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Tém tit

Ngay nay trong cdc nganh giao thong vin tii, xdy dung viéc st dung cac loai dim hoic san bé tong cdt thép
(BTCT) du ting luc (ing suit trude - UST) rat phd bién. Viéc nghién ciiu cic loai dAm nay thudng tip trung
vao bai toan tinh. Cic dic trung riéng ctia két cAu nhu tin s6 dao dong riéng, dang dao dong riéng va ty sb can
1a céc tham sb c6 anh hudng 16n t6i phan ting dong luc hoc clia cong trinh. Ching dudc st dung trong c phan
tich, thiét k& 1an kiém dinh cong trinh. Hon niia, trong cc nghién ctiu diéu khién giam dao dong cho céc cong
trinh chiu ti trong dong, cac tan s6 riéng va dang dao dong rleng 1a hai trong céc thong sb rit quan trong can
dugc xéc dinh. Do d6, nghién ciiu nay tip trung xac dinh cdc tan sb dao dong riéng va dang dao dong riéng ctia
dam bé tong ting suét trudc vdi cac diéu kién bién khac nhau. Nghién ctiu di thiét 1ap dudc cic phuong trinh
dic trung cho phép xdc dinh tan s6 dao dong riéng va cic ham dang riéng ctia dao dong. Trén co s& d6 st dung
phuong phap s6 Newton — Raphson trén nén phan mém Matlab d€ phan tich s6 cic bai toan dé.

Tir khod: dam; bé tong ting luc trude; tan sb riéng; dang dao dong riéng; phuong phap Newton — Raphson; dAm
Euler — Bernoulli.

ANALYSIS OF NATURAL FREQUENCY AND VIBRATION MODAL FUNCTION OF PRE-STRESSED
CONCRETE BEAM WITH DIFFERENT BOUNDARY CONDITIONS

Abstract

Today, the transportation and construction industry commonly use beams and prestressed concrete floors. The
research of prestressed concrete beams and slabs often focuses on the static problem. Specific characteristics
of the structure, such as natural frequencies, vibration modal functions and drag coefficients are parameters
that have great influence on the responses of structural dynamics. They are used in the analysis, design and
building inspection. Moreover, the research of vibration control for buildings under dynamic loads, which
natural frequencies and vibration modal functions are two of the very significant parameters that need to be
determined. Therefore, this research focuses on identifying natural frequencies and vibration modal functions
of prestressed concrete beam with different boundary conditions. The research has established characteristic
equations to determine natural vibration frequencies and modal functions. Based on that, using the Newton-
Raphson numerical method by Matlab software to analyze the problems.

Keywords: beam; prestressed concrete; natural frequency; vibration modal function; Newton-Raphson method;
Euler — Bernoulli beam.

https://doi.org/10.31814/stce.nuce2020-14(5V)-16 © 2020 Truong Dai hoc Xay dung (NUCE)

*Tac gia dai dién. Pja chi e-mail: namns @nuce.edu.vn (Nam, N. S.)

197


https://doi.org/10.31814/stce.nuce2020-14(5V)-16
mailto:namns@nuce.edu.vn

Nam, N. S., va cs. / Tap chi Khoa hoc Cong nghé Xay dung
1. Giéi thiéu

Két ciu bé tong cdt thép ting suat trudc da dugc st dung kha 1au trén thé gidi. O cac nudc phat
trién, da dudc st dung phd bién trong cac ciu kién dam, ciu bé tong tif thap nién 70 cia thé ky trudc.
O Viét Nam, cu kién ting suét trudc ciing dude dua vao sit dung trong giao thong, xiy dung khoang
hai thap ki qua. Nguyén ly ctia bé tong ting suit trudc 1a tao ra ing Iuc nén trudc clia bé tong dé triét
tiéu ting suit kéo xuit hién trong giai doan st dung ciu kién bé tong cbt thép. D€ c6 ting luc nén trude
trong bé tong ta phai tao ra ing luc kéo trong céc cbt thép cudng do cao rdi sau d6 10i dung tinh dinh
bam ciia céc cot thép dé véi bé tdng hoidc ding cidc miu neo dé truyén ting luc kéo trong cbt thép vio
bé tong, tao thanh ting luc nén trudc cho bé tong.

Cic phuong phap tinh toan thiét ké két cAu BTCT UST du6i tac dung cia tii trong tinh da dudc
dua vao cdc tiéu chuin va dudc 4p dung kha phd bién trén thé gidi ciing nhu tai Viét Nam [1-5]. Céc
véan dé nhu vit liéu du tng luc, phuong phdp tao dng suit trudc, tim ndi luc dAm ting suat trude siéu
tinh, cdc van dé vé dio, vé hdi phuc ctia vat liéu, ... ciing d4 dudc trinh bay trong cic tai liéu néu trén.
Céc nghién cidu nay ciing chi ra loai cu kién UST c6 nhiéu uu diém ndi bat nhu: c6 thé st dung bé
tong cudng do cao va cbt thép cudng do cao, cic tinh chit nay 1a khong hop 1y hodc khong dung dudc
cho két cAu BTCT thudng vi bé tong cudng do cao khong c6 y nghia nhiéu dbi v6i ving chiu kéo clia
dam BTCT thudng, con cbt thép c6 cudng do cao sé khong sir dung hét kha ning ctia né néu ding
cho BTCT thuong; BTCT UST c6 thé han ché hoic loai bd hoan toan khe niit bén trong bé tong, dong
thoi kha ning chiu nén clia bé tdng cudng do cao c6 thé dudc st dung hét trén toan bo tiét dién dam,
tic 12 trong dAm BTCT UST, bé tong cudng dd cao dudc st dung hiéu qua hon nhiéu so véi trong
dam BTCT thudng; ngoai ra, dim BTCT UST c6 d9 vong nhé vi ludn c6 dd vong do luc nén clia cot
thép 1€n bé tong gay ra, do d6 cho phép vugt nhip 16n so v6i BTCT thuong.

