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Tém tit

Trong nghién ctiu ndy, phuong phap lam tron bién dang két hop trén canh (ES) va trén niit (NS) phan tif dugc
phét trién cho phan tif vo phing tam gidc 3 mit MITC3. Phan tii vé phang MITC3 c6 bién dang cét ngoai mit
phing dudc x4p xi lai nén khong xay ra hién tugng khéa cit khi phan tich cac két ciu vo mong. Cac bién dang
hing s6 trén mién phan ti v phang MITC3 dugc lam tron biang cach trung binh trén mién cac phan ti chung
canh va chung nit. Phan ti vé phing dé xuit ES+NS-MITC3 diéu chinh sy déng gép ctia phuong phap lam
tron bién dang trén canh c6 khuynh huéng lam ting do cling va phuong phap 1am tron bién dang trén niit c6
tinh chit 1am giam do ciing thong qua hé s6 ti 1& 8 € [0, 1]. Hiéu qua ctia phan ti vo phang ES+NS-MITC3
dugc danh gia thong qua phan tich tinh mot s6 két cAu vo dong nhét dién hinh. Két qua so sanh do vong ctia
cic két ciu vo dién hinh khi dudgc tinh todn bang phan tit ES+NS-MITC3 va mét s& phan tit vo phing tam gidc
3 niit tuong tu cho thiy do chinh x4c va hoi tu ctia phan ti dé xuit dudc cai thién.

Tir khod: phan tit vd phang; khéa cit; ky thuat MITC3; phuong phap lam tron bién dang; phuong phap lam tron
bién dang két hop.

STATIC ANALYSES OF SHELL STRUCTURES USING FLAT SHELL FINITE ELEMENTS HAVING
COMBINED SMOOTHED STRAINS ES+NS-MITC3

Abstract

In this study, the combination of the edge-based smoothed strain (ES) and the node-based smoothed strain (NS)
methods is developed for the 3-node triangular flat shell finite element MITC3. Using the MITC3 technique to
interpolate the transverse shear strains independently, the flat shell finite element MITC3 overcomes the shear
locking phenomenon when used to analyze thin shell structures. The constant strains on each flat shell finite
element MITC3 are smoothed by averaging on domains of elements having common edges and nodes. The
proposed flat shell finite element ES+NS-MITC3 modifies the contribution of the edge-based smoothed strain
approach, which usually behaves over stiffness, and the node-based smoothed strain approach normally causing
overly soft behaviors by using the scale factor 8 € [0, 1]. The effectiveness of the ES+NS-MITC3 element is
evaluated by static analyses of several benchmark homogenous shell structures. Comparison between numerical
deflections computed by the ES+NS-MITC3 element and those provided by other similar 3-node triangular flat
shell finite elements shows that the accuracy and convergence of the proposed element are improved.

Keywords: flat shell finite element; shear locking; MITC3 technique; smoothed strain methods; combined
smoothed strain methods.
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1. Giéi thiéu

Viéc phan tich cdc két cAu vé c6 tim quan trong trong cic nganh khoa hoc k¥ thuat nhu: xay dung,
co khi, hang khong, hang hai, 6 t9, ... Két ciu vo tuy méng, nhe nhung c6 uu diém la chiu tii trong
tot, kha niing vuot nhip 16n va c6 tinh thAim m§ cao. Ly thuyét tim vé dong nhit hién nay c6 thé chia
lam 2 loai: ly thuyét tim vo c¢d dién ctia Kirchhoff —Love (CPT) va ly thuyét tim vo bién dang cat
bac nhét ctia Reissner-Mindlin (FSDT) [1]. Trong d6, ly thuyét tim vé c6 dién bé qua bién dang cat
ngoai mit phang dudc ap dung cho cic loai tim vé mong. P6i véi tim vo day, bién dang cat ngoai
mit phang ludn khac khong nén 1y thuyét tim vo bién dang cit bac nhét dudc sit dung.

Do céc két cAu vo thudng c6 hinh dang, diéu kién bién va chiu tai trong phic tap nén céc phuong
phép s6, phd bién nhit 1a phuong phap phan ti hitu han (PP PTHH), dudc ap dung. Khi phan tich
biang PP PTHH [2] cic két cAu vo thudng dudc roi rac bing mot trong cac loai phin ti: phan tif vo
khbi 3 chiéu, phan ti vo 3 chiéu suy bién hoic phin tit vo phang. Trong cic loai phan ti nay thi phan
ttt vo phang, két hop giita phan tif tim ng xif theo 1y thuyét bién dang cat bac nhét va phan tit ing
suit phang, thuong dudc st dung rong rai vi dé thiét lap cong thiic PTHH dua vao xap xi chuyén vi
tuyén tinh dang C°. Tuy nhién, khi phan tich cac két cAu vo mong, phn ti vo phing dang C° thuan
tdy khong loai b dudc bién dang cit ngoai mit phang va din dén hién tugng khéa cat lam cho két
qua tinh toan khong chinh x4c. Do d6, d€ phan tich két cu vo day hoic méng bang cong thiic PTHH
vo phéing dang C thi phai khit hién tugng khéa cit bing cic ky thuat xp xi lai bién dang cit ngoai
mit phang nhu ky thuat dang Mindlin (Mindlin type — MIN) [3], chénh léch bién dang cét roi rac
(Discrete Shear Gap — DSG) [4], hoiic cdc thanh phan ten-xd noi suy hdn hop (Mixed Interpolation
of Tensorial Components — MITC) [5]. Pdi v6i phan ti vé phang tam gidc 3 miit, véi vu diém dé dang
trong viéc chia lusi PTHH cac két cAu vo ¢ hinh dang phiic tap, cac ky thuat khit khéa cat MIN3
[3] va DSG3 [4] c6 ma tran do cting phu thudc vao thi tu danh s mit phan td. Trong khi d6, Lee va
Bathe [6] da phét trién k§ thuét khit khéa cit MITC3 cho phan tif vé 3 chiéu suy bién dang tam gidc
3 miit c6 dic diém ndi trdi 1a ma trin do cting ddc 1ap v6i thit tu danh s6 nit phan tir. Cong thiic bién
dang cit ngoai mit phing theo ky thuat MITC3 da duge Chau-Dinh va cs. [7] thiét 1ap & dang tudng
minh chi phu thudc vio toa dd niit phan ti.

