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Tém tit

Bai bao nay d& xuit ham xép xi Ritz mdi bang cach cai tién da thiic “Chebyshev loai I d& phan tich dao dong
tu do ctia dAm c6 vat lidu cd tinh bién thién (FGM). Trudng chuyén vi dim dua trén ly thuyét bién dang cit bac
cao hai bién va thoa diéu kién bién tu do ting suét cat. Mo hinh phan bd vat liéu dim dua vao quy luat ham s6
mil. Phuong trinh Lagrange dudc sif dung dé thiét 1ap phuong trinh chii dao ciia bai toan. Cac ham x4p xi méi
dugc danh gia sy hidu qua thong qua céc céc tidu chi téc do hoi tu va chi phi tinh toan. Céc vi du sb dudc thuc
hién dé khao sit su anh hudng ctia mat d6 phan b vt liéu, ti 1& chiéu dai/chiéu cao va diéu kién bién dén tan
s6 dao dong riéng ctia dam.

Tir khod: dim FGM; phuong phép Ritz; phan tich dao dong tu do; da thiic Chebysheyv.

DEVELOPMENT OF CHEBYSHEV-RITZ METHOD FOR FREE VIBRATION BEHAVIOR OF FUNC-
TIONALLY GRADED MATERIAL BEAMS

Abstract

This paper proposes novel Ritz’s approximation functions by improving “Chebyshev Type I” for free vibration
analysis of functionally graded material beams. The displacement field is based on a two-variable higher-order
beam theory which satisfies the traction-free boundary conditions. The materials are supposed to vary contin-
uously in the depth according to the power-law. Governing equations of motion are derived from Lagrange’s
principle. The accuracy and efficiency of present approximation functions are evaluated through the criteria
of convergence rate and computational costs. Numerical examples are performed to investigate the effects of
the material distribution, length-to-height’s ratio, and boundary conditions to natural frequencies of the FGM
beams.
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1. Giéi thiéu

Vit liéu co tinh bién thién (FGM) 12 mot loai vt lidu tién tién, c6 dic trung cd hoc thay ddi lién
tuc theo cac huéng khac nhau. Nhd vay, FGM st dung phu hgp trong cic diéu kién tuong tic da
truong va khong xay ra hién tuong tach 16p khi chiu tai trong nhu cic vt liéu composite truyén thong.
Nho nhiing déc tinh vu viét nay nén FGM dugc ap dung phd bién trong céc nganh cong nghiép nhu:
tau thiy, 6 to, xdy dung, hang khong, ... D& ing dung FGM vao thuc té, bén canh cic nghién cifu
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thuc nghiém, nhiéu nghién ctfu mo phéng ciing dudc thuc hién dé danh gid quy luat Ging xi ctia vt
liéu. Nhiéu ly thuyét va phuong phap dugc phat trién d€ phan tich ting xi ctia két cAu FGM, trong do,
dam FGM thu hit sy quan tim dic biét ctia nhiéu nha khoa hoc [1].

Ly thuyét ddm c6 thé chia thanh ba nhém chinh: ly thuyét c6 dién (LTCD) [2—4], ly thuyét bac
nhit (LTBN) [5] va ly thuyét bac cao (LTBC) [6—11]. LTCD bé qua bién dang cit, vi viy, chi 4p dung
pht hop cho cic dim méng. LTBN ké dén bién dang cat, tuy nhién, 1y thuyét nay can hé s bién dang
cat dé diéu chinh su phan bd khong hdp 1y ctia ting suét cat tai bién trén va dudi ciia dam. D€ khic
phuc nhudc diém nay, LTBC dudc cac nha khoa hoc dé xuét. Bing cach phat trién cac ham bién dang
cat bac cao, trudng chuyén vi ciia LTBC dap ting cac diéu kién bién ting suit clia bai toan, vi vy, ly
thuyét nay khong cin hé s6 didu chinh cit. C6 thé n6i, LTBC tién dung va phan tich ting xi cia dim
chinh x4c hon LTCD va LTBN. Trong nghién citu nay, LTBC hai bién [11] dudc 4p dung dé phan tich
dao dong tu do ctia dam.