So véi tinh toan thiét ké két cAu BTCT UST dudi tac dung clia tai trong tinh, cdc van dé ly thuyét
vé dong Iuc hoc va dao dong clia dAm ng suat trudc trén thé gidi cling nhu & Viét Nam van chua dudgc
nghién citu phé bién. Trong nghién citu vé dong luc hoc thi cdc thong sb tan sb riéng, dang dao dong
riéng va hé s6 can 1a c4c thong s6 can phai x4c dinh trudc. Hon nita, trong cdc nghién cifu diéu khién
giam dao dong cho cic cong trinh chiu ti trong dong [6], c4c tan sb riéng va dang dao dong riéng 1a
hai trong céc thong sb rit quan trong cin dudc x4c dinh. Trong [7] da khao sét 4nh hudng ctia luc doc
dén tan s6 riéng va dao dong tu do ctia mot dim ménh c6 ing suit truéc theo modt md hinh dam gidn
don trén hai gbi tua. Hiéu ting “mém héa dam bing nén trudc” biéu thi sy suy gidm tan sb riéng ubn
ctia dim do nén trude da dudc dé cap trong [8]. Nghién ctiu [9] da sit dung phuong phap phan ti hitu
han két hop véi thuc nghiém d€ danh gia anh hudng ctia ting suét trudc dén tan s riéng cia dam cé
bién tu do. Theo tai liéu [10] tdc gia di khao sat ddp ing dong luc hoc clia cau du ing Iuc & Viét Nam
dudi tac dung ctia hoat tai khai thac. Bén canh dé, cac nghién cifu vé tin sb riéng va dang dao dong
riéng clia c4c loai dAm véi cic vat lidu va cic 1y thuyét dim khac nhau ciing dudc nghién ciiu nhu &
cac tai liéu [11-15].

Trong bai b4o ndy, cic tdc gia st dung nguyén 1y d’Alembert d€ thiét 1ap phuong trinh dao dong
ctia dim ting suét trudc va xdc dinh dang dao dong téng quat cho dam. Tir dang dao dong tong quat
d6 di thiét 1ap cdc phuong trinh dic trung va dang dao dong riéng cho tiing dAm véi cic diéu kién
bién khic nhau. Céc phuong trinh dic trung d6 thudng 1a cic phuong trinh dai s6 phi tuyén phiic tap,
do d6 bao bdo di sit dung phuong phip Newton-Raphson va phan mém Matlab dé gidi cic phuong
trinh nay.
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2. Phuong trinh dao dong, phuong trinh diic trung va dang dao dong riéng ctia dAm ting suét
trude

2.1. Phuwong trinh dao déng ciia dam iing sudt trudc

Trong phan nay, dé 1ap phuong trinh dao dong ctia dAm ting suit trudc ta si dung 1y thuyét dim
Euler - Bernoulli nhu sau:

Xét mo6 hinh dim nhu Hinh 1. Truc hinh hoc ctia dam la thang khi chua bién dang. Chon truc toa
dd x trung véi truc hinh hoc khi chua bién dang, truc z vudng géc véi truc clia dim. Bd qua dao dong
xoan va dao dong doc truc. DAm chi thuc hién dao dong ubn theo phuong ditng z va chiu tai trong
phén bd g (x,t) theo phuong diing. Do d6, dd vong w, goc xoay mit cit ngang ¢, mémen uén M va
luc cat Q 1a cac ham ciia toa do x va thdi gian 7:

w(x,0),¢x0, M, 1), 01 €y

DE thiét 1ap phuong trinh vi phan dao dong udn ctia dam, ta tich mot phan t6 c6 chiéu dai dx cia
dam. Céc thanh phan luc tic dung 1én phan t& nhu Hinh 2.

