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Tém tit

Bai bdo phan tich dao dong riéng va dap ung dong ctia dim bing vat liéu c6 co tinh bién thién (FGM) dudi
tac dung clia tai trong phan bd vudng géc véi bé mit dam. Véi cach chon hé toa do quy chiéu dudc di qua mit
trung hoa, cc hé thic quan hé va phuong trinh chuyén dong ctia dim FGM dugc thiét 1ap trén co s6 1y thuyét
dam Euler-Bernoulli. Ldi giai gidi tich dang hién dugc xiy dung cho trudng hop dam FGM c6 lién két hai dau
khép. Vi du kiém ching da dudc thuc hién qua so sdnh véi cong bd clia cic tac gia khic trong d6 st dung hé
quy chiéu gin v6i mit trung binh. Anh hudng clia cac tham sb v& vt liéu, kich thudc hinh hoc, tai trong cudng
biic 1én dic trung dao dong clia dAm dudc khao sat cu thé qua céc vi du sd.

Tir khod: phan tich dao dong; dam FGM; miit trung hoa; ly thuyét dim Euler-Bernoulli.

VIBRATIONAL CHARACTERISTIC OF FGM BEAM BASED ON EULER-BERNOULLI BEAM THEORY
BY USING ANALYTICAL APPROACH

Abstract

In this paper, free vibration and transient analysis of FGM beam under transverse distributed load is presented.
The constitutive relations and governing equations are obtained based on Euler-Bernoulli beam theory including
the neutral surface position concept. The analytical direct solution is proposed for simply supported FGM beam.
The validated examples have been conducted by comparison with those of other authors using a reference
coordinate system coinciding with the middle surface. The effects of material, geometric parameters, excitation
on vibrational characteristics of the FGM beams are investigated through numerical examples.
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1. Giéi thiéu

Trong khoa hoc vat liéu, vat liéu c6 co tinh bién thién (FGM) 1a loai composite thé hé méi c6 co
tinh bién thién lién tuc doc theo phuong chiéu day két cAu. Loai vat liéu nay c6 thé dugc coi 1a loai
vt liéu composite khong dong nhét dugc tao thanh tir hon hgp cac thanh phan gbm (ceramic) va kim
loai (metal) [1], trong d6 ty phan thé tich ctia cdc vat liéu thanh phan thay d6i tron theo phuong chiéu
day. Diéu nay gép phan tranh dudc su tip trung ¥ng suit gy ra bsi su gian doan cac pha vat liéu nhu
trong vat liéu composite 16p hay composite cbt s¢i. Do tin dung dudc dic tinh khang nhiét va khang
4n mon ctia gbm, két hop v6i do bén déo ctia kim loai, vt liéu FGM dudc st dung rong rai trong
nhiéu tng dung ky thuat, dic biét 1a cho cic két cAu trong mdi trudng nhiét do cao nhu hang khong
vl try, dién hat nhan, cd khi, giao thong vén tai.

*Tac gia dai dién. Pjia chi e-mail: longnv @nuce.edu.vn (Long, N. V.)
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Cic phén tich vé ting xt tinh va dong ctia két cAu dam, tim bang vt liéu FGM da va dang dudc
tap trung nghién cifu trong nhitng nim gan day. Nhiéu cong trinh nghién ctiu vé dic trung dao dong
va tng x{ ubn ctia két cAu ddm FGM da dugc thuc hién. Trong sd nay, Phuong va cs. [2] xdy dung
nghiém Navier phan tich #ng xit ubn dam FGM c6 16 réng vi md st dung mé hinh dim Timoshenko.
Aydogdu va Taskin [3] da thiét 1ap 18i giai giai tich dang nghiém Navier phén tich dao dong tu do
ctia dam don gian FGM st dung ly thuyét bién dang cit bac cao va ly thuyét dam cd dién. Li [4] d&
xuAt mot cach tiép can hop nhét, xdy dung 10i giai gii tich phan tich uén va dao dong riéng dam
FGM st dung hai mé hinh dim Timoshenko va Euler-Bernoulli. Sina va cs. [5] phan tich dao dong
riéng ctia dam FGM véi cdc diéu kién bién khac nhau, st dung 15i giai gidi tich dugc thiét 1ap tr mo
hinh tAm bac nhét. Simsek va Kocatiirk [6] phan tich dao dong tu do va dap ting dong ctia dam FGM
lién két hai diu khép duéi tac dung ciia tai trong tap trung di dong diéu hoa, dua trén 1y thuyét dAm
Euler—Bernoulli va khai trién nghiém chuyén vi dudi dang da thiic. St dung ly thuyét dam c& dién,
dam bac nhét va cic ly thuyét dim bac cao, Simsek [7] phan tich dao dong tu do ctia dAm FGM véi
cac diéu kién bién khic nhau; trong d6, cdc thanh phan chuyén vi dugc khai trién theo chudi da thic.
Ciing st dung khai trién cac thanh phan chuyén vi dusi dang chudi da thiic, Simsek [8] phan tich dao
dong ctia dam FGM dudi tac dung cla tdi trong di dong theo mot sd ly thuyét dam bao gom: ly thuyét
dam c§ dién, bac nhit va bac ba. Thai va Vo [9] thiét 1ap nghiém Navier cho bai todn phan tich uén va
dao dong riéng ctia dam FGM lién két hai dau khép. Ap dung phuong phép Rayleigh—Ritz, Pradhan
va Chakraverty [10] phan tich tin s6 dao dong riéng ctia dam FGM véi céc lién két khac nhau theo
cac ly thuyét dam c6 dién va dam bac nhit. Mashat va cs. [11] phan tich dao dong tu do clia dAm
FGM véi céc didu kién bién khic nhau sit dung cac ly thuyét bién dang cat va md hinh phan tit hitu
han moét chiéu. Su va Banerjee [12] 4p dung thuit todn Wittrick—Williams phét trién phuong phap do
cling dong luc phan tich dao dong riéng ctia dim FGM theo ly thuyét dim Timoshenko véi cic lién
két khac nhau. Le va cs. [13] phan tich ddp ing dong ctia dim FGM nhiéu nhip dudi tac dung ctia tai
trong di dong bang phuong phap phan ti hitu han st dung ly thuyét dim bac nhét.