Vé& phuong phédp giai, cic phuong phap sé dudc st dung kha phd bién d€ phan tich dim FGM,
dic biét 1a phan ti hitu han [12—14]. Bén canh d6, cic phuong phép giai tich ciing dudc céc nha khoa
hoc quan tdm vi d6 chinh x4c ctia 15i gidi. Loi giai Navier 12 don gian nhét, tuy nhién, 15i gidi nay chi
dp dung phan tich dim c6 diéu kién bién tua don [10, 15]. Ldi giai Levy cling dugc dé xuét trong cic
nghién cifu cia Khdeir va Reddy [16], Trinh va cs. [17] d€ phan tich dao dong riéng dam composite
va FGM. Loi giai Ritz dudc nhiéu nha khoa hoc quan tdm vi tinh téng quat va gidi quyét dugc cic
bai todn c6 diéu kién bién bat ky. Tinh hiéu qua ctia phuong phép Ritz phu thudc vao cac ham xap xi
dugc chon trudc. Trong thoi gian gin day, nhiéu nghién ctiu dudc thuc hién dé phat trién cdc ham xip
xi. Nguyén va cs. [7], Simsek [18] da dé xuét cic ham da thiic d€ phan tich dao dong va 6n dinh dAm
FGM. Cic ham da thiic thuan tdy thudng khong thoéa cac diéu kién bién dong hoc clia bai toan nén
phuong phdp nhan tif Lagrange hoiic ham phat dugc st dung dé khir diéu kién bién. Hudng tiép cin
nay 1am ting chi phi tinh todn ctia 15i gidi vi ting kich thudc ctia cic ma tran dd ciing va ma tran khoi
luong. D€ khic phuc nhudce diém nay, Pradhan va Chakraverty [19], Aydogdu [20, 21] da dé xuit cic
ham da thiic truc giao d€ phan tich dao dong riéng ctia dam. Tuy vay, cdc ham truc giao hiém khi dudc
stt dung d€ phan tich tinh bai toan dAm. Gan day, Nguyén va cs. [11, 22, 23], Mantari va Canales [24],
Khalili va cs. [25] da d& xuét cic ham dang hon hop gitta ham da thifc va lugng gidc hodc mil d€ phan
tich ting x{ ctia dAm. Ebrahimi va cs. [26] dé xuét cdc ham “Chebyshev loai I” két hgp da thiic khi
didu kién bién dé€ phan tich tinh va dao dong cic dam FGM c6 kich thudc vi md. Cé thé thiy ring,
phuong phép Ritz kha hiéu qué trong viéc phan tich ting xit dim FGM. Mic dii vay, tic gid nhan thy
chua c6 nhiéu nghién ciiu danh gid va so sanh cdc ham dang xAp xi clia 16 gidi Ritz. Vi vy, van dé
nay can c6 nhitng nghién ctiu sau hon.

Muc tiéu ctia bai bdo nay 1a (1) dé xuit mot ham xip xi méi dua trén viéc cdi tién da thic
“Chebyshev loai I” va (2) danh gid sy hiéu qua cac ham x4p xi nay thong qua viéc phan tich dao dong
tu do ctia ddm FGM. M6 hinh dim dudc xdy dung dua trén ly thuyét bién dang cit bac cao hai bién.
Phuong trinh chi dao dugc thanh 14p tit nguyén ly Lagrange. Tan s6 riéng ctia ddim FGM dudc so sanh
véi cac két qua nghién ctiu da cong bd dé danh gia su hiéu qua ctia 16i giai. Anh hudng ctia su phan
bd mat do vat liéu, ty 1é chiéu dai/chiéu cao, diéu kién bién dén tan s6 dao dong riéng ctia dam FGM
dugc khao sét va phan tich chi tiét.

2. Co s6 Iy thuyét

2.1. Quan hé iing sudt va bién dang

Xét dam FGM c6 tiét dién (b x h), chiéu dai L, thé tich V, dugc tao thanh tif kim loai va gbm nhu
Hinh 1. Su phan bb ctia cac thanh phan kim loai va gbm theo quy luat [10]:
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1 Gém
_—' “{
x y
Kim loai X
L b

Hinh 1. So d6 hinh hoc ctia ddm FGM

P(z) = Py + (P — Py) Ve

1 zV
VC_(E-'-];)

Vau+tVe=1

(1a)

(1b)