,t Xit w X
q(x9) ax,t) dm‘a w(;,t)
Q(x.t) ot
M(x,1) M+ M 4
il o
X
(p\ Il c
[ X O(x, 1)+ de
q ax
z . X
Hinh 1. Dam chiu tai trong ¢ (x, £) Hinh 2. Phin t& mit cit dim
Ap dung nguyén 1y d’Alembert cho phan t& dam ta thu dugc phuong trinh:
w00
PA(X)W =t q(x, 1) (2)

trong d6 dm = u (x)dx = pA (x) dx, véi u (x) 1a khdi luong trén don vi dai cta dam, p 1a khéi luong
trén don vi thé tich dim, A (x) 1a dién tich mit cat ngang ctia dam.
Ta c6 mbi quan hé gitta c4c yéu t6 luc va bién dang ctia dAm [16]:

0w =5 M= s o= Ee, 3)
X
A

trong do, &,(x, z,£) 12 bién dang dai ti d6i theo phuong x. Trong trudng hop dam chiu tng luc trudc,

thi tng luc trudc gdy ra bién dang ban dAu. Xét tai vi tri mit cit ngang c6 toa do x, bién dang dai ti
dbi do 1a:

£0(x,2,0) = &o(x) “4)

Sau khi bién dang ubn, goi bién dang dai ti d6i sinh ra la &% (x, 7z, 7). Trong gidi han tuyén tinh,

bién dang dai tong thé bing bién dang dai ban diu do dng luc trude va bién dang dai do dim chiu

ubn:
Exx(X,2,1) = g0(x) + £1,(x,2,1) )
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Truc ciia dam

X

ety Sl -

Puong trung hoa

Hinh 3. Bién dang dai ctia mot doan dam

Xét mot phan té6 dam chiu uén nhu Hinh 3, bién dang dai ty dbi ctia mot 16p z nao dé cia dam
phu thudc vao toa do z, khi z = z¢ thi &(zg) = 0. Ddi v6i dAm dong chét dbi xing thi d& dang xac dinh
vi tri cia dudng trung hoa zo. Tuy nhién d6i v6i dam bat ky 16p trung hoa néi chung khong tring véi
truc d6i xing ctia dam. Ky hiéu « 1 ban kinh cong ctia dudng trung hoa (truc ctia dim). Do dudng
trung hoa khong bién dang dai nén khoang cach ban diu giita hai mit cit ngang tinh theo dudng trung
hoa la:

Ly = kdyp (6)

Khoang céch giita diém tai mit cat 1 va diém tai mét cat 2 ctia 16p vat liéu c6 toa do z sau khi bién
dang s€ la:

L=(k+z-2z0)dy (7)
Tir cong thidc (6) va (7) néu chon zo = 0 ta suy ra bién dang ty d6i ctia 16p vat liéu c6 toa do z 1a:
L-1y z
* = = — 8
£3x(2) Iy p 8)

trong d6 do cong ctia dam dugc xic dinh theo cong thiic toan:
Pw

0x?

1
oo ©)
K w\*)’

Thay biéu thiic (9) vao bi€u thic (8), bd qua vd cung bé bac cao ta dugc:

2y
Exx(X,2,1) = go(x) — 722 (10)
Thé biéu thiic (10) thay vao (3) ta dudc:
32
M:so(x)Efsz—E—w 2dA (11)
0x?
A A

Ta c6 cong thiic xdc dinh trong tim va moémen quan tinh mit cit ngang:

Azc = f zdA;  I(x) = f ZdA (12)
A A
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trong d6 z¢ 12 toa do trong tAm theo phuong truc z, khi dAm bién dang thi zc = w. Thay biéu thic (12)
vao (11), rdi thay biéu thic (11) vao (3) ta dugc

O*w
M (x,t) = Egg (x) A(x)w — EI (x) — (13)
Ox?

(9M 0 ’*w
Qx,1= x [ESO (D)AX)W] - —— [EI( )—] (14)

Thay cong thic (14) vao phuong trinh (2) thu dugc phuong trinh dao ham riéng md ta dao dong ubn
clia dam c6 ting suét trudc:

0? 0w 0? 0w
Ey) [EI (x) W] T2 [e0 (x) EA (x) w] + pA (x) 52 q(x,1) (15)

Trong trudng hop dAm c6 mit cit ngang khong ddi, phuong trinh (15) c6 dang:

& & &
EIZY — eoEAZY 4 pA a;V

- - =g (x.0) (16)

Tit (16) ta suy ra phuong trinh dao dong tu do ctia dAm c6 ting suét trudc:

54w 0w *w
(9 a4 <‘3‘()EA(9 5 pAW =0 (17)
Khi g9 = 0 (ddm khong c6 ting sut trudc), tif phuong trinh (16) dugc phuong trinh dao dong udn clia
dam Euler — Bernoulli thudng:
o*tw Bzw
El— + A = .t 18
72 1P =q(x,1) (18)

2.2. Phuwong trinh ddc trung va dang dao dong riéng

Ap dung phucng phap Bernouli, ta tim nghiém phuong trinh (17) dudi dang:
w(x, ) = X(x)T () (19)

trong d6 X (x) 12 ham dang théa méin diéu kién bién, ciing 12 ham bién do dao dong ubn tai vi tri
x; T (x) 12 ham dao dong phu thudc vao diéu kién dau cta dao dong.

