm dudgc biéu dién dudi dang téng quét nhu sau:

u=up—wox+ f(2)0x

w =Wy

4)

trong do: ug, wo 12 cac chuyén vi ctia di€m trén mat trung binh theo cdc phuong x, z; 6, 1a géc xoay
clia mit cit ngang clia dam tai diém dang xét quanh truc y; f(z) 1a ham s6 phu thudc vao ly thuyét
dam cu thé va dudc cho trong Bang 1.

3.2. Truong bién dang - ving sudt
Trudng bién dang dudc x4c dinh tif quan hé giita chuyén vi - bién dang theo ly thuyét dan hoi dugc
viét dudi dang sau:
Exx = Uy = U)x — IWoxx T f(z)ex,x (5)
Yz = Uz + Wy = f(2):0
Déu phay trudc chi sé dudi 1a ky hiéu dao ham riéng bac 1 va bac 2 theo cic bién khong gian
tuong ung.
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Bang 1. Bang xéc dinh cdc ham s theo cac ly thuyét dim khac nhau

Ly thuyét dim Ky hiéu f2)

Euler — Bernoulli [9] CBT 0
Timoshenko [20] FSDBT Z

. X, 1A ~ 4/(7 2
Ly thuyét dam bac ba [21] PSDBT z|1 - g(ﬁ)

. 2, JA JREPIN o . N . h . (nz
Ly thuyét dam v6i ham chuyén vi dang ham sin [15] TSDBT — sin (;)

n

Ly thuyét dam v6i ham chuyén vi dang ham sinh [16] HSDBT hsinh (%) —zcosh (—)

Trudng dng suit trong dam dudc xic dinh tlf trudng bién dang thong qua dinh luat Hooke, véi
v = 0,3 1a hé sd Poisson dudc gia thiét 1a hang s6 theo phuong chiéu cao tiét dién. Thanh phan tng
suét tai m6i diém thudc 16p thi & cha tiét dién dAm dudc xic dinh nhu sau:

k
k E(2) 0 k
[y o ] ()
x 2 +vy ) Ve

3.3. Thanh phan noi luc trong dam

Céc thanh phan ndi luc tai cac tiét dién dam dudc xac dinh theo cong thifc sau:

k
Nix st O xx
M 3 —z0
x| _ xXx
Fiy - ; f f O xx dz )
H,, e J20

3.4. Biéu thiic ndng luwgng toan phan cia dam

Biéu thiic ning lugng toan phan cho bai toan phan tich tin s6 dao dong riéng ctia dAm dugc xac
dinh theo biéu thiic
N=U-K (8)

trong d6 U 1a thé niing bién dang dan hoi, K 13 dong ning.
- Thé niing bién dang dan hoi dude xac dinh theo cong thic sau:

L
1
U= 5 ff(o-xxgxx + o-xz'yxz)dXdA
A 0

L
_1f
2

0

. ©)
dx+% f [A*(@x)z] dx
0

A(”O,)c)2 + 2Bug xwo, xx + D(WO,xx)2+
+ZB*M0’XQX’X + ZD*WO,xxex,x + H*(QX»X)z

18



Truong, H. Q., va cs. / Tap chi Khoa hoc Céng nghé¢ Xay dung

trong do:
h/2
(A;B;D; B";D";H") = b f E(1;-z 2% fi—2fs f) dz
~h/2
na (10)
' =b [ Gty
~h/2
- Pong ning cia dam dudc xac dinh bdi:
. L
K = 3 f f p(2) (1’42 + v’vz)ddi
AL 0 2 an
— l f I()I;t(z) + IZ(WO,X)Z + I5(9x) + 2111/10\/'\/0,)( dx
2 S +2I39xl;to + 214W0,x9x + IOW%
trong d6 cic thanh phan md men quan tinh ctia dim dugc xac dinh nhu sau:
h/2
(1Bt = b [ p@) (122 foma 12) b (12)
—h/2

trong d6 p, 12 ham khéi lugng riéng tai vi tri z doc theo chiéu cao dam.
- Thay (9) va (11) vao biéu thic (8) ta nhan dugc him ning lugng toan phan ctia dAm nhu sau:

N=U-K

L

_1f
2

L
dx+% f [A*(Qx)z]dx
0 0

L . \2
1 f{ 101;1(2) + Iz(Wo’x)z + I5(9x) + 2]11101/1/0’)5 }dx
0

A(”O,x)2 + 2B’/‘O,x"VO,xx + D(WO,xx)2+
+2B 10 Ox x + 2D W 1Ox « + H* (01)’

(13)

- E +2139x1;¢0 + 2I4W0,x€x + I()W%

3.5. Phuwong phdp Ritz
Theo phuong phép Ritz, cdc thanh phan chuyén vi clia mot diém trén miit trung binh dudc gii
thiét dusi dang chudi da thiic nhu sau:

m

uo(x,1) = ) e wox,1) = ). due™; Ou(x,0) = ) exre™ (14)
k=1

k=1 k=1

m

trong d6, cx; dy; ex 1a cac hé s6 chua biét, ¢r; i; ¢y 12 cdc ham da thifc da xac dinh thda man céc diéu
kién bién ctia dim, dudc chon dudi dang tdng quat nhu sau:

o= fuN = £ = S k=1,2,.0m) (15)
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Bang 2. Bang xdc dinh cic hé sb p., ¢. theo céc diéu kién bién khac nhau (C- Ngam; S- Gbi; F- dau tu do)

Diéu kién bién C-C S-S C-F C-S
Pu 1 1 1 1
qu 1 1 0 0
D 2 1 2 2
G 2 1 0 1
Do 1 0 1 1
do 1 0 0 0

trong d6 m 1a s6 s6 hang clia chudi da thifc, ham f, = x”*(L — x)?* 1a ham dic trung diéu kién bién
v6i p., q. dudc chon theo Bang 2 va = = u, w, 6.

V6i dam c6 kich thudc L x b x h, v6i cac thanh phan chuyén vi ug(x, £); wo(x, £); 0,(x, 1) dudc thé
hién theo cong thiic (14). Thay cic thanh phan chuyén vi nay vao biéu thiic ning lugng toan phan ctia
dam (13) ta dudc ham t6ng ning lugng toan phan theo dang da thiic véi 3m an sb 13 cic hé sb chua
biét c; di; ex (k= 1,2, ...,m). Ap dung nguyén ly ning lugng toan phan cuc tiéu ta c6 hé 3m phuong
trinh v6i cic 4n s6 cy; dy; ex dudi dang:

o oTl _ aml

- - 16
Oc, Od,  Oey (16)
Viét hé phuong trinh (16) dudi dang ma tran ta c6 dang phuong trinh nhu sau:
K K12 g3 M M2 B 0
c
T T k
(K13)T (K23)T K33 (M13)T (M23)T V33 ek 0

trong d6: [K] 13 ma tran d6 cing 3m x 3m; [M] 1a ma tran khéi lugng 3m x 3m. Céc hé s6 trong ma
tran do cling va ma tran khéi luong ctia phuong trinh (17) dudc xic dinh nhu sau:

L L
Kiljl =A fSDi,xQDj,de; Klljz = Bf‘pi,x‘//j,xxdx
0 0
L L L
k=B f 125X K} =D f Wil jxxdx = Nox f Viadhjudx — (18)
0 0

0
L L L
KD =H' f i jadx + A* f ¢ipidx; K7 =D f Vioxxhxdx
0 0 0

20



Truong, H. Q., va cs. / Tap chi Khoa hoc Céng nghé¢ Xay dung
L L

M} =1Io f oipjdx; M} =1, f P jxdx
0 0
L L L
M3 =1, f gipidx; M = Iy f wisjdx + I f Pixpjnddx (19
0 0

0
L L
Mlzj3 =1 f‘l/i,x(pide Ml3]3 =I5 f¢i¢jdx
0 0
Giai hé phuong trinh tri riéng (17) ta c6 thé xac dinh tan sb dao dong riéng clia dAm sandwich.