Trong né luc cdi thién kha ning tinh toan ciia PP PTHH thong thudng, Liu vd Nguyen — Thoi [8]
da phit trién PP PTHH tron bién dang bang cich trung binh cic bién dang bén trong phan tit (cell-
based smoothing — CS) hoic giita cic phan tit chung canh (edge-based smoothing — ES) hoic giita
céc phan ti chung niit (node-based smoothing — NS). PP PTHH tron da dudc phat trién cho cdc phan
tif vo phang tam gidc 3 mit bang cach két hop cac phuong phap lam tron bién dang trén phan tii (CS)
va trén canh (ES) hoic trén nit (NS) véi cac ky thuat khit khéa cat DSG3 hodc MITC3. Két qua, cic
phan ti vo phang tam gidc 3 nit CS-DSG3, ES-DSG3 va NS-DSG3 da dudc xay dung dé phan tich
tinh két cAu vé dong nhét trong cac nghién ctiu [9-11]. Tuong t, cdc phan tif vé phang ES-MITC3 va
NS-MITC3 ciing di dudc dé xuat dé phan tich tinh két cAu vo dong nhét [12, 13]. Pham va cs. [14, 15]
nghién ctiu ing xi tinh ctia cdc két cAu vo lam bang vat liéu composite nhiéu 16p hoic vat liéu phan
16p chiic niing bang phan tit ES-MITC3.

Cic két qua phan tich ing xi két cAu bang PP PTHH tron cho thiy so v6i PP PTHH thong thudng,
phuong phép 1am tron bién dang trén canh thudng 1am ting do ciing phan tir. Ngudc lai, phuong phap
lam tron bién dang trén niit lai c6 khuynh huéng mém héa do cing phan ti. Vi vdy, véi mong mubn
cai thién do hoi tu bang cach tan dung dic diém clia ca 2 phuong phap lam tron bién dang trén canh va
trén niit, phuong phap lam tron bién dang két hgp mién lam tron trén canh va trén niit hay con goi la
PP 3-PTHH (3-FEM) di dudc nghién ctiu. Nhd hé s6 8 € [0, 1] ti 1é tham gia vio do ciing phan ti ctia
phuong phap 1am tron bién dang trén canh va trén nit dugc hiéu chinh. PP 8-PTHH da dudc phat trién
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cho cdc phan tit tim st dung ky thuat khit khéa cat DSG3 [16] hoic MITC3 [17]. Nguyen-Hoang va
cs. da ap dung phuong phap lam tron bién dang két hgp cho phan tit v phang DGS3 d€ phan tich tinh
va dao dong tu do cdc két cdu vd dong nhit theo ly thuyét bién dang cat bac nhét [18]. Két qua nghién
cttu cho thdy phan ti sit dung phucng phap lam tron bién dang két hdp c6 két qua nam giita két qua
ctia phan tii chi sit dung mot phuong phép 1am tron bién dang trén canh hoic trén nit.

Dua trén céc két qua nghién ciiu vé cic phan ti tim, vo c6 bién dang dudc 1am tron, va tii phan tir
tAm tam gidc 3 it ES+NS-MITC3 [17] bai bdo nay phat trién cong thiic PTHH vé phang tam gidc 3
niit ES4+NS-MITC3 d€ phan tich tinh mot s6 két ciu vo dong nhét dién hinh. Phan tif dé xuét sit dung
phuong phdp 1am tron bién dang trén canh két hop 1am tron bién dang trén nit va kg thuat khit khéa
cat MITC3. So v6i phan tit tim ES+NS-MITC3 [17], c4c bién dang ctia phin ti dé xuit phai dudc
chiéu trén cling hé truc toa do dudgc thiét 1ap cho cc phan tif chung canh va chung nit truée khi dugc
lam tron do cic phan tif trong két cdu v khong dong phang. Trong phin tiép theo, cic budc thiét 1ap
cong thiic PTHH v6 phing ES+NS-MITC3 sé dugc trinh bay chi tiét. O phan 3, d6 hoi tu va chinh
x4c clia phan ti dé xut dudc danh gia thong qua két qua phan tich chuyén vi tinh mot s6 két cau vo
ddng nhét dién hinh. Cudi ciing, mot sd két luan dudc tdng két trong phan 4.