Hau hét cac nghién ctiu trén da tap trung phan tich tan s6 dao dong riéng va ddp ing dong cia
dam, véi cach tiép can thong thudng - hé toa dd quy chiéu dudc chon triing véi mit phang trung binh.
Véi vat liéu FGM, do cic dic trung co hoc vit liéu thay d6i theo chiéu day két ciu, vi thé mit trung
binh hinh hoc thudng khong triing v6i mit trung hoa, do vy sé ton tai cdc tuong tic mang-udn trong
quan hé ndi luc - bién dang [14]. Trong cic nghién cifu vé tim FGM, Zhang [15, 16] da chi ra ring
tuong tac nay sé dugc loai bé néu mit phang tham chiéu dudc lua chon di qua mit trung hoa. Y tudng
nay sau dé dugc mot sd tac gia khac ap dung cho dim FGM, chang han Yaghoobi va Fereidoon [17],
Larbi va cs. [18], Li va cs. [19], Zhang [20]. C6 thé thiy ring, ngay c v6i cdc cong b di theo cich
tiép can ndy, v6i dam FGM, theo hiéu biét ctia tic gia, chua c6 mot nghién ctiu ndo dua ra dugc biéu
thic hién dé khdo sat dap ting dong.

Dé g6p phan 1am phong phi thém cac nghién ciu 1y thuyét vé ting xi co hoc ctia dim FGM, bai
bdo dua ra mot cach tiép can gii tich nhdm phan tich dao dong riéng va dap iing dong ctia dim FGM.
Véi muc dich dua ra dugc 16i gidi dang hién phuc vu cho nhiing tinh todn, thiét ké so bo, 1y thuyét
dam Euler-Bernoulli v6i hé toa d6 quy chiéu di qua miit trung hoa sé& dudc st dung. Cac phuong trinh
chii dao ctia dam dudc thiét 13p trén co s nguyén ly Hamilton, do ¢6 k& dén vi tri mit trung hoa nén
sé c6 dang don gian hon. Tuy nhién dé thu dugc nghiém giai tich dang hién ctia tin s6 dao dong riéng
va ddp dng dong qua viéc giai phuong trinh vi phan dao dong cudng biic, ddm FGM véi lién két khdp
hai diu, trong moi trudng khong can sé 1a dbi tuong dudgc chon. Cac két qua s sé dudc thuc hién
nham danh gia 4nh hudng clia cac tham sb vat liéu, tham sb hinh hoc, tii trong cudng biic dén tan s6
dao dong riéng va dap ting dong ctia dam FGM.
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2. M hinh héa dam bang vat liéu FGM

Vit liéu FGM dudc cAu thanh tit hai vat liéu thanh phan 12 gdm va kim loai. Céc dic trung co hoc
dugc gia thiét bién d6i tron doc chiéu cao dam. Ty 1¢ thé tich cia cdc thanh phan vit liéu thudng bién
ddi theo quy luat ham liy thita (P-FGM), ham mi (E-FGM) hoéc ham Sigmoid (S-FGM) [21]. Trong
khi vat liéu E-FGM thuong dudc st dung trong phan tich vé pha hiy, thi vat liéu P-FGM thudng dudc
st dung trong phan tich tinh, dao dong va &n dinh. Vat liéu S-FGM thudng dudc st dung véi két cau
FGM nhiéu 16p d€ tranh su tip trung ting suit tai bé mit phan céch gitta cac 16p. Do vy, trong nghién
ctiu nay, dim bang vt liéu P-FGM, véi chiéu dai L, mit cac ngang chif nhit véi bé rong b, chiéu cao
h nhu Hinh 1 sé dudc xem xét.

Mat trung hoa E, p. z,

I

. l hi2
—¥
hi2
— ¥

Mt trung binh [ B P
L b

Hinh 1. Vi tri mit trung binh va mit trung hoa ctia dim FGM

Céc tinh chét hiéu dung ctia vat liéu FGM bao gdm mo dun dan hdi E, khdi lugng riéng p, dudc
biéu dién dudi dang [18]:

ey

+C 1V
P(z) = Py + (Pe = Pp) (Zth + —)

h 2

véi P, va P, tuong dng 1a co tinh cda gébm va kim loai; p > 0 1a chi s6 ty 1¢& thé tich; C la khoang
cach gitta mit trung hoa va mit trung binh. Trong nghién cifu nay, dé€ don gian trong tinh toan, hé sb
Poisson dudc coi 1a khong thay d6i theo toa do chiéu cao dam, v = const.