(Ic)

trong dé P,, P,, dai dién cho module dan hoi E, hé s6 Poisson v va khéi lugng riéng p ctia gbm, kim
loai; V., V,, 1an lugt 12 ti 1& thé tich ctia thanh phan gém va kim loai trong vt liéu FGM; p 1a sb tu
nhién: khi p = 0 = P(z) = P,, dam hoan toan bang gdm; khi p = c0 — P(z) = P,,, dim hoan toan
bing kim loai. Su phin b V, theo chiéu cao dim tuong tng vdi cic gid tri p khac nhau dugc thé hién

3 Hinh 2.

() S L L L L L L L L
0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1

c

Hinh 2. Su phan bb ti 1é thé tich V, doc chiéu cao tiét dién dam

Phuong trinh ing xi ctia ddm FGM dudc x4c dinh bdi biéu thiic sau [10]:

0y =Q0118x; Oxz = 055Yx;

trong do:

E(2)
@ =E@;  0s() = 30—
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2.2. Truong chuyén vi

Trudng chuyén vi clia Iy thuyét bién dang cit bac cao hai bién [11]:

M(X, Z, t) = (ﬁ_? - Z) Wb,x(x’ t) + (g(Z) - i_?) Ws,x(xa t) (43)
w(x,z,1) = wp(x, 1) + we(x, 1) (4b)

5 3
trong do: g(z) = 2 - (322) 12 ham bién dang cit bac cao; wp(x) va wi(x) 1an ludt 1a chuyén vi ngang

tai diém trén truc trung hoa do thanh phan bién dang udn va cit gay ra; Céac hé sb A1, A, va Az dudc
xdc dinh theo biéu thic:

h/2
(A1;A2;A3) = f 011(2)(1;z; ©)bdz ()

)

Truong bién dang ctia dAm c6 dang:
ou Aj Az

x— 5\ XX - S,XX 6
& o (Al z)wh +(g A1)W’ (6)

ow Ou
'yxz_a"'a_—(l"'gz)wsx (7

2.3. Cdc biéu thiic nang luong

Niing luong bién dang ctia hé:

1 1t
= 5 f(o-xxsx + 0y Yx)dV = 3 f) (Blwb wx T 2Bowp Wy xx + ngs ot Dw?’x) dx (8)

trong do:
" A V(A A Az )
2 2 3 3
Bi;B>; B3) = — =z = - ——1;lg——] |bd 9
(B1; Ba; B3) an(z)[(A1 z) (A1 z)(g Al) (g Al)l z 9)
~h/2
n
D= 0551 + g bdz (10)
k=1
bong nang cia hé:
L
1 1
Kzifp(u2+w2)dV: Ef(lebx+2J2w;,xw”+J3w +J4wh+2J4whwg+J4w )dx an
14 0
trong do:
v Ay A A Az\’
3 3
(J;J;J;J)zf z (——z) ( 2 z)( ——);( ——);1 bdz 12
15J2: 33 Ja h/zp() A, A, -2 8 g (12)
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Téng ning lugng cla hé:

1 L
[I=U-K=- f (B]Wi o T ZB2Wb,xxWx,xx + B3W2 + DW?}C) dx
o , ,

2 S,XX

(13)

N —

L
JIWE |+ 2J0Wp oW x + JaW2  + Jaws + 20 + Jy?)d
lwb,x+ 2Wp xWs x + 3ws’x+ awp + 2JawpWws + Jawildx
0

2.4. Phuong phdp Chebyshev-Ritz
Theo cdc nghién ctiu [23, 24], trudng chuyén vi dugc xé4p xi theo phuong phép Ritz nhu sau:

N
Wh(5, 1) = ) @5(xwp e (14a)
=1
N
wi(x, 1) = Z 50w e (14b)
J=1
trong d6: i 1a don vi 4o, i* = —1; wy, wy; 12 cdc thong s cin xdc dinh; w 12 tin s6 dao dong riéng clia

dam; d)j- (x) 1a ham x4p xi dugc chon trude va théa man diéu kién bién ctia dam tua don-twa don (SS),
ngam-tua don (CF) va ngam-ngam (CC) cho & Bang 1.

Bang 1. Céc diéu kién bién (PKB) dong hoc ctia dAm

DKB x=0 x=1L
SS wy=wp =0 wy=wp =0
CF ws=wp =0 i
Wsx = Whx = 0
cC wy=wp =0 wy=wp =0
Wsx = Whx = 0 Wsx = Whx = 0

Trong nghién cifu nay, cic ham x4p xi qﬁj (x) dugc phat trién tir da thic “Chebyshev loai I’ nhu sau:

{ To(0) =1,T,(0) =6 (15)

Tn+l (9) = 29Tn (9) - Tn—l (9)

trong d6: T,,(0) € [-1;1],0 € [-1;1],n € N va d6 thi cia 5 hAm “Chebyshev loai I”” dau tién dudc thé
hién 6 Hinh 3.
C6 thé thiy ring, cc da thiic “Chebyshev loai I” khong théa min céc diéu kién bién ctia bai toan.