4. Két qua sb

Trong céc khao sat sau ddy, bai bdo xét dim sandwich c6 kich thuéc L X b X h, hai 16p bé mit
lam bing vét lieu P-FGM (Al — Al,O3) v6i E,, = 70 MPa, v,, = 0,3, p,y = 2702 (kg/m®) va E, =
380 MPa, v, = 0,3,pc = 3960 (kg/m3); 16p 16i lam bﬁng bot kim loai nhém (Aluminium foam) c6
m6 dun dan hoi 16n nhit E; = 70 MPa, hé s6 Poisson v; = 0,3, khdi luong riéng 16n nhit 16n nhét
p1 = 2702 (kg/m?) va mat do 16 réng eo va tudn theo quy luat phan b 16 rong (3). DAm sandwich
dugc dit tén theo ty 1& chiéu day cac 16p bé mit-16i-bé mit. Vi du dam 1-1-1 ¢6 chiéu day céc 16p bé
mit bing nhau va biang chiéu day 16p 16i. Ba diéu kién bién khac nhau dugc xem xét: Hai dau lién két
don gian (S-S), hai dau lién két ngam (C-C) va mot dau ngam mot dau tu do (C-F). Trong céc khio
sat sau day, bai bdo st dung khai niém tan s6 dao dong riéng khong thi nguyén dude dinh nghia nhu
sau [5]:

wl? Pm

w=—

h En 20)

4.1. Kiém chitng do tin cdy ciia chuong trinh tinh

Dé kiém chiing do tin cdy ctia mo hinh va chuong trinh tinh, bai b4o tién hanh khao sat lai bai
todn trong cac tai liéu [4, 5]. Xét dAm sandwich ciu hinh 1-1-1; 1-2-1 c6 16p bé mit 1am bang vat liéu
FGM va 16i bang vt liéu ceramic dang hudng véi cac diu kién bién khac nhau S-S, C-C, C-F. Cic

Bang 3. Két qua kiém chiing tan s6 dao dong riéng co ban khong thi nguyén ctia dim sandwich
(p=5,L/h =5,¢e =0)

. S-S C-C C-F
Ly thuyet
1-1-1 1-2-1 1-1-1 1-2-1 1-1-1 1-2-1
HSDBT [5] 3,0182 3,3771 6,3925 7,0723 1,0936 1,2258
PSDBT [4] 3,0181 3,3771 6,3889 7,0691 1,0935 1,2257

PSDBT - Bai bao 3,0181 3,3771 6,3912 7,0722 1,0935 1,2257
TSDBT - Bai bao 3,0188 3,3772 6,3991 7,0744 1,0937 1,2258
HSDBT - Bai bao 3,0180 3,3771 6,3905 7,0721 1,0935 1,2257

CBT - Bai bao 3,0471 3,4517 6,9449 7,71981 1,1033 1,2387
FSDBT - Bai bao 3,0039 3,3652 6,2565 6,9589 1,0910 1,2235

i
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thong sb hinh hoc va vat liéu dau vao nhu sau: L/h = 5; ey = 0; p = 5. Két qua kiém ching dudc gidi
thiéu trong Bang 3.

Két qua ki€ém ching cho thiy su phit hogp so véi cac két qua da cong bd trong [4, 5]. Cu thé, két
qua kiém chiing véi céc ly thuyét bac cao PSDBT, HSDBT c6 sai sb rat bé (0,005%), v6i cac ly thuyét
CBT va FSDBT cho sai s6 16n hon. Diéu nay 1a hoan toan phut hdp véi cac gia thiét va sy han ché ctia
céc ly thuyét CBT va FSDBT. Nhu vy chuong trinh tinh ma bai bao da xy dung 1a ddng tin ciy.