Do md dun dan hdi E ctia vat liéu FGM thay d6i theo toa do chiéu cao dam, mit trung hoa va miit
trung binh hinh hoc ctia dim thudng 1a khong tring nhau (khi p # 0). Trén Hinh 1, cic truc toa do
x,z tuong dng véi phuong truc va chiéu cao dam, toa do ctia diém bat ky trong hé toa do di qua miit
trung binh va mit trung hoa dudc bi€u dién tuong tng 1a z,, va 7. Khi d6, vi tri mét trung hoa cla
dam FGM dudc xac dinh tir diéu kién [18, 22]:

/2
h/2 [ zwEGw)dzp WE. — E)
—h/2 c—Lm)p
- C E d = 0 C = = 2
f(th ) E(zp)dz = 2 2(p+2) (pEn + Eo) (2)
~h/2 [ ECGw)dzp
~h/2

3. Cac phuong trinh c¢ ban ctia Iy thuyét dam Euler-Bernoulli

St dung hé quy chiéu gin v6i mit trung hoa, trudng chuyén vi theo ly thuyét dim Euler-Bernoulli
[23]:
owo(x, 1)

Ox (3a)

u(x’ Zths t) = —Zth
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W(x’ Zths t) = WO(X, t) (3b)
trong d6 wy dd vong ctia mot diém trén mit trung hoa theo phuong truc z; ¢ 12 bién thai gian.
Céc thanh phan bién dang dugdc xac dinh thong qua cac thanh phan chuyén vi:
ou 8wy
&= o0 = "Uh g3 (4a)
ow OJu Owyp Owg
Yo = oy T oz 0x  ox (4)
Nhu vay, trong ly thuyét dim Euler-Bernoulli, bién dang géc: vy, = 0.
Ung suit phap lién hé véi bién dang theo dinh luat Hooke:
*wo
ox = EQzn)ex = —E@mn)zn——5 )
ox
Véi ly thuyét dam Euler-Bernoulli, ta dinh nghia céc thanh phan ndi luc ctia dim bao gom:
h/2—C
N, = fo-di =b f odzs (6a)
A -h/2-C
h/2-C
M, = fztho—di =b f O xdzsn (6b)
A -h/2-C
Thay (5) vao (6), ta dudc:
h/2-C 5 5 h/2-C 5
wo wo wo
Ny=-b f E(Zth)ZtthZth = _Wb f znE(zm)dzn = —Bii s (7a)
—h/2-C —h/2-C
h/2-C 5 5 h/2-C 5
0“wo 0“wo 0wy
2 2
M, =-b f ZthE(Zzh)Wdeh = _Wb f Z,;,E(Zzh)dZth = —D11W (7b)
—h/2-C —~h/2-C
Cic hing sb do cling ctia dAm trong (7) dudc x4c dinh bdi:
h/2-C
By =b f znE(zm)dzm = 0 (8a)
-h/2-C
h/2-C
Dy =b f ZE@n)dzn, (8b)
—h/2-C
C6 thé thiy ring, vi viéc sit dung hé toa do di qua mit trung hoa, By, = 0; dan dén luc doc

N, = 0; cic biéu thic x4c dinh cdc thanh phan ndi luc trong ddm FGM trd nén don gian, tuong tu nhu

v6i dim dang hudng.
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Phuong trinh chuyén dong cho dam dudgc xy dung dua trén nguyén ly Hamilton [24, 25]:
= f(6U+5V—6K)dt 9)

trong d6 SU 1a bién phan thé ning bién dang dan hdi ctia dam, 6V 12 bién phan thé ning cla tai trong
va 0K 1a bién phan dong ning.
Bién phan thé niing bién dang dan hoi ctia dam:

L L L
9%6 9%6
5U = f f o be,dAdx = f f 0 dAdx = f M =5t d (10)
X
0 A 0

A 0

Bién phan thé nang cua tai trong ubn:
L
oV =— fqéwodx (11D
0

Bién phan dong ning dudc xic dinh bdi:

L L
PRRPTY
6K:f f 0(20s) (St + W6V) dAdx = f (10W05WO+12ﬂ "0 dx (12)
0 A 0

ox Ox

DAu (.) trén cic bién chuyén vi thé hién dao ham theo thdi gian 7.
Céc md men quan tinh khdi lugng dugc dinh nghia trong (12) tinh theo:

h/2-C

Iy = f p(zm)dA =b f P@n)dza (13a)
A -h/2-C
h/2-C

L= f Zp(@n)dA = b f @)z (13b)
A —h/2-C

Thay céc biéu thiic ctia U, 6V va 6K tir (10), (11) va (12) vao (9), tién hanh tich phan tiing phan,
ta dugc:

Ly 90
0= Vowo| WO

L
di i
f e Iowg — [ o2 4 [, 220 o Swo | dx (14)
Oox ox?
0

oM o ,
trong do: V,, = a—x — Ipitp + Iz$ 1a lyc cét hiéu dung.
X x

Cho hé s6 clia cic bién phan do vong trén chiéu dai dim bang khong, phuong trinh chuyén dong
ctia dim thu dugc:
62 62W0
T4 Iowy — 1
I q = fowo — la—/—- o2

(15)
5
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Céc tham sd diéu kién bién: chuyén vi, luc ciing c6 thé rit ra tir (14):

ow
W0, Vi) (a—OM) (16)
X
Thay (7) vao (15), ta dudc phuong trinh chuyén dong theo chuyén vi:
(94W() 62W0
D —qg+ Igwo =1 =0 17
g — 4+ lowo =L 17

Day 1a phuong trinh chii dao d€ phan tich dép ting dong ctia dim FGM theo 1y thuyét dim Euler-
Bernoulli.

Tiép theo, bai bdo sé tap trung phan tich dao dong riéng va dao dong cudng biic cia dim FGM
v6i lién két hai dau khdp (SS). Cac biéu thiic diéu kién bién ctia dAm bao gdm tai x = 0 va x = L:

wo =0 (18a)

82w0

MXZO hay ﬁ

=0 (18b)

4. Phan tich dao dong riéng

Trong phan tich dao dong riéng, bd qua ti trong udn: ¢ = 0, phuong trinh chuyén dong ctia dAm
FGM c6 dang:

54W0 82151'/0
D + Iowwg — 1 =0 19

ng *lov—h—m (19)
Nghiém do vong dudc gia thiét dusi dang:

wo(x, 1) = W(x)sin (wt + ¢) (20)

trong d6 w 12 tan sb dao dong riéng ctia dim, ¢ 1a pha ban dau.

Thay (20) vao (19), ta dudc:

a‘w *w

Dij— + ho*— — [w*W =0 (21)

dx* dx?

Day 1a phuong trinh vi phan cAp 4 tuyén tinh thuan nhét; phuong trinh dic trung:

Dk + Lo’k - Ipw?* =0 (22)
Bing cich dit s = k%, phuong trinh (22) dudc dua vé dang:

D15 + ho's — Ipw? = 0 (23)

Phuong trinh bac hai trong (23) ¢6 hai nghiém trdi dAu:

~he? + \[Bw' + 4Dy g’

= =2 24
S1 3Dr; >0 (24a)

6
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~ha? = \[Bwt + 4Dy Jpw?

2
= = — 24
A\Y) B /el <O ( b)

Do d6, nghiém cda phuong trinh (22):

—12602 + \/I%a)“ + 4D1110a)2
k1,2 ==+

==+A 25
2Dy, (2>2)
J h? + \[Bw + 4Dy Iow?
kg = +i = +j 25b
34 = *I 2Dy, i (25b)
Tur do, suy ra nghiém ctia phuong trinh (21) ¢6 dang:
W(x) = Cy sinux + C cos ux + Cz sinh Ax + C4 cosh Ax (26)

Cic hing s6 Cy, C2, C3, C4 phu thudc vao diéu kién bién (18); ba trong bon hing s6 nay va tan s6
dao dong riéng w dugc xic dinh thong qua bdn phuong trinh diéu kién bién. Diéu kién d€ dim dao
dong tu do 1 4 hing s6 Cy, C2, C3, C4 khong ddng thdi bing khong.

V6i trudng hop dam lién két hai dau khdp (SS); bén phuong trinh diéu kién bién cho két qua:

Cr=C3=C4=0 (27a)

CysinuL =0 (27b)
Dé€ céc hing s6 Cy, C,, C3, C4 khong dong thdi bing khong, suy ra C; # 0; tit ddy suy ra:

sinuL,=0 = uL=mr; m=1,23,.. (28)

Tir day, ta thu dugc tan s6 dao dong riéng:

2.2 2.2
Wy = 2 \/Dn/(louz’"") (29)

L? L?

Tan s6 dao dong co ban 1a tin sb nhd nhét trong sb céc tan s6 dao dong riéng thu dugc; 16 rang 1a
v6i dam lién két hai dau khép, khim = 1:

. n? 2
Wep = Min{wp} = W) = 7 Dy / (10 + Izﬁ) (30)
Ham d6 vong ctia dam khi dé:
u mnx u mnx
W(x) = Wysin— = wolx,t) = Z W, sin —— sin (Wt + @) 3D
m=1 L m=1 L
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5. Phan tich dao dong cudong buc

Xét dam FGM lién két hai dau khép (SS), dudi tac dung clia tdi trong phan bd g(f) = Qsin Q¢
vudng géc véi truc dam.

Phuong trinh chuyén dong ctia dim (17) dudc viét lai thanh:

64W0 82W0
Dy — + lpvwg — h—— = QsinQt 32
n—og Hlowo—h—7 =0 (32)

Nghiém t8ng quat clia phuong trinh vi phan (32) bao gdbm: nghiém ciia phuong trinh thuan nhét
(khi khong c6 vé phai) va nghiém riéng ctia phuong trinh c6 vé phai.