A

Vi viy, tac gia dé xuit ham “Chebyshev cai tién” dudc dinh nghia:
T =T,(1-6)—1; 0€[0;1] (16)

Dua vao dd thi Hinh 4 c6 thé thiy rang da thifc T, (0) ludn c6 nghiém 6 = 0;¥n > 1. Tir d6, cac
ham xap xi ¢’(x) v6i céc dieu kién bién SS, CF va CC dugc dé xudt trong Bang 2. C6 thé nhén thay
ring cdc ham xAp xi ¢ Bang 2 thda cic diéu kién bién dong hoc ciia dim SS, CF va CC dudgc cho
trong Bang 1.
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4 0% T T T T
| ¥ -
02F * 4
[
-0,4 I\ *” = -
%
-0,6 * N
o n=1 * G
-0,8 N —e— n=2 T t
= 3 \ —<—n=3 [
= R Y n=4 , Vi
-12F \ /T 4
N A
. ) 1Ak P i
06 i L 16 AN l I
-0,8 ﬁ n=4 /\J i -18¢ \\k\, & 4
| Y prd % &
14 : : 'H;«A"A 2 L ki SIS "
-1 -0,5 0 0,5 1 0 02 04 0,6 0.8 1
0 7

Hinh 3. D6 thi da thiic Chebyshev ting véi bic n va  Hinh 4. D) thi da thifc Chebyshev cai tién ting v6i bac
fel-1;1] nvafe|0;1]

Bang 2. Ham xép xi ting v6i cac diéu kién bién khac nhau

Diéu kién bién ¢:(x)
e[ X\ s [ X
S n ()
x 2
cr 7(2)
I\L

c 7@ i -2

Thay phuong trinh (14a) va (14b) vao phuong trinh (13) va st dung nguyén ly Lagrange:

) (17)

trong d6: p; tuong ting véi cdc bién s wy;j, wp;. Phuong trinh chi dao ctia bai todn dao dong tu do
dam FGM dudc riit ra tif phuong trinh (17) ¢6 dang nhu sau:
Wpj 0
v )= (o) ®

( Kll K12 ] ~ wZ[ Mll M12

TK? K2 ™2 M2
trong d6: K, M 1an lugt 12 ma tran do6 cting va ma tran khdi lugng ctia dam, véi cac hé sb nhu sau:

K!' =Bill; K[?=BI}; Kj =Bil};+DI; (19)
Ml = W+ T MJP = DI+ L M = B+ Il (20)
I, = j; O ds I = j; N j; ¢; pidx 1)

D€ giéi phuong trinh (18), phﬁn mém Matlab R2014a (8.3.0.532), 64bit dudc st dung dé€ 1ap trinh
tinh todn cdc ma tran K, M va chay trén mdy tinh c6 cAu hinh Intel® Core™ 2 Duo, CPU T7300
@2.00 GHz, Ram 2.00 GHz.
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3. Két qua so

Trong phan nay, cdc vi du s6 dugc thuc hién d€ danh gia do chinh xdc va su hiéu qué cla 10i giai.
D€ thuén tién cho viéc khao sét va so sanh véi cic két qua da cong bd, tan sb dao dong riéng khong
. - (UL2 L2y 5 PURTIN 2
thi nguyén dugc dinh nghia: @ = o g—m Céc dac trung co hoc cua vt liéu: gom E. = 380 GPa,
m

Ve = 0,3 va p, = 3960 kg/m? va kim loai E,, = 70 GPa, v,, = 0,3 va p,, = 2702 kg/m>.
3.1. Ddnh gid sy hiéu qud cia loi gidi

Dé d4nh gia sy hiéu qua ctia mot 19i giai, cac tiéu chi nhu do chinh xdc, toc do hoi tu, chi phi tinh
toan, su 6n dinh s, ... s& dudc xem xét [27]. Trong nghién ciu nay, tic gid sé ddnh gia ham xép xi
qua hai yéu t6 co ban 1a téc do hoi tu va chi phi tinh toan.