4.2. Anh huéng ciia 1y s6 kich thude dam L/h

Tién hanh khao sat dam sandwich 1-2-1, hé s6 d rdng clia vat lidu 16i ey = 0,4, cic gid tri clia
ty s& L/h = 5;10; 15;20; 30; 40 va chi s6 ty 1¢ thé tich 16p bé mit p = 5. Két qua khao sat dudc gisi
thiéu chi tiét trong Bang 4 va dugc thé hién dudi dang dd thi trén Hinh 2.

Bang 4. Tan s6 dao dong riéng co ban khong thif nguyén tinh theo cac mo hinh dim khéc nhau
khi ty s6 L/h thay ddi

L/h
10 15 20 30 40

CBT 5,5894 5,6714 5,6870 5,6925 5,6965 5,6978
FSDBT 5,1947 5,5571 5,6346 5,6627 35,6831 5,6903
PSDBT 4,9220 5,4667 5,5920 5,6382 5,6720 5,6840
TSDBT 4,8870 5,4543 5,5860 5,6347 5,6705 5,6831
HSDBT 4,9251 5,4678 5,5925 5,6385 5,6722 5,6841

CBT 12,6107 12,8409 12,8849 12,9004 129115 12,9154
FSDBT 9,4576 11,7032 12,3327 12,5793 12,7652 12,8324
PSDBT 8,1748 10,9770 11,9323 12,3344 12,6493 12,7657
TSDBT 8,0429 10,8862 11,8788 12,3008 12,6331 12,7562
HSDBT 8,1870 10,9852 11,9371 12,3374 12,6508 12,7665

CBT 2,0117 2,0257 2,0284 2,0293 2,0299 2,0302
FSDBT 1,9392 2,0063 2,0196 2,0243 2,0277 2,0289
PSDBT 1,8853 1,9905 2,0124 2,0202 2,0259 2,0279

Ly thuyét

Tan sb @
bién S-S

Tan sb @
bién C-C

Tan so @

bien C-FropBT 18783 19883 20114 20196 20256  2.0277
HSDBT  1.8859 19907  2.0125 20203 20259 20279
"/v’—f —y—ceT : iLSSDDE
5 5 ‘9‘/
455 10 15 L/h 20 30 40 ‘55 10 15 L/h 2‘0 30 40
(a) Bién S-S (b) Bién C-C (c) Bién C-F

Hinh 2. Anh hudng ctia ty sb L/h dén tan sb @
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Chiing ta c6 thé nhan thiy rang dbi v6i cac dim ngan (L/h < 10), tin s6 dao dong riéng tinh toan
theo céc ly thuyét dim khic nhau sé cho két qua chénh 1&ch 16n, thé hién anh hudng bién dang cit
16n trong cac dam ngan. Nhung khi dim cang dai thi két qua tinh toan tin s6 dao dong riéng ctia dam
theo cac 1y thuyét lai sai khac nho dan va gan nhu hoi tu khi L/h > 20. Két qua tinh theo ly thuyét
dam Euler-Bernoulli cho két qua gin nhu hing s6 do bd qua 4nh hudng ctia bién dang cit. Két qua
nay la phu hgp v6i cac phan tich dinh tinh ky thuat.

4.3. Anh hudng ciia 1y 1¢ chiéu day cdc 1dp sandwich

Xét dim sandwich c6 16p bé mit bang FGM c6 chi sb ty 1¢ thé tich p = 5, véi kich thuéc dam
L/h = 5, hé s6 d6 rong cua vit lidu 16i eg = 0,4 v6i cac cau hinh dim sandwich khac nhau 1-0-1,
2-1-2, 3-2-3, 1-1-1, 3-4-3, 1-2-1, 1-8-1. Két qua khdo sit thé hién trén Hinh 3 va gidi thiéu chi tiét

trong Bang 5.