Nghiém ctia phuong trinh thuan nhét ctia phuong trinh (32) 1a phuong trinh vi phan ctia dao dong
tu do, c6 dang:

M
WEe D) = D" W) sin = sin (wnf + @) (33)

m=1

trong do: W,h,l VA @, tuong ting 12 bién dd va pha ban dau ctia dao dong tu do; chiing phu thudc vao
céc diéu kién ban dau cta bai toan.

D€ tim nghiém riéng ctia phuong trinh (32), luu y ring, tai trong phan bd Q ciing dudc khai trién
theo bién khong gian x dusi dang chudi luong gidc tuong tu nhu do vong:

M
. max
Q(x) = ) Ousin —— (34)
m=1
Véi tai trong bat ky:
L
2
On=1 f Q(x)sin ?dx (35)
0
Déi v6i cho tai trong phan bd déu Q = Qy, céc hé sb Q,, dudc xic dinh béi:
2Q0 szo khim=2,4,6,...
==(1- = 4 36
Om mﬂ( COS mr) Qm:& Khim=1.3.5.... (36)
mn
Thay (34) vao (32) ta tim dugc mdt nghiém ri€ng cia phuong trinh nay la:
M
F
wh = " sin o sin 37)
—wy, - Q L
trong do: F,, = On R
n
Iy+ 1) 2
Tir do, ta c6 nghiém tng quat ctia dd vong:
u F mmrx
h 4 h : m . .
= —+ = W r+ m + ——- Qt — 38
wo = wg +w ;[ ' SIN (Wit + @) w%—QZSm sin 7 (38)
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Trong bai bao niy, cic tdc gia st dung diéu kién ban dau cta bai toan 13, tai t = 0: wy = 0 va
wo = 0,VYx € [0, L]. Do d6, ta thu dugc:

om =0
Qlw v 39
W,Z:—Qz_zz Fn " (39)

Thay cac Kkét qué thu dugce trong (39) vao (38) ta dugc:
u Q/w 1 mmnx
wolt,0) = > Fy | sinwyt + ——— sin Qr| sin — (40)
m=135,... (Q2 - w;zn) Wiy = L L

Phuong trinh (40) dugc st dung d€ phan tich dap ting dong ctia dim FGM lién két hai dau khép.
Tir day, ta tim dudc do vong tai chinh gifta dim (x = L/2):

M
) 1
woL/2.0= Y. Fu [On__ Gneonr+ ——— sin Q| sin mr 41)
m=1,3,5,... (Qz - wl%’l) Wiy — Q 2

6. Két qua sb va thao luan

Xét dam bﬁng vat liéu P-FGM (Al/Al,03), lién két hai dau khdp; chiéu cao tiét dién dam 4 = 0,1
m, bé rong tiét dién dam b = 0,05 m, chiéu dai dim L. M6 dun dan hdi, hé sb Poisson, khdi luong
riéng cta kim loai (Al): E,, = 70 GPa, v,, = 0,3, p,,, = 2702 kg/m3; cua gém (AlLO3): E. =380 GPa,
Vi = 0.3, pm = 3800 kg/m>.
6.1. Vi du kiém ching
Xét dam tiét dién chit nhat, lién két hai dau khép, vat liéu P-FGM (Al/A1,03). Bang 1 trinh bay
2

A 9 s 7 A A A A A 2, A - L X .
cac két qua tinh toan tan so dao dong riéng khong thd nguyén, ©; = a)i? \Pm/Em cho dam trong hai

Bang 1. Kiém ching tan sb dao dong riéng khong thit nguyén, @ ctia dim FGM lién két hai dau khép

N p
L/h m Nguodn
0 0,5 1 2 10
| Thai va Vo [9] 5,3953 4,5931 4,1484 3,7793 3,4921
Bai bdo 5,3953 4,5932 4,1485 3,7796 3,4923
5 ’ Thai va Vo [9] 20,6187 17,5415 15,7982 14,3260 13,2376
Bai bao 20,6187 17,5452 15,8063 14,3400 13,2521
3 Thai va Vo [9] 43,3483 36,8308 33,0278 29,7458 27,4752
Bai bdo 43,3483 36,8640 33,0996 29,8650 27,6041
) Thai va Vo [9] 54777 4,6641 4,2163 3,8472 3,5547
Bai bao 54777 4,6641 42163 3,8472 3,5547
20 ’ Thai va Vo [9] 21,8438 18,5987 16,8100 15,3334 14,1676
Bai bao 21,8438 18,5987 16,8100 15,3335 14,1677
3 Thai va Vo [9] 48,8999 41,6328 37,6173 34,2954 31,6883
Bai bdo 48,8999 41,6330 37,6178 34,2961 31,6891
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truong hop kich thuéc dam L/h = 5; 20 va 4p dung cho 3 dang dao dong dau tién véi cac chi sb ty 18
thé tich p = 0; 0,5; 1; 2; 10.

Nghiém gidi tich trong bai bdo dudc so sanh véi két qua clia céc tac gid Thai va Vo [9] ciing st
dung ly thuyét dim Euler-Bernoulli (CBT) véi dang nghiém Navier; tuy nhién dudgc tinh toan trén hé
truc gan véi mit trung binh. Tir cdc két qua tinh todn kiém chiing chi ra & trén, c6 thé thiy ring 16i
giai gidi tich va chuong trinh mdy tinh st dung trong bai bdo c¢6 dd tin ciy (sai 1éch 16n nhét khi L/
=5, p=10vam=3 chila0,4691%).