Thé biéu thiic (19) vao phuong trinh (17), bién ddi ta thu dudc:
X"(x) X" (x) T()

X0 % T P70 0

El

Do vé phi ctia phuong trinh (20) chi phu thudc vao ¢, con vé trdi chi phu thudc vao x, nén hai vé
phéi biang mot hing sb. Ta ky hiéu hing s6 1 w?. Tir (20) ta co:

EIX"™(x) EAX"(x) T
oA X VT oAX(y) TG4y

21

Tur (21) ta suy ra hai phuong trinh:

T + T =0 (22)
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A wz,u
X — en2x”(x) — L HF x(0) = 0 23
(%) = 807 X7(x) — -~ X(x) (23)
Su khdc nhau co ban giita dAm c6 ting suit trudc va dam khong c6 dng suit trude 1a s6 hang gitia
trong phuong trinh (23). Phuong trinh dac trung toan hoc ctia phuong trinh vi phan (23) c6 dang:

st =285 —a* =0 (24)
trong do
2
) W A
— - 2B = gn= 25
o =4 B=e0g (25)

Nghiém ctia phuong trinh déc trung toan hoc (24):

S| =10y, S=-iy; 8§3=0;, S§4=-0 (26)

y= VB +a?-B 27)
5=\ B +2+B (28)

Theo li thuyét phuong trinh vi phan tuyén tinh, nghiém téng quat ctia phuong trinh vi phan tuyén
tinh thuan nhét cAp bdn (23) c¢6 dang:

X(x) = B1e%* + Bye % + B3e"* + Bye™* (29)

trong do:

Bién d6i phuong trinh (29) vé dang lugng gidc thu dugc ham dang riéng téng quat:
X(x) = Cicosyx + Cp sinyx + Cz cosh 6x + C4 sinh 6x 30)

trong d6 Cy, C,, C3,Cy 1a cac h%“mg s6, dudc xdc dinh tif cdc diéu kién bién.
T ham dang t8ng quat (30), ting v6i mbi loai dam c6 diéu kién bién khac nhau ta s& thu dudgc
biéu thiic ham dang khac nhau va biéu thic xac dinh tan sb riéng khac nhau:

2.3. Phuwong trinh ddc trung va dang dao déng riéng cia dam hai dau ngam
a. Phuong trinh déc trung

i 4 1 05 vang w1y 4 g somy whee > e X
hai bién (x = 0 va x = [) déu bang 0:
w(0,£) =0 = X(0) = 0 [ |
w(l,)=0=>X{1D)=0 lZ
w(0,H=0=X'(0)=0 . \
W) =0= X'(I)=0 Hinh 4. Dam hai dau ngam

Véi céc diéu kién bién trén tif cac biéu thiic (30) va dao him clia n6 suy ra bén phuong trinh xac
dinh céc hing sb Cy, Cs, C3, Cy:

X0)=0:C;+C3=0 31
X()=0:Cycosyl+ Cysinyl + Czcoshol + Cqsinhdl =0 (32)
X' (0)=0:Cory+C46=0 (33)
X'(I) =0 : —Cyysinyl + Cyycosyl + C36sinh 6l + C46 cosh 6l = 0 (34)
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Tit phuong trinh (31) va (33) suy ra:
Ci=-C3 C4= —%Cz (35)
Thé biéu thiic (35) vao cac phuong trinh (32) va (34) ta dudc:
C1(cos yl — cosh 61) + Ca(sinyl — % sinh 61) = 0 (36)

— Ci(ysinyl + 6 sinh 6l) + Co(y cos syl — ycoshol) =0 37
Diéu kién can dé cho Cy, C, khong dong thdi bing 0 1a:
cosyl — cosh 6/ sinyl — % sinh 6/

=0 (38)
—ysinyl — §sinhdl ycosyl—ycoshdl

Khai trién dinh thtc v6i chi ¥ sin?x + cos®x = 1; cosh? x — sinh?x = 1, ta rit ra dudc phuong trinh
dic trung dao dong udn clia dim ng suét trude v6i bién 1a hai dau ngam:
2y6 — 2y cos yl cosh 81 + 6% sin yl sinh 61 — y? sin yl sinh 6/ = 0

N (39)
(6 -y )sm vl sinh 6/ + 2y6 (1 — cosylcosh6l) =0

trong d6 vy, 6 1a cdc ham cia a, x4c dinh nhu biéu thiic (27), (28). Riit gon ta thu dugc phuong trinh
dac trung:
f(@) = 2Bsinvylsinh 6 + 2a (1 — cosylcoshdl) = 0 (40)

Phuong trinh (40) 1a phuong trinh dai s6 phi tuyén, c6 vo s6 nghiém sd, gidi phuong trinh ta xic
dinh dugc cac nghiém ay (k = 1,2,...). Tir d6 ta tinh dudc tan sb riéng clia dim 2 diu ngm chiu ing

suét trudc theo biéu thic (25):
El
Wi = | — 41
u

< < < N A 2
Trong thuc té, khi nao cho biét &y va cac tham so cliia dam ta tinh dugc 8 = 057 Khi biet 8 thi y
va 6 12 ham ctia bién a. Gidi phuong trinh (40) biang phuong phap s6 ta dudc a;. Sau d6 theo (41) ta
dudc wy.
b. Dang dao dong riéng
Tur phuong trinh (37) ta cé:
_ycos(yl) =y cosh(d])
'™ sin(yl) + 6 sinh(5])