2. Cong thitc PTHH vé phéng ES+NS-MITC3

2.1. Céng thiic PTHH vo ph(fng MITC3 trong hé toa do cuc bo

Xét két cu vo dong nhit dugc roi rac bang cac phan ti tam gidc 3 nit. Theo ly thuyét bién dang
cat bac nhét, chuyén vi trong hé toa do cuc bd Oxyz véi mit phang Oxy trung véi mit trung binh phan
ti dugc xac dinh [1]:

u=uyg—20y; v=vog+2z6y; w=wy (1)

trong d6 u, v, w 1an lugt 1a chuyén vi thang theo phuong x, y, z; ug, vo, wo 1a cdc chuyén vi thang ctia
mat trung binh va 6y, 6, 1an lugt 13 cdc géc xoay clia mit trung binh quanh truc x va y véi chiéu duong
qui u6c nhu Hinh 1.

x diém budc

(0,0.5)(2)% (3)(0.5,0.5)
% r
1(0,0)  (1)(05,0) 2(1,0)
Hinh 1. Phan tit vé phang tam gidc 3 niit va cac Hinh 2. Toa d6 cic di€ém budc trong hé toa do tu
thanh phan chuyén vi theo chiéu duong qui udc trong nhién rst theo k¥ thuat khit khéa cat MITC3 [6]

hé toa d6 cuc bd Oxyz
Tit chuyén vi & cong thiic (1), bién dang trong mit phang & va bién dang cit ngoai mit phang &
trong hé toa do cuc bd phan tir c6 dang:

T T
€= [5x &y '}’xy] = [”,x Vy Uyt V,x] =&n t+28 2)
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véi
T T
Em = [MO,X Vo,y Uoy t+ VO,x] s €p = [_ey,x ex,y - ey,y + Gx,x] 3)
T T
&5 = ['}’xz 'yyz] = [u,z T WiV + W,y] 4)
Trong bai bdo nay, ddu phdy dudi 1, dugc dung cho ky hiéu dao ham.
Céc thanh phan chuyén vi cuc bd ug, vo, wo, 6y, 6y trén mét trung binh ctia phan tit duge xip xi nhu
sau [19]:

3
Uy = ZN]H[ (5)
I=1

trong do, uy = [uo vo wo 6Oy Gy]T; u; = [l/t()[ vor wor Oxr GyI]Tlé chuyén vi cuc bd cia niit I c6
chidu duong qui u6c 6 Hinh 1; va N; 1a cdc ham dang tuyén tinh dang C° dugc xdc dinh trong hé toa
do tu nhién rst:
Ni=1l—-r—-s; Ny=r, Nz=s (6)
Tir xp xi chuyén vi cuc bo trén mit trung binh & cong thiic (5), cdc bién dang mang &,,, bién dang
ubn &, va bién dang cit ngoai mit phang &  cic cong thic (3) va (4) dudc xic dinh:

3 3
Em = Z By & = Z Byu; (7
=1 I=1
3
&= ) By 8)
=1
v6i B,,7, Byr, By 12 cac ma trin quan hé gitta bién dang va chuyén vi nit phan ti c6 dang
Ny 0 00O 000 0 =N,
Byy=| 0 Ny 00 Of; By={0 00 N,y O 9
Niy Nixy 0 0 O 0 0 0 Nix —Np,

0 0 Nix 0 —N;

Bi=l0 0 ny, N 0

(10

Goi (x1,y1),(x2,y2) va (x3,y3) 1an lugt 12 toa do nit 1, 2, 3 clia phan ti trong hé toa dd cuc bd
Oxyz nhu Hinh 1 va dinh nghiaa = (x; — x1),b = (y2 —y1),¢ = (33 —y1),d = (x3 — x1),A° la dién
tich clia phan td. Pao ham clia cdc ham dang N; theo cdc bién x, y c6 thé dugc bi€u dién & dang tudng
minh chi phu thudc toa do miit phan ti nhu sau:

b-c _d—a‘ c —d -b a

; = = = S =5 Nay=5— (1
24, L= 4, YT 0A, 27 04, 3T 0A, 3704, (1)

Nl,x =

Bién dang cit ngoai mit phing & dudc tinh truc tiép tf xap xi chuyén vi & cong thiic (8) sé khong
tién v& 0 khi phén tich két cAu v6 c¢6 chidu day mong dan. K&t qua phan ti vo phang tam gidc 3 niit sé
bi hién tugng khéa cat khi dugc st dung dé phan tich két cAu vo mong. DE khic phuc hién tugng khoa
cat Lee va Bathe [6] da phat trién k§ thuat khii “khéa cat” MITC3 bang cach xép xi lai cdc bién dang
cat ngoai mit phang bang ham méi thong qua nhitng diém budc trong hé toa do tu nhién nhu sau:

= 1 ~ 2 .
& = 851) +cs; Eg = 8;) —cr V6 c=¢

37

2 _

st

LD _ 3, B (12)

rt st rt



Vi, b. A, Thanh, C. b. / Tap chi Khoa hoc Cong nghé Xay dung

trong do, s(,}), ag), sg) , sg) 1an lugt 12 gid tri clia bién dang cit ngoai mit phang tinh theo cong thic
(8) tai cac diém budc (1), (2), (3) c6 toa dd nhu Hinh 2.
ey = ei}) +cs; eg = eg) —cr (13)

trong d6 ¢ = e(j) - eg) - e(s?) + eg).