6.2. Khdo sdt tdn sé dao déng riéng ciia dam FGM

Xét dam chif nhat, lién két hai dau khép, vat liéu P-FGM dao dong tu do trong moi trudng hoan
toan ly tudng (khdng can).

Hinh 2 thé hién dang dao dong (bién thién do véng w0 theo chiéu dai ddm) ctia dim FGM véi 3
dang dao dong dau tién vdi, tuong ding véi m = 1; 2; 3. C6 thé thy ring, gid tri cia m chinh 12 s6 nia
budc séng hinh sin ctia dudng dan hoi; va khi m ting, tan sé dao dong riéng ctia dam ting. Tan s6 dao
dong co ban ting véi trudng hop m = 1 (dudng dan hodi c6 dang mot nira bude séng hinh sin) ¢6 tri sb
nho nhét, va nhd hon nhiéu so véi cic dang dao dong tiép theo do.

Dim FGM (AVALO,-1), —m=1:w="79,08 rad/s
L5© pidukienbienss: | m=2:w=316,15 rad/s {
b=0,05m;h=0,1 m; == m=3:w=710,65rad/s

x/L

Hinh 2. Ba dang dao dong riéng dau tién cta dam Hinh 3. Bién thién tan sb co ban, w,;, ctia dim FGM
FGM tuong ing véim=1;2; 3 theo pva L/h

Tan s6 dao dong co ban w,, ctia dim FGM véi céc chi sb ty 1¢ thé tich, p va ty sd kich thudc dam
L/h dugc tinh todn va trinh bay nhu trong Bang 2. Bién thién ctia tin s6 dao dong co ban theo hai
tham s6 nay dugc thé hién trén Hinh 3.

Cic két qua cho thiy, khi p ting (dong nghia véi viéc ting ham lugng kim loai trong vat liéu
FGM), hoiic khi L/ ting (dam dai ra), tin sb dao co ban w,;, gidm (d6 ciing két cAu giam). Vi mdi
ty s6 kich thuéc dAm L/h, tin sd co ban w,,, gidm nhanh khi p ting trong khoang [0, 2], sau d6 thi
giam cham lai va gan nhu khong thay ddi khi p tién t6i 10. Dong thdi, véi mdi chi sb ty 1& thé tich p,
tan s co ban w,,, gidm nhanh khi L/A ting trong khoang [10, 20], sau d6 thi giam chim lai khi dam
tré nén dai (L/A tién téi 50).

6.3. Khdo sdt dnh hudng ciia cdc tham sé vat liéu, kich thudc hinh hoc, tdi trong uén lén ddp ting dao
dong ciia dim FGM

Trong phan nay, bai bao xem xét dam chit nhat, lién két hai dau khép, vat liéu P-FGM (A1/Al,O5-
1); dam dao dong trong mdi trudng khong can dudi tac dung clia tai trong cudng biic phan bd déu
q(t) = Qo sin Q.

10
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Bang 2. Tan s6 dao dong co ban, we, [rad/s] ctia ddm FGM véi cic chi s6 ty 1é thé tich, p
va ty sb kich thuéc dAm L/h khac nhau

p
0 0,5 1 2 3 5 8 10

10 28375 2403,0 2165,1 1967,9 1905,8 1865,8 1830,4 1807,5
20 711,5 602,6 543,1 493.8 478,2 468.,2 459.,3 453,5
30 316,4 268,0 241,5 219,6 212,77 208,2 204,3 201,7
40 178,0 150,8 1359 123,6 119,7 117,2 1149 113,5
50 1139 96,5 87,0 79,1 76,6 75,0 73,6 72,6

L/h

Khdo sdt dnh hudng ciia s6 sé hang trong khai trién chudi luong gidc, M

Xét dam FGM véi ty s6 kich thuéc dam L/h = 50 va chi s ty 1& thé tich p = 2; hai tan s6 dao
dong riéng ctia dim 1a: w; = 79,08 rad/s va w3 = 710,65 rad/s. DAm dao dong dudi tic dung cta tai
trong phan b6 déu: g(f) = 2 sin Qt (kN/m, s).

x107
Dém FGM (AVALO -1, Diéu ki¢n bicn S8: |—M =1 Dim FGM (AVALO ,-1), Diéu kién bién SS: |——M =1
0.06 057D ‘ M = 10 6l 23 cens M = 10
b=0,05m; h=0,1 m; L/h=50;p=2; o M=100 b=0,05m;h=0,1m; L/h=50;p=2;
q = 2sin30t (kN/m, s) q = 2sin600t (kN/m, s)
] A
4 N k
E E
: :’ 2 L
Q Q
i —
3 =0
2+
4+
0 0.05 0.1 0.15 02 0.25 0.3
t[s]
(a) Q =30rad/s (b) Q =600 rad/s

Hinh 4. So sanh 4nh hudng cta sb s6 hang trong khai trién chudi lugng gidc M
1én ddp dng dong ctia dim FGM