Ca = h(y,0)C2 (42)

Theo (35) ta co:
Cs = —Ci = —h(y,0)Cs;  Cy = —%CQ (43)

Thay céc biéu thic (43) vao phuong trinh ham dang tdng quét (30) ta thu dugc dang dao dong
riéng ctia dam ting suit trudc vdi bién hai dau ngam:

X(x) = |h(y, 6)(cosyx — cosh dx) + sinyx — % sinh x| C, (44)
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Giai phuong trinh déc trung ta xac dinh dugc cac nghiém ay, thay vao cac cong thiic (27), (28) ta
xédc dinh dudc cdc gid tri yy, 6, thay cc gia tri ndy vao (44) ta c6 biéu thiic ham dang dao dong riéng:
Yk cos(ykl) — vk cosh(6xl)

. P
Xi(x) = — cosh(s — == sinh(6xx) | C 45
k(x) Ve sin(yal) — 6 sinh(6el) (cos(yxx) — cosh(6xx)) + sin(yxx) 5 on Grx)|C2 (45)

trong d6 k = 1,2,3,... V6i mdi k ta c6 tan sb dao dong riéng bic k va dang dao dong riéng thi k.

2.4. Phuong trinh ddc trung va dang dao dong riéng cia dam mot dau ngam mét ddu ty do

Diéu kién bién ctia ddm 1 diu ngam, 1 dau ty _~"EI pA x
do nhu Hinh 5: 4 =
Tai dau ngam: x = 0, do vong bing 0, géc xoay
bing 0: 2|
w(0,1)=0= X(0)=0 16
w(0,H)=0= X(0)=0 (46) Hinh 5. DAm m6t du ngam mot dau ty do
0,1 0)
Tai dAu ty do: x = /, moémen bang 0, luc cit bing 0:
w'(L=0=>X"()=0, w’'(l,H=0=>X"1)=0 (47)

Véi céc diéu kién bién ndy, tuong tu nhu trudng hop trén, tif cac biéu thiic (30) va dao ham ctia n6
suy ra dugc phuong trinh dac trung:

y (" +6*) + 28%° cos ylcosh 6l + 5y* (y* = 6) sin yl sinh 61 = 0 (48)
Ta ciing thu dugc ham dang riéng ctia dao dong:

2 3
X() = Y0y, cosh 6kl + y; cos yil

x R (cos yex — cosh &xx) + sinyex — Lsinhpx|Ca (49)
¥, sinyxl — 6] sinh 6;/ Ok

voik=1,2,3,...

2.5. Phuong trinh ddc trung va dang dao déng riéng cia dam mot dau ngam mét dau goi tua
Diéu kién bién ctia dam 1 dau ngam, 1 dau gbi

nhu Hinh 6:
Tai diu ngam: x = 0, d6 véng bing 0, goc xoay
bing 0: zZy
w(0,1) =0 = X(0) =0;

w(0,H=0=X'0)=0
Tai dAu gbi tua: x = [, d6 vong bang 0, mdmen bing O:

wl,)=0=>X(1)=0; w'{ln=0=>X"()=0 S

(50) Hinh 6. DAm mot diu ngam mot dau gbi

Véi céc diéu kién bién ndy, tif c4c biéu thic (30) va dao ham ciia né, bién ddi ta suy ra dudgc
phuong trinh déc trung:
2

(y* = 6%) cosylsinyl — y&(1 + %) cos yl sinh 61 + 262 cosh 6l sinyl = 0 (52)
Ta cling thu dugc ham dang riéng ctia dao dong:
67 sin(yel) — yi0x sinh(5xl)
Xi(x) = = 5
Y €os(ykl) — 6; cosh(dxl)
v6ik=1,2,3,...

(— cos(yrx) + cosh(6x)) + sin(ygx) — ? sinh(dxx) (53)
k
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2.6. Phuong trinh ddc trung va dang dao dong riéng cia dam hai dau géi tua

Diéu kién bién ctia dam hai dau gbi tua nhu A B_x,
Hinh 7. 4; ; 35’,
Tai dau gbi thd nhit: x = 0, dd vong bang 0, 2

momen bing 0: . . o
Hinh 7. Dam mét dau ngam hai dau goi tya

w(0,H)=0= X(0)=0
’’ 74 (54)
w’(0,)=0=X"0)=0
Tai dAu gbi thi hai: x = , 46 vong bang 0, mémen bang 0:

wl,)=0=>X(D =0, w'{ln=0=>X"()=0

Vi céc diéu kién bién nay, tif cac biéu thic (30) va dao ham ciia né, bién ddi ta suy ra dudc
phuong trinh dac trung:

sinyl =0 (55)
Giai phuong trinh ta dugc:
k
yil = kn = yi = 7” k=1,2,.) (56)
Theo cong thic (27), bién déi ta co:
kKt n?
aj = = 2/3k21—2, (k=12,.) (57)

Tur cong thuc (25) ta suy ra:

4 2
n* El o E
(1)]% = k4l—47 + kzl—ZS();, (k = 1,2, ) (58)

Ta cling thu dugc ham dang riéng cua dao dong:
X(x) = Cpsinyx (59)

Tir cac phuong trinh dic trung viét cho dAm ting suét trudc véi cdc didu kién bién khac nhau ta
thiy d6 déu la phuong trinh dai s6 phi tuyén. Chi c6 dam véi diéu kién bién hai dau gbi tua cho ta
phuong trinh dac trung 1a ham lugng giac don gian.