Dung cong thiic bién d6i bién dang tir hé toa do tu nhién rst sang hé toa do cuc bo xyz va sit dung
1 diém Gauss dé€ tinh toan, bién dang cit ngoai mit phang x4p xi theo ky thuat MITC3 dudc biéu dién
lai theo chuyén vi niit phan ti nhu sau:

3
SIS\/IITC3 — Z BQ’,”T“u[ (14)
=1
trong do

MITC3_L>O 0 b-c (b-c)(b+c)6 Ac+(d—-a)(b+ )6
. T 24¢| 0 0 d-a -A.—-(b-0(a+d))6 —(d-a)a+d)6
MITC3 _ 1 [0 0 ¢ =bc2+c(b+c)6 ac/2—d(b+c)6 (15)
2 24| 0 0 —-d bd2-c(a+d)/6 —ad/2+d(a+d)6
mires _ 1 [0 0 —b bc/2—-b(b+0)6 —bd/2+a(b+c)6
3 24|10 0 a -—ac/2+b(a+d))6 ad/2—-a(a+d)6

Thé cic cong thiic (7) va (14) vao phuong trinh cong 40, ma trin do ciing ctia phan ti v phang
MITC3 trong hé truc toa do cuc bd dudc xac dinh:

K{/ = BT D, B,jA° + BL,D,By,A° + (BY/7C) D, (BM7C) o° (16)
trong do
I v 0 5 I v 0
p,= Lt |v1 o | p__ EF v 10 |
) 1— ’ - —2 1- ’
1-v 0 0 2v 12(1 -v?) 0 0 2\/ (17
D - kh? E 10
YR+ ah?2(1+v)| 0 1

v6i E, v 1an lugt 12 mod-dun dan hoi va hé s6 Poisson ctia vat liéu, 4 1a chiéu day ctia vo, k = 5/6, h, 12
chiéu dai 16n nhit ctia canh phan ti va a = 0, 1 12 hé s &n dinh [20].

2.2. Céng thitc PTHH vé phdng MITC3 trong hé toa dé toan cuc

Goi Uy =[U; Vi Wy 6x1 Oy 0,17 1a chuyén vi ctia niit / trong hé toa do toan cuc 0XYZ. Quan
hé gilta chuyén vi nit u; trong hé truc toa do cuc bd Oxyz va chuyén vi niit U; trong hé truc toa do
toan cuc 0XYZ cho bdi:

w =TU, (18)

trong do

[ Nxx Nyxy Nxz 0 0 0
I’lyx nyy nyx 0 0 0

T= n;x nzy nNzz 0 0 0

0 0 0 nux ny nyz

0 0 0 I’LyX nyy nyz

0 0 0 n;x nNzy nNzz |

38

(19)




Vi, b. A, Thanh, C. b. / Tap chi Khoa hoc Cong nghé Xay dung

vOi (nyx, Ayy, Nxz) , (nyx, nyy, nyz) , (n.x,n.y,n.z) 1an lugt 1 cosin chi phuong cta truc x, y, z trong hé
truc toa do6 toan cuc 0XYZ.

Thé (18) vao (7) va (14), quan hé gitta bién dang va chuyén vi nit phan ti trong hé truc toa do
toan cuc dudc xac dinh:

3 3 3
en=) BwTUs; & =) ByTU; &7 =" BYITSTY, (20)
=1 =1 =1

Két qua, ma tran do cing ctia phan ti vo phang MITC3 trong hé truc toa do toan cuc c6 dang:
K¢, = T'KS°T 1)

Cong thiic (16) cho thiy thanh phan clia ma tran do cing phan ti vé phang MITC3 trong hé toa
dd cuc bo lién quan béc tu do 6.; bing 0. Vi vdy, trong ma trin do cting két ciu, thanh phan lién quan
dén bac tu do 6.; tai cac nit két ndi gitta cac phin tif dong phing sé bang 0, tic 1a ma tran do cling két
chu bi suy bién. D€ khic phuc hién tuong nay, tai vi tri lién quan bac tu do 6,7, mot gid tri bing 1073
1an gid tri 16n nhit clia c4c thanh phan trén dudng chéo chinh clia ma tran do6 cting phan ti dudc thém
vao [20].

2.3. Céng thitc PTHH v6 phing ES+NS-MITC3

Céc ma trin quan hé giita bién dang va chuyén vi niit cia phan tif vo phiang MITC3 cho bdi céic
cong thic (9) va (15) 1a hang s6 trén mién phan ti vi chi phu thudc vao toa do niit phan ti. Két qua,
truong bién dang giita cac phan tit vé phang MITC3 khong lién tuc. D€ giam su chénh léch bién dang
nay, bién dang clia cdc phan t& dugc 1am tron trén mién cdc phan tit chung canh Q% ¢ hodc chung nit
Qlfvs- Céc két qua nghién ciiu cho thiy, phuong phap lam tron bién dang trén mién Q]}‘ES xac dinh bdi
cac doan thang nbi 2 niit ctia 1 canh véi trong tdm ctia 2 phan ti chung canh c6 khuynh huéng lam
ting do cting. Ngudc lai, phuong phap lam tron bién dang trén mién Q;‘VS gidi han bdi cac doan thing
ndi trung diém céc canh véi trong tAm clia cic phan ti chung nit sé lam mém do ciing. Vi vy, trong
nghién cifu niy cic bién dang dugc lam tron trén mién két hop gdm phan bao quanh niit d€ tao thanh
mién 1Am tron trén nit Qlfvs va phan con lai chung canh gitta 2 phan t 12 mién 1Am tron trén canh
Ok ¢ [18] nhu Hinh 3.