—g—cBT
—8—FSDBT

—#—TSDBT
4.4 —O—ESDBT

Wkin

1-0-1 212 3-2:3 1-1-1 343 121 1-8-1
sandwich

(a) Bién S-S

(b) Bién C-C

—¥—CBT
—5—FSDBT
SDBT
—#— TSDBT
—©—ESDBT

Hinh 3. Anh huéng ty sb chiu day 16p 16i dén tan sé @

(c) Bién C-F

Bang 5. Tan s6 dao dong riéng co ban khong thd nguyén @ tinh theo cidc md hinh dim khic nhau

véi ty 1é chiéu day céc 16p thay doi

L/h=5 Ly thuyét

Loai sandwich

1-0-1 2-1-2 3-2-3 1-1-1 3-4-3 1-2-1 1-8-1

CBT 54992  5,6353  5,6554  5,6689  5,6571 55894 47510

FSDBT 5,2202  5,3066  5,3139  5,3070  5,2803  5,1947  4,3861

S-S PSDBT 5,1880  5,2034  5,1863  5,1332  5,0662  4,9220  4,1582
TSDBT 5,1840  5,1881  5,1672  5,1073  5,0353  4,8870  4,1535

HSDBT  5,1884 52048 5,1880  5,1355 5,0690 14,9251  4,1588

CBT 12,415 12,719 12,7763 12,792 12,7765 12,611 10,720

FSDBT 10,007  9,9663  9,9270  9,8264  9,7089  9,4576  7,8687

C-C PSDBT 09,8453 9,4172  9,2574  8,9436  8,6541 §,1748  6,8366
TSDBT 90,8275  9,3448  9,1694  8,8314  8,5275 88,0429  6,8281

HSDBT  9,8472  9,4238 9,2654  8,9538 8,6656  8§,1870  6,8380

CBT 1,9766  2,0268  2,0343  2,0396  2,0357 2,0117  1,7097

FSDBT 1,9265 19672 1,9722 19736 1,9667 11,9392  1,6424

C-F PSDBT 1,9208 1,9480 1,9482 1,9403 1,9252 1,8853  1,5969
TSDBT 1,9201  1,9451 1,9446 19354 19192 11,8783  1,5961

HSDBT 1,9208 11,9482  1,9485 1,9408 1,9258 11,8859 1,5970
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Khi chiéu day 16p 16i cang ting ta thiy tan sb dao dong riéng lai cang gidm dan véi tit ca cac
trudng hop diéu kién bién khac nhau. Két qua nay phi hop véi cac phan tich dinh tinh, khi 16p 16i xbp
cang day thi d6 cing ctia dim cang gidm va 1am cho tan sd dao dong riéng giam theo. Hinh 3 con
cho thiy két qua khi tinh todn tan sd dao dong riéng ctia dim ngéan (L/h = 5) theo ly thuyét CBT va
FSDBT c6 su sai khac 16n khi so véi céc 1y thuyét bién dang cit bac cao. Trong khi d6, cac két qua
tinh theo ly thuyét bién dang cit bic cao lai tuong d6i ddong nhit.

Ngoai ra, chiing ta c6 thé nhan thiy riang cdc diéu kién bién khac nhau ciing anh hudng t6i tan s6
dao dong riéng ctia dam. Piéu kién bién hai dau ngam (C-C) cho tan s6 dao sd dao dong riéng 16n
hon cdc trudng hop bién khép-khép (S-S) hay ngam-tu do (C-F). Pic biét, diéu kién bién C-F cho
tan sd dao dong riéng bé nhit va su dnh hudng ctia cac ly thuyét tinh cling it hon so vé6i cc diéu kién
bién khac.

