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Tém tat

Nghién ctiu nay nhim xéc dinh tinh truyén nhiét vi mo ctia vt liéu tng hdp bao gdm cac soi hinh tru tron phan
bd tuan hoan trong mot chit nén. PE tinh tdi tinh tudn hoan clia cdc sdi thi nghién ctiu di phat trién phuong
phép ctia Rayleigh d€ giai bai toan. Vi phuong phap nay trudng nhiét do va hé sé dan nhiét c6 hiéu ctia vt liéu
téng hop dudgc xdc dinh véi do chinh xic cao. Cic két qua 4p dung s ctia phuong phap nay sé dudc so sanh véi
cic két qua thu dudc tif phuong phap phan ti hitu han. Phuong phdp tinh todn thiét 1ap trong bai bdo nay c6 thé
dudc 4p dung truc tiép cho cic bai todn truyén dan tuong ducng nhu: dan dién, khuéch tan, va dong chiy trong
vat liéu rong, . ..

Tir khod: hé s6 dan nhiét vi md; phuong phap Rayleigh; phan b6 tuan hoan; phuong phap phan i hitu han.

MACROSCOPIC THERMAL CONDUCTIVITY OF TWO — PHASE COMPOSITE CONSISTING OF PE-
RIODIC ARRAYS OF CIRCULAR CYLINDRICAL FIBERS

Abstract

The purpose of this work is to determine the macroscopic thermal of composites consisting of circular cylinders
fiber in a periodic arrangement embedded in a matrix. For accounting the periodic distribution of fiber in
matrix in this investigation we extend the Rayleigh method. The temperature field and effective conductivities
of composite were calculated to a very high order to achieve a sufficient accuracy. The numerical results of
method proposed are finally compared with results given by Finite element method. The method elaborated and
results provided by the present work are directly applicable to other physically analogous transport phenomena,
such as electric conduction, diffusion and flow in porous media, etc.

Keywords: macroscopic thermal conductivity; Rayleigh method; periodic arrangement; finite element method.
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1. Gidi thiéu

Vit liéu tong hop dudc nghién cifu ngay cang nhiéu trong linh vuc xdy dung cong trinh do nhiing
1¢i ich to 16n ma n6 mang lai. Viéc nghién ciu céc tinh chét clia n6 12 viéc hét siic quan trong dé c6
thé ap dung céc loai vat liéu niy vao trong cac cong trinh cu thé. Nghién ctiu nay chu trong dén viéc
x4c dinh tinh din nhiét vi mo ctia vt liéu téng hop gom hai pha gdm pha nén va pha sdi, trong d6
pha sdi c6 dang hinh tru tron va dudc phan bd tudn hoan trong mit phang truyén nhiét x;0x, va chay
doc theo phuong x3 (Hinh 1), c4 hai pha cAu thanh nén vt liéu t6ng hop déu dudc gia thuyét 1a truyén
nhiét dang hudng.

*Tac gia dai dién. Pjia chi e-mail: nguyendinhhai.1986@utc.edu.vn (Hai, N. b.)
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Hinh 1. VAt liéu dan nhiét cbt sgi dugc bb tri tudn hoan doc truc

Pé x4c dinh hé sb truyén nhiét vi md ctia vt liéu di c6 rit nhiéu mo hinh gidi tich dugc dé xuit
dua trén nghiém cua bai toan Eshelby nhu mé hinh Bio hoa, mo6 hinh Mori-Tanaka, md hinh Ty tuong
hdp, md hinh Tu tucng hop tdng quat [1-8], ... Tuy nhién cic phuong phap nay mdi chi tinh dén tinh
chit clia cdc pha thanh phan, hinh dang cdc pha, va ty 1& thé tich clia cic pha ma chua tinh dén phan
bd tudn hoan cta vat lidu cAu thanh. Bén canh cidc md hinh gidi tich k& trén thi c6 thé st dung phuong
phép s6 d€ x4c dinh tinh chit vi mo ctia vat liéu tng hop nhu phan ti hitu han, phuong phap bién déi
nhanh Fourier [9-12] tuy nhién cdc phuong phdp nay c6 han ché khi gip phai khdi lugng tinh toan
16n ma kha nang tinh todn cia mdy tinh chua dap ting dugc. Trong nghién ciiu nay sé sit dung phuong
phdp phat trién tir bai todn Rayleigh [13-16] d€ x4c dinh hé s6 din nhiét vi md ctia vat liéu tdng hop
c6 xét t6i phan b tuan hoan ctia vat liéu ciu thanh trong bai toan 2D.