Hinh 3. Mién 1am tron bién dang két hop trén canh (ES) va trén niit (NS) ctia két ciu vo
dudc rdi rac bing céc phan ti vo phang tam gidc 3 niit
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DE diéu chinh ti 18 giita 2 mién lam tron, hé s6 hiéu chinh B € [0, 1] dudc dinh nghia nham xéc
dinh ti 1& chiéu dai trén canh phan ti tham gia vao mién Q]](VS va Q]fgs. Nghia la, § = 0 tuong Gng véi
mién 1am tron trén canh bang 0 va trd thanh mién lam tron trén mit hoan toan; 8 = 1 tuong Wng véi
mién lam tron trén canh hoan toan. Khi d6, mién ﬁfvs ¢6 dién tich

Als = (1= BHAY (22)

vamién Ok ¢ c6 dién tich:
Ak = B2AL (23)

véi AII‘\,S va A]ES 1an lugt 12 dién tich cia mién 1am tron thuin tdy trén nit Q’fvs va trén canh Q];:S

Do mién lam tron Qf ctia canh k gdm 2 phan ti vé phang khong dong phing nén cac bién dang
dugc dinh nghia trong hé truc toa dd cuc bd oxyz ctia mdi phan ti dugc bién ddi thanh cic bién dang
trong hé truc toa do cuc bd 6%¥7 chung ctia 2 phan tit trudc khi 4p dung phuong phap 1am tron. Hé truc
toa do cuc b 6%y7 dugc dinh nghia béi truc 6% trung véi canh chung, truc 67 cé véc-td chi phuong la
tdng céac véc-to phap tuyén ctia 2 phan tif chung canh va truc &y tao véi truc 6%, 67 thanh 1 tam dién
thuan. Tuong tu, mot hé truc toa dd cuc bo oxyz chung cho céc phan ti trong mién lam tron Qlfvs cua
ntit k dugdc thiét 1ap c6 truc ox theo phuong canh ctia phan ti diu tién, truc 0z ¢ véc-to chi phuong
1a tdng cac véc-td phdp tuyén ctia cdc phan ti trong mién Q¢ va truc 0y tao Vi truc ox va truc oz
thanh mot tam dién thuan.

Cic bién dang ctia phan ti vo phang MITC3 trong hé toa dd cuc bd oxyz dugc chuyén sang hé toa
dd toan cuc 0XYZ va cudi cuing chuyén sang hé truc toa do cuc bd 6%yZ, oxyz clia cdc mién 1am tron
Ok, O nhu sau [10, 19]:

En = RuRoens & = RyiRppep; 81T = RyRpsl!™ (24)
Em = RuiRpem: & = Ry Ryey; EISWTQ = Ry RypeMTC3 (25)
trong d6, cdc ma tran chuyén hé toa do dudc xdc dinh bdi
”)zzx ”)zzy "%z NgxNzy NyyNzz NyxNzz
R, =Ry = ”éx ”éy ”32 NyxNyy N5yNsz N5xN5z (26)

2nexngx  2ngynyy  2ngziyz  MgxNyy + NgxNgy  Nezfgy + Rgzhey  NixNgz + RgxTsz

R, = [ 2ngxnzx  2nzynzy  2ngznzz  ngxRzy + RexNzy  Nizlzy + Nezigy  Naxfzz + NexNiz ] 27)
s =
2ngxnzx  2nyynzy  2nyznzz Mgxnzy + RzxRgy  Myzizy + Nzzhgy  RNyxNzz + NexNgz
2 2 2
"y oy n., Mexsy Niylsz Nixsz
= = 2 2
R =Ry =1 75y Ty "5z "yx"yy "5y"5z "5x"5z
Inaysy  gylyy  2Mgglyy Maxlyy Y lgyllsy Nglyy T Hgplsy NgyMyy T Nsyley
R, _[ G L L L R (29)
s
2ngyny Zn“Y"?Y g Mzy MyxMzy ¥ Moylyy Mgglay Tz sy Mg, + 0o ng,
2 2
Nyx nyx Nxxnyx
2 2
Nyy nyy NxyNyy
2 2
_ _ n n NyxzNyz
R,2 =Ry = Xz yZ y (30)

2n)anxY 2nanyY nxXnyY + annyX
2I’nynxz 2I’Lyynyz Nyyhyz + Nxzlyy
L 2n)cX Nxz 2nyX Nyz  Nxxhyz +nxz nyx |
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nxxnzx nyxnzx
nyynzy nyynzy
Nxznzz nyznzz
Ry = Y (31)

NyxNzy + NyyNzx  NyxNzy + NyyNzx
NyzNzy + NxyNzz  NyzNzy + NyyNzz
L NxxNzz + NxzNzx  NyxNzz + NyzNex |

VOi (nzx, nzy, Nzz) (n):x, nyy, nyz) , (nzx, nzy, nzz) , (n;x, n<ys n;Z) , (n;x, N5y ”yz) , (an, n-y, n?z) lan
lugt 1a cosin chi phuong clia truc %, §, Z, x, y, z trong hé truc toa do toan cuc 0XYZ.

Theo PP PTHH tron [8], cic bién dang ctia phan tit vé phang MITC3 dudc lam tron trén mién
Q];:S va Qlfvs nhu sau:

1 1 1
=k = . =k ~ . =k ~MITC3
8m = T fb‘mdQ, 817 = AT deQ, 8s = AT 8s dQ (32)
ES o ES ot ES o
ES ES ES
1 - 1 - 1 _MITC3
&y = = f EndQ; &) = — f £,dQ; & = o g, dQ (33)
NS ok, NS ok, NS ok,

Thé céc bién dang cho béi cac cong thiic (7), (14), (24) va (25) vao cac bién dang tron & cac cong
thic (32) va (33), ta dugc

A¢ LA
sm ,82Ak Zﬁ2 ZleRe ,BSuf = k Z?ZleRzzB;qu;