Hinh 4 khao st dudng cong tai trong - do vong ctia dim FGM véi hai trudng hop tan sb luc cudng
biic dudc khio sit bao gdm: (a) Q = 30 rad/s, (b) Q = 600 rad/s. S6 sd hang trong khai trién chudi
lugng gidc nghiém d6 vong dudc lay véi 3 gid tri: M = 1, M = 10 va M = 100. Cac két qua trén do
thi cho thiy, khi tan sb luc cudng biic gan véi tan sd dao dong co ban ctia dam, s6 s6 hang trong khai
trién khi M = 1, M = 10 va M = 100 cho két qua dap ting dong gan nhu tring khép nhau. Tuy nhién,
trong trudng hop tan sb luc cudng biic gan vdi tan sd dao dong riéng tiép theo ctia dAm, néu chi liy
mot s6 hang trong khai trién (M = 1) thi ddp tng dong ctia dam chua didm bao dd hoi tu (sai léch 16n
nhét vé bién do do vong khi M = 1 so véi khi M = 10 va M = 100 1én dén 14,5%).

Khdo sdt dnh hudng ciia chi s ty 1é thé'tich, p, va ty sé kich thude dam, L/h

Xét dam FGM du6i tac dung cia tdi trong cudng biic phan bd déu g(f) = 2sin30¢ (kN/m, s).
Hinh 5 va 6 bao gdm dudng cong dd vong-thdi gian ctia dim FGM véi céc chi sb ty 18 thé tich, p, va

11
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ty s6 kich thu6c dam, L/h khac nhau. Céc két qua trén do thi cho thiy, khi ting p hoic L/h déu lam

ting bién d6 do vong ctia dam. Cu thé 1a: khi p = 10, dam c6 bién do do vong 16n gip 4,19 lan so véi
khi p = 0; vakhi L/h = 50, dAm c6 bién d6 do vong ting 59,2 1an so véi khi L/h = 20.

008 | Dim FGM (AVALO.-1), Biéu kién bién SS: 0.06 | Dim FGM (AVALO-1), Biéu ki¢n bién SS: | t jﬁ = §g
b=0,05m; h=0,1 m; L/h=50; b=0,05m;h=0,1 m;p=2;
0.06 4= 2sin30t (kN/m, s) N q = 2sin30t (kN/m, s)
R . \ i 0.04 [ p &
04 i il I
= |} — " H
bt 1 g i i’ H
£ Y = 00 !
S 0.02rf% Q b
E 3 d I‘i '
20 2 0 ‘ =
1 ‘I{
-0.02 W 1 i
i -0.02 F b
] ! H
- t 1 ! i!
0.04 ¥ H ] ] i il
\ ] i -0.04 [
-0.06 v L L L L L
0 0.5 1 1.5 0 0.5 1 15 2

Hinh 5. Anh hudng cta chi s6 ty 1¢ thé tich p 1én dap Hinh 6. Anh hudng ctia ty sb kich thudc L/h 1én dap
ting dong ctia ddm FGM ting dong ctia ddm FGM

Khdo sdt dnh hudng ciia bién do luc cudng biic, Q

Hinh 7 khao sit d4p ung dong ctia dam FGM (L/h = 50, p = 2, w; = 79,08 rad/s) duéi tic dung
clia tai trong cudng biic phan bd déu ¢(¢) = Q sin 307 (kN/m, s); ba trudng hdp bién do clia luc cudng
biic dugc xem xét bao gdm: Q = 0,5; 1 va 2 (kN/m). C6 thé thay ré”mg, khi bién do6 luc cudng bic Q
ting anh hudng 1én bién d6 dao dong, van tdc ciia do vong, chiing ting tuyén tinh theo bién do luc
cudng bic. Pudng cong quy dao pha trong trudng hop tan s clia luc cudng biic xa so véi tan sb co
bén, trd nén hdn loan, gdm nhiéu dudng cong giao cit nhau.

0.06 | Dam FGM (AVALO-1), —Q-= ?i;ﬁqm Dim FGM (AVALO 1), —Q= (:.iﬁ}wm
SA in A Qe T (VL e T T el = m 25 ¢ P = m
Bicu kién bién SS:b=0,05m; h =0, my 8 — 2 kKN/m Diéu kién bién $S: b=0,05m; h=0,1 m;|_ _ 8 — 2 KN/m
0.04 7_L/h:50;p=2; q = Qsin30t (kN/m, ) . 1 2 L L/h=50; p=2; q=Qsin30t (kN/m, s) g
= 15 -
— g
) = 1
S Q
S = 05
(=}
z . : 5
5 ; 1y B < .05
F & 1 H | :
Yoot B A wlow R
1
]

i 3 k& k

0020 T o E T
|

1

0.04 o

-0.04 -0.03 -0.02 -0.01 0
w, (L/2) [m]

Hinh 7. Pdp tng dong ctia dim FGM dudi tac dung cda tai trong uén ¢ = Q sin 307 (kN/m, s) véi cac bién do
cua lyc cudng buc khac nhau

Hinh 8 khao sat anh hudng ctia bién dd luc cudng bic: g(z) = Q sin 70t (kN/m, s) 1én hién tugng
phéch diéu hoa ciia dim FGM (L/h = 50, p = 2, w; = 79,08 rad/s). D& dang thiy ring, trong trudng
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hop tan sb clia luc cudng biic gan vdi tin sd co ban, dudng cong quy dao pha gan nhu 1a mot dudng
cong dang xoan 6¢ khép kin, dao dong ctia dam FGM tucng tu dao dong diéu hoa. Bién do phach ting
tuyén tinh theo chiéu ting ctia bién do luc cudng bic, trong khi chiéu dai phach 12 khong d6i. Nhin
chung, khi hién tuong phéach xay ra, cic bién do cia do vong ting dang ké so véi trudng hdp tan sb
luc cudng biic xa tan s6 dao dong co ban ctia dam.