3. Phan tich s tan s6 riéng va dang dao dong riéng

D& phan tich s6 ta tién hanh gii cic phuong trinh dic trung tim cdc tan sd riéng wy (k = 1,2,...),
thay tan s6 riéng tim dugc vio phuong trinh ham dang ta sé xac dinh dudc cic dang dao dong riéng
tuong ting. C4c phuong trinh dic trung hiu hét 1a phuong trinh dai s6 phi tuyén, 16i gii gidi tich 1a
rit kho thuc hién. Trong nghién citu nay, phuong trinh dé dudc giai bang phuong phap s Newton —
Raphson. Day 1a phuong phap dugc st dung rat phd bién, hdi tu nhanh va da dugc viét thanh ham
trong phin mém Matlab. Tuy nhién, né c6 nhugc diém 12 phii x4c dinh dudc nghiém gan ding dau
vao va két qua chi cho mdt nghiém chinh xac. Do dé, d€ xac dinh nghiém gan ding ban dau nay ta c6
thé dung phuong phap sb khac 1a phuong phap day cung. Véi cach nay ta c6 thé xdc dinh tly y sb tan
sO riéng.
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Déi v6i cic loai dam don thong dung tai Viét Nam [1, 2], bién dang diu cta c6t thép 1a kéo,
thudng khoang 0,7%, con bién dang dai ty dbi ban dau ctia bé tong la nén, thudng khoang 0,1%. Do
d6 bién dang dai ti dbi dugc chon pham vi —0,001 < gy < —0,0001. Trudng hgp dam &y > O tuy ring
khong thuc té cho trudng hop dam bé tong ting suit trudc nhung bai bao ciing thuc hién tinh todn cho
trudng hop gy = 0,001 dé c6 cdi nhin tdng quat hon vé dam dng suét trude néi chung. Bén canh do,
két qua tinh toan trong bai bdo ciing dudc so sanh véi két qua tinh toan cho dam Euler — Bernoulli
thudng trong tai li€u [17].

Dudi day 1a bang tham s6 cau Bung nhu Bang 1, mot loai cau bé tong cbt thép du ting luc dudc
xdy dung & tinh Nghé An [10], va dudc st dung dé€ tinh todn.

Bang 1. Thong s6 ctia dim bé tong cdt thép ting luc trude

TT Ki hiéu Gid tri Dién giai
1 l 20,4 m Chiéu dai dim
2 p 2500 kg/m? Khéi lugng riéng
3 iU =pA 2277 kg/m Khbi luong trén don vi chiéu dai
4 E 0,315 x 1011 N/m? Modun dan hoi
5 EI 4157000800 Nm? Do ciing chbng ubn

Dudi day 1a két qua tinh todn tan sd riéng va dang dao dong riéng cho dam ting suit trudc véi mot
s6 bién khac nhau:
3.1. Ddm hai dau ngam

Trong Béng 2 1a tan s6 riéng clia dAm hai dau ngam UST véi cdc gia tri bién dang ti d6i ban dau
khac nhau.

Bang 2. Tan s6 riéng clia dAm hai diu ngam ting suét truéc

Bic Dam ting suat trudc (rad/s) Dim thudng  Sai 1éch % ciia

daodong g =-0,0001 & =-0,0005 & =-0,001 (a) £ =0 £ = 0,001 (17] (b) (a) so vdi (b)
1 72,383 71,346 70,025 72,640 75,156 72,640 3,60
2 199,887 198,487 196,721 200,236 203,686 200,236 1,76
3 392,161 390,631 388,709 392,543 396,338 392,543 0,98
4 648,492 646,838 644,877 648,893 652,883 648,893 0,62
5 968,921 967,270 965,202 969,334 973,448 969,334 0,43
6 1353,442 1351,758 1349,650 1353,863  1358,062 1353,863 0,31
7 1802,053 1800,345 1798,208 1802,480  1806,742 1802,480 0,24
8 2314,754 2313,028 2310,368 2315186 2319495  2315,186 0,19
9 2891,544 2889,803 2887,626 2891,979 2896326  2891,979 0,15
10 3532,423 3530,670 3528,478 3532,861  3537,238  3532,861 0,12
15 7698,146 7696,357 7694,120 7698,593 8728485  7698,593 0,06
20 13466,077  13464,270 13462,010 13466,529  13471,046  13466,529 0,03
Tit Bang 2 cho thiy:

Khi dim chiu nén trude (o < 0) thi tan sb riéng ctia dim UST gidm so véi dim thudng, nén cang
nhiéu thi tin s6 riéng cang giam nhiéu. Pay goi 12 hién tugng “mém héa” trong dam ting suét trudc.
Con khi dim chiu kéo trude (gy > 0) thi tan sb riéng s€ tang 1€n so véi dam thuong.
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Khi dim chiu nén trudc (hoic kéo trudc) cang 16n thi tan sb riéng cang giam (hoic ting) so véi
dam thudng. Tan sb riéng bic 1 s& léch so v6i tin s6 riéng dam thudng nhiéu nhét (3,6%) va sai léch
nay gidm nhanh véi tan sd bac cao hon.