ES e=1 = I=1
k (34)
=k 1 = A° : D e pe .e = A° e PMITC3,e e
8= Z—ZRblesz,u,; g = Ak Z ZRSlR BY
ES e=1 =1 ES e=1
Nk 3 N¥ 3
A 1 A M A€
&y = o Ak Z - ?Z R,uR;, B, u; = — ?Z R.uR.,B;, uj
(1-5 )ANS e= I=1 NS e=1 I=1
) (35)
1 N.S A€ Nis A€ 3 -
N Ak 5 MIT
8= Z ZRbthzB s &= Z D RRSBYT
NS e=1 NS e= =1

trong d6 N ES va Nt NS 1an lugt 1a s6 phan ti chung canh va chung niit cia mién 1am tron bién dang
Qs va O

Tit cdc quan hé cho béi cac cong thiic (34) va (35), ma trin do cling ctia phan ti vo phang MITC3
c6 cac bién dang dugc 1am tron trén mién két hop canh (ES) va niit (NS), tifc 1a d ciing phan ti vo
phéng ES+NS-MITC3, trong hé toa do toan cuc 0XYZ c6 dang:

K§;+NS — TT (KfIS,IOC + K][\‘IISJOC) T (36)
trong do
— — — - — T —
KEoe = [BZ,;,DmBm s +B],D,B,, + (BY7) Dy (B%’T“)] BrAk ¢ (37)
e A A A A A T A
K)\Sdoe = [B;,DmBm s+ BBy, + (BYT4) Dy (B%’T“)] (1-5°) Ak (38)
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véi
L M e | Ves e
B, = T Z ?leR;ZBfnl; By = Ak Z ?RblezBZ’;
ES e=1 ES e=1 (39)
svircs _ 1 i AR MITC3
e ,e
BSI = 147 ?RSIRSZBSI
ES e=1
N NE
N 1 KA - 1 A
B = — Z —RuR,B. 0 By =—— > —R,R,B;
A 3 A 3
NS e=1 NS e=1 (40)
~vires L gt AC = MITC3
e ,€
BT S AR
NS e=1

3. Cac vi du so

D€ danh gid hiéu qua clia phan tit vo phang dé xuit, trong phan nay két qua chuyén vi ciia phan
td ES+NS-MITC3 sé dudc so sanh v6i phan td ES-MITC3 [12], NS-MITC3 [13], ES+NS-DSG3 [18]
va 16 gidi tham khao khi phén tich tinh mot sé két ciu vo dién hinh. Dua trén két qua so sanh chuyén
vi cho bdi phan tit & xuét khi 3 thay ddi tir 0 dén 1 v6i 10i gidi tham kho, hé s6 hiéu chinh ti 1& tham
gia ctia mién 1am tron trén canh va trén nuit ctia phan ti v phang ES+NS-MITC3 dudc chon 8 = 0,9
cho tat ca céac vi du.

3.1. V6 hyperbolic paraboloid chiu tdi trong bdn thdn

Két ciu vé dang hyperbolic paraboloid [21]
c6 phuong trinh hinh hoc Z = X*> - Y2, X €
[-0,5;0,5] m va Y € [-0,5;0,5] m, lién két mot
dau ngam va mot dau tu do, va chiu trong lugng
ban than ¢ = 8000 N/m® theo phuong Z nhu
Hinh 4. Vb ¢6 chiéu day 2 = 0,001 m, va cac dac
trung vat liéu E = 2 x 10"'N/m?,v = 0,3.

V6 dugc md hinh bang cac ludi Ny x Ny X 2
v6i Ny = Ny = 8, 12, 16, 20 va 24 1a sb phan ti

trén cac canh theo phuong X va phuong Y. Véi cac Hinh 4. Hinh hoc va diéu kién bién cta vo
lu6i phan t Ny = Ny = 16, 20 va 24, chuyén vi hyperbolic paraboloid

thang tai di€ém C ctia vo hyperbolic paraboloid cho
bdi phin tit vé phang ES+NS-MITC3 véi cic gid tri ctia hé sb ti 1& B thay d6i tir 0 dén 1 dugc thé hién
trong Hinh 5. So v6i két qua tham khao 0,0064 m [21], Hinh 5 cho thay véi hé s6 ti 1& 8 tit 0,7 dén
0,9 phan ti dé xut cho két qua tot nhat cho ca 3 loai ludi khao sit Nx = Ny = 16, 20 va 24. Khio sat
tuong tu v6i hé sd ti 18 B tir 0,7 dén 0,9 cho cac vi du khéc trong nghién cifu niy cho thiy véi hé s6 ti
1¢ 8 = 0,9 phan tif vo phing ES+NS-MITC3 cho céc két qua gan véi cic 18i giai tham khio nhit. Vi
viy, hé sb ti 18 8 = 0,9 dudc chon dé€ tinh toan chuyén vi bang phan tif dé xuét cho cic vi du sb trong
bai bao.

Két qua chuyén vi theo phuong Z tai diém C (X = 0,5 m;Y = 0 m) tinh bang phan tif ES+NS-
MITC3, céc phan ti khic va 10i giai tham khdo [21] dudc trinh bay trong Bang 1.

42



Vi, b. A, Thanh, C. b. / Tap chi Khoa hoc Cong nghé Xay dung

0.0075 1 : -
[ Tham khao

O +——+ N, =N, =24

£

5 N,=N,=20

5 8, i

‘& 0.007- m-a @-3-BN,=N,=16

[=1)]

=1

5

=

"%°0.0065

=

0

>

=

=

U L

0.006— L
0 0.10203040506070809 1
Hé sb ti 16 B

Hinh 5. Chuyén vi thang (m) tai diém C ctia vo hyperbolic paraboloid dudc xac dinh bing cic ludi

Nx = Ny =8, 16, 24 phan tit vé phang ES+NS-MITC3 va hé s6 ti 1& 8 thay ddi tit 0 dén 1

Bang 1 cho thdy phan tit v phang MITC3 dudc lam tron trén nit (NS-MITC3) cho két qua chuyén
vi 16n hon 1am tron trén canh (ES-MITC3). Phan ti MITC3 lam tron két hop (ES+NS-MITC3) c6
chuyén vi nam giita gid tri tinh bdi phan t ES-MITC3 va NS-MITC3, va gan vdi két qua ctia phan ti
ES-MITC3 do hé sb hiéu chinh 8 = 0,9. Khi luéi phan ti min dan thi phan ti ES+NS-MITC3 cho két
qua hoi tu dén 18i gidi tham khéo véi dd chinh xdc hon phan tit ciing loai st dung k¥ thuat khit khéa

cit DSG3 (ES+NS-DSG3).