4.4. Anh hudng ciia chi sé 1y 1¢ thé'tich vdt liéu FGM 16p bé mdt

Xét dam sandwich 1-2-1 véi cac thong s6 mat do 16 rdng eq = 0,4, ty 1¢ kich thudc dam L/h = 5
va chi s6 ty 1& thé tich 16p bé mit thay d6i p = 0, 1;0,5; 1;2;5; 10. Két qua khéo st dugc thé hién
trong Bang 6 va trén Hinh 4.

Bang 6. Tan s6 dao dong riéng co ban khong thif nguyén @ theo cidc mo hinh dam khac nhau
v6i chi s6 ty 1& thé tich 16p bé mit p thay d6i

£ p

Ly thuyet 0,1 0,5 1 2 5 10
CBT 3,4539 4,5056 4,9940 5,3498 5,5894 5,6608
FSDBT 3,2503 4,1920 4,6347 4,9640 5,1947 5,2678
S-S PSDBT 3,2077 4,0409 4,4154 4,7004 4,9220 5,0048
TSDBT 3,2054 4,0321 4,3970 4,6728 4,8870 4,9683
HSDBT 3,2079 4,0419 44171 4,7030 4,9251 5,0081
CBT 7,7962 10,1677 11,2685 12,0704 12,6107 12,7719
FSDBT 6,0950 7,6521 8,4119 9,0052 9,4576 9,6186
C-C PSDBT 5,8765 6,9204 7,3818 17,7796 8,1748 8,3662
TSDBT 5,8685 6,8883 7,3151 7,6786 8,0429 8,2252
HSDBT 5,8775 6,9241 7,3883 7,7891 8,1870 8,3792

CBT 1,2419 1,6208 1,7970 1,9253 2,0117 2,0373
FSDBT 1,2050 1,5634 1,7310 1,8544 1,9392 1,9653

C-F PSDBT 1,1972 1,5341 1,6878 1,8022 1,8853 1,9135
TSDBT 1,1968 1,5325 1,6842 1,7967 1,8783 1,9062
HSDBT 1,1972 1,5343 1,6882 1,8027 1,8859 1,9142

Chiing ta c6 thé quan sat thiy rang khi chi sb ty 1& thé tich p ctia 16p bé mit ting thi thi tin s6 dao
dong riéng khong thit nguyén déu ting theo quan hé phi tuyén. Diéu nay c6 thé gidi thich 1a khi p ting
1én s& 1am cho ham lugng ceramic trong cac 16p bé mit ting 1én va do d6 do ciing clia dam ting theo.
Vi vay tan s6 dao dong riéng sé ting dan khi chi s6 ty 1¢ thé tich p ting. Chiing ta van quan sit dudc
4nh hudng ctia bién dang cit trong dam ngén (L/h = 5) khi két qua tan s6 tinh theo céc ly thuyét khac
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nhau 13 tuong dbi khac nhau. Mit khéc, ching ta ciing c¢6 thé quan sit dudc su anh hudng khic nhau
clia c4c diéu kién bién t6i tan s6 dao dong riéng ctia dam.

—v—caT
—&— FSDBT

——cBT PSDBT
—8—FSDBT —&— TSDBT

PSDBT —6—ESDBT
—#—TSDBT

—6—ESDBT

~

Whtn

0.1 05 1 2 5 10 o1 0.5 1 2 5 10

P P p

(a) Bién S-S (b) Bién C-C (c) Bién C-F

Hinh 4. Anh hudng ctia chi s6 ty 18 thé tich p dén tan s6 @

4.5. Anh hudng ciia mat dé 16 réng eyciia 16p 16i sandwich

Xét dam sandwich 1-2-1 véi cdc thong sb kich thudc dam L/ = 5, chi sb ty 1& thé tich 16p bé miit
p =5 va hé s6 mat do 16 réng cia 16p 16i thay ddi ey = 0;0,2;0,4; 0,6; 0,8. Két qua khao sat dugc thé
hién trén Hinh 5 va gi6i thiéu chi tiét trong Bang 7.
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(a) Bién S-S (b) Bién C-C (¢) Bién C-F
Hinh 5. Anh hudng mat d 16 réng e, ctia 16p 16i t6i tan sb @