Trén Hinh 8 la cdc dang dao dong riéng ving véi tan s6 bac 1, 2 va 3 trong trudng hop bién dang
ti dbi ban dau &y = —0,001. Dang dao dong riéng nay la phi hop véi diéu kién bién 2 dau ngam cia
dam UST.

x [m]

Hinh 8. Céc dang dao dong riéng ctia dim hai dau ngam, gy = —0,001

3.2. Ddm mét dau ngam mét ddu ty do

Trong Bang 3 12 tAn s6 riéng clia dim mot diu ngdm mot dau tu do UST véi cdc gid tri bién dang
ti d6i ban dau khac nhau. Két qua cho thiy quy luit thay ddi tin sb riéng tuong tu nhu trén, tuy nhién
v6i ddm mot dau ngam mot dau tu do tan sd riéng nhé hon nhidu dAm hai diu ngam, va nhu 1a “giam
1 bac” so v6i dim hai dau ngam. Sai 1&ch tan sb so vdi dam thudng cling ting dang ké (16n nhit & tan
s0 thit nhat 13,75%).

Bang 3. Tan s6 riéng ctia dim mot dau ngam mot dau tu do

Bic Dam ting suat trudc (rad/s) Dam thudng  Sai léch % ciia

daodong ¢ =-0,0001 &, =-0,0005 & =-0001(@ =0 & =0,001 [17] (b) (a) so v6i (b)

1 11,284 10,690 9,846 11,416 12,713 11,416 13,75
2 71,258 69,527 68,636 71,540 75,587 71,540 4,06
3 199,968 197,871 196,814 200,315 205,450 200,315 1,75
4 392,156 389,858 388,704 392,538 398,218 392,538 0,98
5 648,493 646,085 644,877 648,893 654,870 648,893 0,62
6 968,921 966,443 965,202 969,334 975,498 969,334 0,43
7 1353,442 1350,915 1349,650 1353,863  1360,157 1353,863 0,31
8 1802,053 1799,491 1798,208 1802,480  1808,869 1802,480 0,24
9 2314754 2312,164 2310,868 2315,186  2321,647 2315,186 0,19
10 2891,544 2888,932 2887,626 2891,979  2898,497 2891,979 0,15

Trén Hinh 9 1a c4c dang dao dong riéng tng véi tan s6 bac 1, 2, 3 va 4 trong trudng hop bién dang
ti d6i ban dau &y = —0,001. Dang dao ddng riéng nay 1a phi hop véi diéu kién bién ctia dAm nay.
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X (x)

Hinh 9. Céc dang dao dong riéng dim mot du ngam mot dau tu do, £y = —0,001

3.3. Ddm mot dau ngam mét ddu goi tua

Trong Bang 4 1a tin sb riéng ctia dAm mot dau ngam mot dau gdi twa v6i cc gid tri bién dang ti
d6i ban dau khac nhau. V6i dim mot dau ngam mot dau gbi tya tin sb riéng nhd hon dim hai dau
ngam nhung 16n hon dim mot du ngdm mot dau tu do.

Bang 4. Tan s6 riéng ctia dim mot dau ngdm mot dau gdi tua

Bic Dam ting suat trudc (rad/s) Dam thudng  Sai léch % cia
daodong g = _0,0001 & =-0,0005 & =-0,001(a) &=0 g=0001 [71(b) (a) so v6i (b)
1 49,833 48,923 47,768 50,059 52312 50,059 4,577
2 161,888 160,544 158,850 162,223 165,540 162,223 2,079
3 338,091 160,544 158,850 162,223 165,540 162,223 2,079
4 578,400 576,811 574,820 578,796 582,748 578,796 0,687
5 882,805 576,811 574,820 578,796 582,748 578,796 0,687
6 1251,303 881,164 879,109 883,215 887,304 883,215 0,465
7 1683,892 1682,190 1680,059 1684318 1688566  1684,318 0,253
8 2180,571 2178,848 2176,694  2181,001 2185300  2181,001 0,197
9 2741,338 2739,601 2737427 2741772 2746111 2741772 0,158
10 3366,195 3364445 3362256 3366,632 3371,003  3366,632 0,130

Trén Hinh 10 12 3 dang dao dong riéng dau, cac dang dao dong nay 1a phu hop véi diéu kién bién.

Dang 1

15 S Dang 2
Dang 3

Hinh 10. C4c dang dao dong riéng dim mot diu ngam mot dau gbi tua, £y = —0,001
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3.4. Ddm hai ddu géi twa

Trong Bang 5 1a tan s6 riéng ctia dam 2 dau gdi tua, sai 1éch tan s6 ctia dim UST loai ndy so véi
dam thudng cling loai 12 khd 16n & céc tan sd dau (16n nhit 15,8% & tan s6 bac 1). Trudng hop nay
ciing 1a diéu kién bién thuc té cia dAm cau Bung. Véi cuing kich kich thuéc dam, thi tan s6 riéng phu
thudc vao diéu kién bién, tin s6 riéng nay thé hién va ti 1& thuin véi do ciing clia cac loai dam.