Bang 1. Két qua chuyén vi thang (m) tai diém C ctia vd hyperbolic paraboloid

. Lu6i phan t4 % Két qua
Loai phan t . 4 .
8x8x2 12x12x2  16x16x2 20x20x2 24x24x2 saiso tham khao
ES+NS-DSG3  0,0075 0,007 0,0068 0,0068 0,0067 4,69
ES-MITC3 0,0064  0,0063 0,0063 0,0063 0,0063 1,56 0.0064
NS-MITC3 0,0083  0,0074 0,0071 0,0069 0,0068 6,25 ’
ES+NS-MITC3  0,0066  0,0064 0,0064 0,0063 0,0063 1,56

(a) Ludi trai

(b) Ludi phai loai 1

Hinh 6. VO hyperbolic paraboloid dugc mé hinh bang 8x8x2 phan ti

v6i 3 50 d6 danh s miit phan i khac nhau
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Bang 2. Két qua chuyén vi thang (m) tai diém C ctia vd hyperbolic paraboloid md hinh bing ludi 8x8x2 véi
cdc so dd danh sb nit phan tit khac nhau

S0 d6 danh sb niit phan ti

Loai phan ti

(a) (b) ©
ES+NS-DSG3 0,0075 0,0072 0,0076
ES+NS-MITC3 0,0066 0,0066 0,0066

Dé kiém tra kha niing tinh toan ctia phan ti ES+NS-MITC3 khong phu thudc vao thi tu danh sb
nit, két cAu vo hyperbolic paraboloid dudc danh s nit theo 3 so dd khdc nhau véi ludi 8x8x2 phan
t nhu Hinh 6. Gia tri chuyén vi tai diém C tinh bdi phan ti ES+NS-MITC3 & ca 3 trudng hgp dénh
s6 nit phan ti khdc nhau dudc so sanh véi phan tir ES+NS-DSG3 & Bang 2. Bang 2 cho thiy két qua
tinh todn bang phan ti vo phang ES+NS-MITC3 khong phu thudc vao thi tu danh sb niit phan ti.
Ngugc lai, phan ti vo phang ES+NS-DSG3 cho két qua tinh toan phu thudc vao cach danh sd phan ti
vi ky thuat khit khéa cit DSG3 khong c6 tinh ding khong gian.

3.2. Vo tru chiu tdi trong tdp trung

Vo tru ¢ ban kinh R = 300 m, dai L = 600 m va day # = 3 m & Hinh 7(a) chiu tai trong tip trung P
=1 kN. Vb chiu lién két mang ngin cting 3 2 ddu (U = W = 0). Vit liéu lam v6 c6 E = 3x 10° kN/m?
vav =0,3[22].

lién két
mang ngan cung

]

Jr /-{
lién kct L

méing ngan cing |
I

(a) Hinh hoc, diéu kién bién va tii trong (b) Ludi 8x8x2 phin ti tam gidc 3 nit md
phdng 1/8 vé tru

Hinh 7. V6 tru chiu tai tap trung

Do tinh chit dbi xting, chi 1/8 v6 dudc rdi rac bang cac ludi 8x8x2, 12x12x2, 16x16x2, 20x20x2
va 24x24x2, tuong duong 128, 288, 512, 800 va 1152 phan ti. Hinh 7(b) minh hoa trudng hop luéi
8x8x2 phan tit. Chuyén vi theo phucng va tai vi tri dit luc tip trung ctia vo tru khi phan tich bing
phan ti vé phang ES+NS-MITC3 sit dung 1udi c6 sd phan ti ting dan dudc thé hién trong Hinh 8.
Két qua chuyén vi & Hinh 8 cho thiy phan tit dé xuit ES+NS-MITC3 hoi tu dén 18i gidi tham khao
1,8248x107> m [22] khi 1udi phan t& min din va c6 do chinh xdc tot hon phan ti ES+NS-DSG3.
Trong vi du nay, phan tif dé xuét c6 dudng hoi tu ctia chuyén vi ciing nam giita so vdi két qua cho bdi
phan tit ES-MITC3 nam dudi va phan ti NS-MITC3 nam trén.
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Téng s6 phan tir trong mo hinh

Hinh 8. Chuyén vi tai vi tri dit Iuc tip trung clia vo tru dude xac dinh bang phan tit vo phing ES+NS-MITC3
va cdc phan tif tham khdo ting v6i s6 phan ti ting dan

3.3. V6 panel cdu chiu tdi trong tdp trung
Vo panel cau lién két tua don 4 canh va chiu tai trong tip trung P = 454 N nhu Hinh 9(a). Céc

thong s hinh hoc va vt liéu ctia vd panel nhu sau: chiéu dai L = 0,4 m, ban kinh 2 phuong R = 2.4
m, chiéu day /& = 2,54 mm, mé-dun dan hdi E = 703,7 x 10'° N/m? va hé sb Poisson v = 0,3 [23].