Toc d6 hoi tu clia 10i giai theo s6 budc lip j dude dinh nghia nhu sau:

wWi— Wij-1
Aw; = M (22)
wj-1

trong d6: wj_; va w; 1an lugt 1a két qua tan sb riéng & budc thi j — 1 va j. Két qua duge xem 1a hoi tu
khi Aw; — 0. Trong nghién ctiu nay, chon Aw; < [Aw j] = 107>, V4i dinh nghia nay, mot ham xAp xi
dugc xem l1a hoi ty t8t hon mot ham s6 khéc khi dat [Aw;| ting véi s6 budc ldp j bé hon.

Thai gian tinh toin dudc dinh nghia 13 tdng thdi gian tinh cidc ma trin K, M va tan sd dao dong
riéng ctia dam, dudc thé hién qua cong thic sau:

S:ZN:Sj (23)

J=1

trong d6: S ; 1a thoi gian thuc hién tinh todn tai budc thi j;S 1a tOng thoi gian tif khi bt diu dén
budc j.

Trong nghién cttu nay, ham xAp xi dé xuit “Chebyshev cai tién” (CBS) dudc so sanh véi cac ham
“Chebyshev loai I” (CBSI) [26], ham sb mil co s6 Napier (HBR) [11] va ham x4p xi dang da thic
(POL) [21] (Bang 3).

Bang 3. C4c ham xép xi khic nhau

biéu kién bién (PKB) ctia dim

Ky hiéu Nghién ctiu

SS CF CC
31 4 w X w X wf X 2 wf X 2 " X 2
€8S~ Baibwo npni-)  mEL [BENIs-I)

A _ix Ko _ix 2 _ix 20 )2
HBR  Nghién cttu [11] (e L — 1)(eL —e]) (e L — 1) (e L — 1) (eL —ef)
2 2 2
2 2 2 2 2
CBSI  Nghién citu [26] T(x)(l - Ix)(l + fx) T(x)(l - Ix) T(x)(l - Ix) (1 + —x)

A I v N 5]

A x\" X
POL Nghién ctiu [21] (—) (1 - —)
L L
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Tan sb dao dong riéng ctia dim FGM (p = 1; L/h = 5)v6i cac ham xAp xi va diéu kién bién khac
nhau dudc cho & Bang 4, va dd thi thé hién mbi tuong quan gitta chi s6 j va Aw thé hién & Hinh 5. C6
thé thiy rang, ham HBR c6 toc d6 hoi tu tt nhit & ca ba diéu kién bién SS, CF va CC. Ham CBS hdi
tukhi j = 5 v6i dam SS, j = 10 v6i dam CF va CC. Ham CBSI va POL hoi tu khi j = 6 v6i dam SS,
j = 12 v6i dAm CF va chua hi tu khi j = 14 v6i dam CC.

Bang 4. Két qua khao sat tin s6 dam FGM

Chi s6 j
bKB Nghién ctu
2 4 6 8 10 12
CBS 4,3851 3,9908 3,9905 3,9905 3,9905 3,9905
3S HBR 3,9930 3,9905 3,9905 3,9905 3,9905 3,9905
CBSI 4,3930 3,9916 3,9905 3,9905 3,9905 3,9905
POL 4,3930 3,9916 3,9905 3,9905 3,9905 3,9905
CBS 1,4697 1,4641 1,4635 1,4633 1,4633 1,4633
CF HBR 1,4682 1,4641 1,4635 1,4633 1,4633 1,4633
CBSI 1,4741 1,4647 1,4638 1,4635 1,4634 1,4633
POL 1,4741 1,4647 1,4638 1,4635 1,4634 1,4633
CBS 8,0115 7,9609 7,9500 7,9484 7,9481 7,9481
e HBR 8,0065 7,9559 7,9488 7,9481 7,9481 7,9481
CBSI 8,1219 8,0095 7,9720 7,9571 7,9512 7,9490
POL 8,1219 8,0095 7,9720 7,9571 7,9512 7,9490
10 10° 10
- —=— CBS
. . \ —o—HBR 10
K \ e 107
30 D 30
8 8
s —#— CBS 10°
10 —& HBR
—<—cBSI 16"
POL
107 3 4 5 6 7 8 107
j i
(a) Dam SS (b) DAm CF (c) Dam CC