Bang 5. Tan sb riéng cia dim hai dau gdi tua

Bic Dam tng suat trudc (rad/s) Dam thudng  Sai léch % ciia
daodong o =_0,0001 & =-0,0005 & =-0001(@) =0 & =0,001 (21 (b) (a) so v6i (b)
1 31,574 28,595 26,982 32,044 36,409 32,044 15,80
2 127,709 124,870 123,426 128,176 132,757 128,176 3,71
3 287,930 285,114 283,696 288,397 293,022 288,397 1,63
4 512,239 509,431 508,021 512,705 517,347 512,705 0,91
5 800,636 797,832 796,426 801,102 805,751 801,102 0,58
6 1153,121 1150,319 1148,915 1153,587 1158241  1153,587 0,41
7 1569,694 1566,893 1565,491 1570,160  1574,816  1570,160 0,30
8 2050,355 2047,555 2046,154 2050,822 2055479  2050,822 0,23
9 2595,105 2592,305 2590,904 2595,571  2600,230  2595,571 0,18
10 3203,943 3201,144 3199,743 3204,409 3209,068  3204,409 0,15

Trén Hinh 11 1a c4c dang dao dong riéng ban du tuong ting véi cic tan s6 riéng ban diu ctia dim
hai dau gdi tua.

X (x)

-0.5

x [m]

Hinh 11. Cic dang dao dong riéng ctia dam hai dau gdi tua, gy = —0,001

4. Két luan

Bai bdo da tap trung vao nghién ctiu x4c dinh céc tan sb riéng va dang dao dong riéng ctia mot sb
loai dam c6 diéu kién bién khac nhau, tif két qua nghién ciu riit ra dugc cac két luan sau:

Phuong trinh dic trung x4c dinh tan sb riéng ctia dam UST la cac phuong trinh dai sd phi tuyén
(trlt trudng hop dAm hai dau gbi tua 1a phuong trinh lugng gidc), phuong trinh ny c6 vo sd nghiém
s6 1 cdc tan sd riéng. Khi dam chiu nén trudc (g9 < 0) thi tan s6 riéng ctia dam UST giam so véi dam
thudng, nén cang nhiéu thi tan s6 riéng cang giam nhiéu. Pay goi 1a hién tugng “mém héa” trong dam
ting suét trude. Con khi dAm chiu kéo trudc (g9 > 0) thi tin sb riéng sé ting 1én so v6i dam thudng.
Khi dam chiu nén truéc (hoic kéo trudce) cang 16n thi tan s riéng cang gidm (hoic cang ting) so véi
dam thuong. Tan s riéng bac 1 sé 1éch so véi tan s6 riéng dAm thudng nhiéu nhét va sai 1éch nay giam
nhanh véi tin s bac cao hon.
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Chi mot s6 tan sb riéng dau (bac 1, 2, 3) mdi cho sai léch tan sb riéng 1a dang ké so v6i dam khong
c6 dng suat trudc, cac tin s6 bac cao hon gan nhu khong ding ké. Trong thuc té ta thiy ciing chi cic
tan sb riéng bac thip méi c6 kha niing bi cong hudng do cic tai trong cudng biic giy ra, cdc tan sb
riéng bic cao 1a rit 16n va hiu nhu khong c6 loai tai ndo c6 tan s6 cao nhu vay. Hon nita, khi nghién
clfu bai todn ting suét, bién dang clia cic két cAu, thi chi yéu céc thanh phan d6 tap trung & tan s6 bac
1, gidm rat nhanh khi céc tan sd c6 bac cao 1én (thudng cic nghién ctiu sit dung 1 hoic vai tin s6 dau).

Nghién ctiu méi diing lai ddm UST dan hoi tuyén tinh c6 &y = const, c¢6 thé phét trién theo nhiéu
huéng khic nhau nhu cho bai toan san UST, bai toan dam c¢6 UST c6 &y (x) 1a ham theo vi tri x (c4c
ham nay sé& phu thudc vao cich bb tri cbt thép du ting luc).

Ngoai ra tan sb riéng chiu anh hudng ctia ing ctia ting suit du trong dam, do d6 viéc suy giam
{ing suit du trong qua trinh khai thdc ciing 4nh hudng 16n dén tan sb riéng. Dic biét, khi dAm bé tong
c6 vét ntt thi ting suat du nay c6 su thay d6i khac thudng, do d6 tan sb riéng sé thay ddi 16n, su thay
ddi nay phu thudc vao vi tri, sé lugng, kich thudc va su phat trién vét nit. Trong tai liéu [8], bang
thuc nghiém cic tac gid da chi ra rang khi dim c6 vét nit, thi quy luat khong con giébng nhu nghién
cttu ly thuyét nita. VAn d& nay mé ra hudng nghién ciu Iy thuyét tiép theo nham 1y giai cac hién tugng
thyc tién.
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