Dim FGM (AVALO,-1), —Q=05kN/m
03 pidu kién bién SS: b= 0,05 m;h=0,1 m;| "2 ; EN;'“
L/h =50; p=2; q=Qsin70t (kN/m, s) Q=2 kN/m
[ Aot
02+ i, b :"':." 1
:'l','u nogp it h d
g \l:l:ll”: b b "|"l||:'
= oy dut T gl a
& M mmanin o pafhud hwhenh
d = H ik F X ] l, %] A by
= 0F
(MY ] 5 i n i l’" ¥ bl L
Vel - R I L]
o Twmmnnt o YRhRew yhasal
I"|||Il|| M ””u,, III“IIII
w gt fa
02+ LR w v w
: [ v L
0 0.5 1 1.5 2
t [s]

t Dam FGM (AVALO,-1),
L biéu kién bién SS: b= 0,05 m; h= 0,1 m;|

—Q=0.5kN/m
Q=1kN/m
- - Q=2kN/m

dw,/dt (L/2) [m/s]
(=}

0
o (L/2) [m]

0.05 0.1 0.

15

Hinh 8. So sanh anh hudng ctia bién do luc cudng biic ti hién tugng phéch diéu hoa ctia ddm FGM

Khdo sdt dnh hudng ciia tan sé luc cudng biic, Q lén hién tugng phdch diéu hoa

Hinh 9 md ta dap dng dong cia dam FGM: (L/h = 50, p = 2,w; = 79,08 rad/s) dudi tic dung
clia tai trong cudng biic phan bb déu ¢(¢) = 2 sin Q¢ (kN/m, s); hai trudng hop tan sb ciia luc cudng
biic dugc xem xét bao gdm: Q = 65 va 70 (rad/s). RS rang 1a, khi tan sb ctia luc cudng bic cang gan
v6i tan s6 co ban, bién do phach va chiéu dai phach déu ting theo.

Dam FGM (Al/A1203-1),

Piéu kién bién SS:b=0,05 m; h=0,1 m;
L/h= 50;p=2;q= 2sin2t (kN/m, s)

03F

0.2

w, (L/2) [m]

—Q =65rad/s
Q=70 rad/s

t[s]

Dém FGM (AVAL,0,-1),
Piéu kién bién SS:b=0,05 m; h=0,1 m;

dw /dt (L/2) [ms]

—Q =65rad/s
Q =70 rad/s

-0.05 0 0.05
w, (L/2) [m]

-0.2 -0.15 -0.1

0.1 0.15 02

Hinh 9. So sanh anh hudng ctia tan sb luc cudng biic téi hién tuong phach diéu hoa ctia ddm FGM
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7. Két luan

Trén co s6 1y thuyét dAm Euler-Bernoulli va chon hé toa do quy chiéu di qua mit trung hoan, bai
bdo da thiét 1ap dugc phuong trinh chii dao d€ phan tich dap ing dong ctia dim FGM chiu tai trong
ubn dudi dang don gian, tuong tu nhu ddi véi dam dang huéng. Biéu thitc gidi tich dang hién ciia tan
s6 dao dong riéng va ddp ting dong ctia dam FGM lién két khdp & hai dau da dugc thiét 1ap cho thiy
vu diém clia viéc st dung hé truc toa do di qua mit trung hoa dé tinh todn. Chuong trinh tinh tu viét
trén nén Matlab ciing nhu nghiém giai tich thu dugc da chiing to do tin cy qua so sanh véi két qua
cdc tac gid khic st dung nghiém Navier va tinh todn trén mit trung binh. Céc khdo sit s6 da dudgc
thuc hién cho phép d4nh gi4 anh hudng ctia cac tham s6 hinh hoc, vat liéu dén ddp ting dong ctia dAm
FGM lién két khSp hai dau. Céc két qua nhan dudc cho thiy:

- Tan s6 dao dong co ban ctia dam ludn ting v6i dang dao dong gom niia buée séng (m = 1);

- Viéc lua chon va ldy diy du s6 s6 hang trong khai trién nghiém do vong 13 can thiét dé€ khao sat
dap ung dong;

- Khi ting p, hoic ty sb kich thuéc L/h lam giam do cing két cAu dam, dan dén gidm tan s6 dao
dong ty do va do vong ting;

- Bién d6 luc cudng biic ty 1& véi dd vong clia dam trong phan tich ddp ting dong tuyén tinh;

- Khi tn sb luc cudng biic gan véi tan s6 dao dong tu do, hién tuong phach diéu hoa xdy ra véi
dam. Bién do Iuc cudng buc ting sé 1am ting bién d6 phach; trong khi tan sd luc cudng biic anh hudng
t6i ca bién do va chiéu dai phach.
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