Hinh 5. Téc d6 hoi tu ctia ham xAp xi

Thoi gian tinh todn S theo chi s6 j clia cic ham s6 dudc biéu dién trong Hinh 6 cho cic dam c6
diéu kién bién SS, CF va CC. C6 thé nhan théy, cic ham CBS, CBSI va POL c6 thdi gian tinh toan
xap xi nhau va ham HBR c6 thdi gian tinh todn 16n nhit & ca ba diéu kién bién. Piéu nay dudc giai
thich, cac ham CBS, CBSI va POL déu c6 dang da thiic vi vy thdi gian tinh c4c tich phan trong cic
ma trdn cua bai toan l1a nhu nhau, trong khi d6, HBR c¢6 dang ham md nén viéc tinh céc tich phan sé
mét nhiéu thdi gian hon ham da thic.
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(a) DAm SS (b) Dam CF (c) Dam CC

Hinh 6. Thai gian tinh toan ctia ham x4p xi

D& thiy ro hon hiéu qué clia cdc ham xAp xi, mdi quan hé giita tc dd hoi tu va thdi gian tinh todn
dudc thé hién & Hinh 7. C6 thé théy riing, v6i do chinh xdc Aw; < [Aw;| = 107, ham HBR c6 thoi
gian tinh toan 16n nhit & tit ci cac diéu kién bién. Cac ham CBSI, POL c6 thdi gian tinh toan xap xi
nhau va ham CBS c¢6 thdi gian tinh toan nhd nhét.

~4 —=— CBS
\ —o— HBR

\ —<— CBSl P
POL 107

10° X %%\'&
2 2 *
I \\ ERTE 3 10° Fx
8 - 8 8
10"
—%— CBS s -cBS
—o— HBR 10° 10°
—4— HBR
10" —<— cBsl \ —<—cBsl
PoOL POL
= 10 . . . 107
10 s e e e 10" 10° 10' 102 10° 10" 10° 10' 10° 10°
log(S) log(S) log(S)
(a) Dam SS (b) Dam CF (c) Dam CC

Hinh 7. Mbi quan hé giita thdi gian va tbc d6 hdi tu clia cac ham x4p xi

Tit cac Hinh 5, 6 va 7, ¢6 thé tong két rang: (1) Ham mii (HBR) c6 téc d6 hdi tu nhanh nhung
ton nhiéu chi phi tinh todn nhét; (2) Cc ham “Chebyshev loai I’ (CBSI), da thiic truc giao (POL) va
“Chebyshev cai tién” (CBS) c¢6 thdi gian tinh todn qua cac budc lip 1a x4p xi nhau nhung téc dd hoi
tu cia ham CBS nhanh hon cic ham CBSI va POL. Vi vy, c6 thé két luan ring, ham CBS dé xuét

trong nghién ctu nay c6 chi phi tinh todn thip hon cic ham HBR, CBSI va POL.

3.2. Tan s dao déng tw do dam FGM

Trong phan nay, tan s6 dao dong tu do ctia dim FGM dudc khao sat va so sanh véi cac két qua da
cong bd. Bang 5 thé hién tan s6 dao dong riéng ctia dam FGM véi cac diéu kién bién, ty s6 L/h va p
khac nhau. Tt Bang 5, c6 thé thiy ring, két qua ctia bai bao rit gan vdi két qua trong cdc nghién ciiu
[7,9, 10]. Két qua & Bang 5 ciing cho thiy, tin s6 dao dong giam khi p ting, diéu nay 1 bsi vi, khi p
ting s& 1am cho mat do kim loai trong dim ting 1én v din dén do ciing cia dAm giam. V6i cic dAm
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c6 cung ty s6 L/h va p, tan s6 riéng ctia dam CC 16n nhat va dam CF bé nhit, diéu nay hoan toan hop
ly bdi vi ciac ddm CC c6 d6 cting 16n nhét va dim CF c6 do cting bé nhit.