(a) Hinh hoc, diéu kién bién va tai trong (b) Ludi 8x8x2 phin tif tam gidc 3 it md phong
1/4 vo panel ciu

Hinh 9. Vo panel cau chiu téi tap trung

Vi tinh chét dbi xiing ctia két cu, chi 1/4 vo ciu panel dudc mo hinh dé€ tinh toan chuyén vi thing
tai vi tri dit luc tap trung. Do chinh xdc va tc do hoi tu ctia phan tir dé xuit dudc khao sat bang cach
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tinh chuyén vi va sai s6 tuong dbi ciia chuyén vi so véi gia tri tham khao 1,010 m [23] khi v6 cu
panel dudc rdi rac bang ludi min dan tir 8x8x2, 12x12x2, 16x16x2, 20x20x2 dén 24x24x2 phan
tt. Hinh 9(b) minh hoa luéi 8x8x2 phan tii tam gidc 3 mit. K&t qua chuyén vi thang tai diém dit luc
cho bdi phan tit ES+NS-MITC3 va céc phan ti khac ting vé6i cac lugi khac nhau dudgc trinh bay trong
Bang 3.

Béng 3. Két qua chuyén vi thing (x10™> m) tai diém dit luc clia vo panel cau

. Lu6i phan td Két qua
Loai phan ti X
8x8x2  12x12x2  16x16x2  20x20x2  24x24x2  tham khao
ES+NS-DSG3 1,0194 1,0292 1,0273 1,0235 1,0199
ES-MITC3 0,9328 0,9696 0,9834 0,9895 0,9926 10
NS-MITC3 1,3335 1,2045 1,1382 1,1002 1,0765 ’
ES+NS-MITC3  0,9559 0,9873 0,9967 0,9999 1,0010

=11]

{ =

1]

=

.;A L 9

5

z O

i |

]

(4]

=

2

&

o

e 001

g +—+—+ ES+NS-MITC3

Z E ES-MITC3

é & -4 -4 NS-MITC3

3 « % ES+NS-DSG3
0.001 ' R

10 100

Kich thudc phan tir

Hinh 10. D9 chinh xdc va toc d6 hoi tu ctia chuyén vi tai vi tri dit luc tap trung ctia vo cau panel
cho bdi bang phan tit ES+NS-MITC3 va cic phan tit tham khio

Hinh 10 biéu dién quan hé giita sai sb tuong d6i clia chuyén vi thang tai diém dit luc tip trung
va chiéu dai canh phan tit trong hé toa do logarit dudc xac dinh bing cdc phan tit ES-NS-MITC3,
ES-MITC3, NS-MITC3 va ES+NS-DSG3. Nhd phuong phap lam tron bién dang két hgp trén canh
va nit, trong trudng hop nay, phan ti ES+NS-MITC3 c6 tdc do hoi tu va do chinh xac t6t hon phan
tir chi st dung phuong phap lam tron trén canh hoac trén nit nhu ES-MITC3 hoac NS-MITC3. Cung
phuong phép lam tron két hop nhung phan ti & xuét st dung ky thuat khit khéa cit MITC3 c6 do
chinh x4c va tdc do hoi tu vuot troi phan tif ES+NS-DSG3.
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4. Két luan

Trong bai bdo nay, phan tif vo phang tam gidc 3 nit ES+NS-MITC3 da dugc phét trién dé phan
tich tinh két cdu vé dong nhat. Cong thiic PTHH ctia phan tif dé xuit dugc thiét 1ap dua trén 1y thuyét
bién dang cit bac nhit clia Reissner-Mindlin va ham xép xi chuyén vi tuyén tinh dang C°. Ky thuat
khtt khéa cit MITC3 véi uu diém khong phu thude vao thi tu danh s6 niit phan ti dudc st dung dé
xap xi lai bién dang cit ngoai mit phang. Cac bién dang ctia phan tii ES+NS-MITC3 dudc lam tron
trén mién két hop giita cac phan ti chung canh va chung niit.

Két qua phan tich chuyén vi cia mot vai két cAu vo cong theo 1 hoic 2 phuong chiu tai tip trung
va phan bd dién hinh cho thiy phan tif dudc 1am tron trén canh (ES) tiép can 15 gidi tham khao tir duéi
1én, ngudc lai phan tir duge 1am tron trén nit (NS) tiép can 10i gidi tham khao tir trén xubng. Bing
cach két hop ca 2 phuong phép 1am tron bién dang trén canh va nit thong qua hé sb ti 1& 8 € [0, 1],
phan ti ES+NS-MITC3 cho két qua nam giita két qua phan t& ES-MITC3 va NS-MITC3. Vi vay,
phan tit ES+NS-MITC3 c¢6 do chinh xdc va hoi tu cao hon phan tit ES-MITC3 va NS-MITC3 trong
cac vi du khéo sat. Ngoai ra, nhd ky thuat khit khéa cat MITC3, phan ti ES+NS-MITC3 ciing cho két
qua tét hon phan ti ES+NS-DSG3.

Phan tir d& xuét c6 thé ting dung d€ tinh toin dao dong va &n dinh ciing nhu phat trién dé€ phan
tich cac két cAu vd khong dong nhét. Phan tid ES+NS-MITC3 c6 d6 ciing dudc hiéu chinh thong qua
hé s6 ti 1¢ 8 € [0, 1] nén du bso sé& cai thién dudc dd chinh xac khi phéan tich dao dong va 6n dinh cic
két cAu v dong nhét va khong dong nhit so vdi cac phan tit ES-MITC3 va NS-MITC3.
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