Chiing ta quan sat thay ring mat do 16 rong ctia 16p 16i khong anh hudng qua nhiéu dén tan s6 dao
dong riéng khong thit nguyén @. Khi mat d6 16 rong ting, 1am cho do cling ctia dAm giam di nhung
miit khac n6 1am cho céc thanh phin m6 men quén tinh ciing gidm theo. Do 4nh hudng dong thdi clia
hai yéu t6 nay nén ta can phan tich dinh lugng cu thé dé phan doan su thay ddi ctia tan sb dao dong
riéng cia dam. Vi vay két qua khio sat nay 1a minh ching dinh lugng chi ra ring hiéu tng tong thé
ctia c4 hai yéu t6 1am cho tan s6 dao dong riéng khong thii nguyén ting nhe. Ngoai ra ching ta cling
c6 thé quan st duge anh hudng clia cic yéu tb diéu kién bién va mo hinh tinh todn dam nhu cc khio
sat phia trén.
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Bang 7. Tan s6 dao dong riéng cd ban khong thit nguyén @ tinh theo cic mo hinh dam khéc nhau
v6i mat do 16 réng clia 16p 16i e thay d6i

Ly thuyét @
0 0,2 0,4 0,6 0,8
CBT 5,4353 5,5053 5,5894 5,6958 5,8465
FSDBT 5,0644 5,1232 5,1947 5,2867 5,4196
S-S PSDBT 4,8564 4,8856 4,9220 49715 5,0514
TSDBT 4,8338 4,8576 4,8870 4,9275 4,9953
HSDBT 4,8585 4,8882 4,9251 4,9753 5,0562
CBT 12,2660 12,4228 12,6107 12,8486 13,1855
FSDBT 9,2761 9,3559 9,4576 9,5952 9,8059
C-C PSDBT 8,2595 8,2154 8,1748 8,1460 8,1552
TSDBT 8,1694 8,1064 8,0429 7,9862 7,9599
HSDBT 8,2681 8,2257 8,1870 8,1606 8,1728
CBT 1,9552 1,9808 2,0117 2,0507 2,1061
FSDBT 1,8874 1,9108 1,9392 1,9754 2,0272
C-F PSDBT 1,8469 1,8643 1,8853 1,9126 1,9531
TSDBT 1,8425 1,8587 1,8783 1,9036 1,9415
HSDBT 1,8473 1,8648 1,8859 1,9134 1,9541

5. Két luan

Bai bdo ap dung phuong phép Ritz d€ xac dinh tan s6 dao dong riéng ctia dAm sandwich véi cic
diéu kién bién khac nhau, st dung mot sb 1y thuyét dim thong dung véi trudng chuyén vi biéu dién
dudi dang tong quat. Céc vi du kiém ching dugc thuc hién da ching minh do tin cdy cda 10i gii va
chuong trinh tinh trén nén Matlab ma bai bdo da xay dung. Cic khdo st s6 cho thdy dnh hudng clia
chi s6 kich thu6c L/h, chi sb ty 1& thé tich vat liéu FGM 16p bé miit, mat do 16 réng ctia vat lidu x6p
16p 16i ciing nhu ty s6 chiéu day céc 16p va diéu kién bién dén gid tri tin sb dao dong riéng khong thi
nguyén ctia dim. Anh hudng ctia céc ly thuyét tinh todn dam khac nhau dén tin s6 dao dong riéng
khong thit nguyén ciing dugc xem xét va lam sang to. Cac két qua trén day 1a tai liéu tham khao hitu
ich cho cong téc thiét k&, thi cong va béo tri két ciu dam sandwich trong co khi va két cAu xay dung.
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