Bang 5. Tan s6 dao dong riéng ctia dim FGM véi cic diéu kién bién, ti 1& L/h va p khac nhau

p
L/h BC  Nghién ctiu
0 0,5 1 2 5 10
Bai bao 5,1527 4,4107 39905  3,6266  3,4014  3,2818
SS [7] 5,1528 4,4102 39904  3,6264  3,4009  3,2815
[10] 5,1527 4,4107 39904  3,6264 3,4012  3,2816
Bai bao 1,8952 1,6180 1,4633  1,3326  1,2592 1,2184
5 CF [7] 1,8957 1,6182 1,4636  1,3328  1,2594  1,2187
[10] 1,8952 1,6182 1,4633  1,3325  1,2592 11,2183
Bai bao 10,0670 8,7431 7,9481 77,1752  6,4923  6,1638
CC [7] 10,0726 8,7463 79518  7,1776 6,4929  6,1658
[9] 10,0699 8,7463 7,9499  7,1766  6,4940  6,1652
Bai bao 5,4603 4,6511 4,2051  3,8361 3,6485  3,5390
SS [7] 5,4603 4,6506 4,2051 3,8361  3,6485  3,5390
[10] 5,4603 4,6511 42051 3,8361 3,6485  3,5390
Bai bao 1,9496 1,6603 1,5010 1,3696  1,3033  1,2645
20 CF [7] 1,9496 1,6602 1,5011  1,3696  1,3034  1,2646
[10] 1,9496 1,6605 1,5011  1,3696  1,3033  1,2645
Bai bao 12,2224 10,4267 94307  8,5967  8,1435 17,8845
CC [7] 12,2243 10,4269 9,4319  8,5977 88,1446  7,8860
[9] 12,2238 10,4287 94316  8,5975  8,1448  7,8859

—%— p=0
—— p=1
—5— p=2
—<— p=5
—&— p=10 -
9——7——6”%%*%*9*9*9—97@_9_%

Hinh 8. Anh hudng ctia ti s6 L/h dén tan s6 dao dong Hinh 9. Anh huéng ctia p, ti s6 L/h dén tan sb
riéng ctia dam CC ctia dam

Hinh 8 thé hién 4nh hudng ctia ti sb chiéu dai/chiéu cao dén tan s6 dao dong riéng ctia ddm CC.
C6 thé thay rang, tan s6 ting nhanh khi L/h = (5 — 10) va hau nhu khong ddi khi L/h = (10 — 40).
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Hinh 9 thé hién su 4nh huéng ctia L/h va p dén tan sb riéng ctia dam. C6 thé nhin xét, tin sd giam
nhanh khi p = (0 — 5) va hau nhu khéng d6i khi p = (5 — 20) & tit ca cac diéu kién bién.

Bén dang dao dong dau tién cia dim FGM (L/h = 5, p = 1) véi diéu kién bién SS dudc thé hién
& Hinh 10. C6 thé thiy ring, ba dang dao dong diu tién, thanh phan wj, déng vai tro chi dao. Tuy
nhién, thanh phin w, déng vai trd chi dao & dang dao dong thit tu. Hinh 10 ciing cho thiy ring vai
trd ctia thanh phan wy c6 xu hudng ting dan véi cac dang dao dong bic cao.

05+

0 0,2 0,4 0,6 0,8 1 0 0,2 0,4 0,6 0,8 1
x/L x/L

(a) Dang 1 (@; = 3,9905) (b) Dang 2 (@, = 14,0134)

0 02 04 06 08 1 o 02 04 06 08 1
x/L x/L

(c) Dang 3 (w3 = 27,1206) (d) Dang 4 (w4 = 41,7732)

Hinh 10. Céc dang dao dong ctia dim SS

4. Két luan

Bai bdo nay dé xuit mot ham xAp xi méi bang cach céi tién da thiic “Chebyshev loai I d& phan
tich dao dong riéng ciia dim FGM. M6 hinh dam dua vao ly thuyét bic cao hai bién. Nguyén ly
Lagrange két hop phuong phdp Ritz dudc st dung dé thanh 14ap phuong trinh chii dao bai todn. Céc
ham x4p xi dé xuét dudc so sanh vdi cac haim da thiic POL, ham “Chebyshev bac I’ CBSI va ham mil
HBR. Cic vi du s6 dudc thuc hién va so sdnh véi cac két qua da cong bd. C6 thé két luan ring, cic
ham dé xuét rit hiéu qua trong viéc phan tich dao dong tu do dam vt liéu co tinh bién thién.

Ldi cam on

TAc gi4 thi nhét xin chan thanh cAm on su hd trg tai chinh cta Truong Dai hoc Kién Giang cho
dé tai “Phan tich dao dong tu do ctia dAm c6 co tinh bién thién (FGM) sit dung da thiic Chebyshev cai
tién”, ma s6: A2020-KTCN-12.
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