B6 cuc ctia bai bdo nay dudc trinh bay 1am bon phan: Phan 2 trinh bay cdc phuong trinh cd ban
ctia bai todn truyén nhiét, phuong phap xac dinh ten x0 truyén nhiét c6 hiéu cia vat liéu tdng hop c6
phén b tuan hoan dua trén bai todn Rayleigh sé dugc gidi thiéu & phan 3, cac két qua sb thu dugc
phuong phéap Rayleigh mdi sé dudc so sanh véi cac két qua thu dudc tir phucng phap s sit dung bién
d6i nhanh Fourier va céc bién Voigt - Reuss trong phan 4, phan 5 s& danh d€ trinh bay mot s6 két luan
va kién nghi.

2. Cac phuong trinh co ban

Vit lidu tng hop din nhiét Q dugc xem xét 3 nghién cifu nay bao gdm céc soi hinh tru tron Q)
dugc phan bd doc theo phuong x3 va bd tri mot cach tudn hoan theo mit vudng géc véi x3 trén mot
chit nén Q® (Hinh 1). Cac vat liéu cAu thanh nén vét liéu tdng hop déu dudc coi 1a truyén nhiét déng
huéng. Phuong trinh truyén nhiét trong mdi pha thanh phin cta vit liéu tdng hdp dudc miéu ta béi
dinh luat Fourier [1, 11, 12, 14-16]:

q(i) = —_K®Ovyg® (D
trong d6 @, K@ va 6% 14n lugt 1a vec to dong nhiét, ten x6 hé s din nhiét va nhiét do trong vt liéu
i v6i i = 1,2. Trong trudng hop vt lidu 1a truyén nhiét déng huéng K = kI vé6i I 1a ten xd don vi

1 00
bachail=| 0 1 0 |, vec td mat do nhiét dugc dinh nghia bdi cong thuc:
0 0 1
eV = yg )
Véc to dong nhiét q” phéi thoa man phuong trinh cin biang ning lugng:
; » 00
V.q+P=pP= 3
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v6i p 12 nhiét dung riéng ctia vat lidu i c6 don vi 12 J.K~'.m™ va P 1a ngudn nhiét c6 don vi W.m™>.
Khi lién két giita pha s¢i va pha nén 14 hoan hao thi trudng nhiét d6 va thanh phan phap tuyén ctia
vec td dong nhiét phai lién tuc khi di qua no, nghia la:

[q-n] =0.[161=0 “4)

trong trudng hop nay vec to phap tuyén don vi n tring véi e, trong hé toa do tru.
Trong nghién ctiu nay ta xét nhiét do & trang thdi 6n dinh (nhiét do khong ddi theo thdi gian),
khong c6 ngudn phat nhiét, phuong trinh cin bang ning ludng (3) dudc viét lai nhu sau:

v-q¥=0 5)
Thay phuong trinh (1) vao (5), trong hé toa do tru phuong trinh dugc viét tudng minh nhu sau

#0 1or 18
L _ =0 6
o o0 " 7 oe ©

Khi mit phan gi6i giita cic pha 13 hoan hio, & cp do vi md, vec to mat do nhiét E va vec to dong
nhiét Q dudc xac dinh theo cong thic dudi day

E = l( f oD (x)dx + f 9<2>(x)dx) (7)
1 \Jam Q@

Q=i( f " (dx + f q<2><x>dx) ®)
12\ Jaw Q@

3. Phuong phap Rayleigh cho vét liéu tuan hoan

Thay vi nghién ctiu toan bd mién vit liéu Q, do vit lidu c6 tinh chit tuin hoan nén ta chi can
nghién ctiu 1 nhan tudn hoan hinh vudng vé6i 1 pha s¢i hinh tron phan bd trong pha nén hinh vuong
v6i canh 12 @ (Hinh 1). Tinh tuin hoan cta vat liéu thé hién qua diéu kién dudi day

1 00

1 -
UG SO o -0 9
|x1— a2 ) a |x1 al2 2 a 0xo Xo=%a/2 ®

trong d6 E 12 mat d6 nhiét vi md theo phuong x;. Tinh déi xing trong mdi nhan tuin hoan dudc miéu
ta bdi quan hé sau:

0 (x1,x2) = 0(x1,—x2), 6(x1,x2) —60(0,0) = = [0 (—x1, x2) — 6(0,0)] (10)
Nghiém trudng nhiét cia phuong trinh (6) — phuong trinh Laplace ¢6 dang chudi nhu sau:

- Trong pha sgi:

6i= ) Cop1r™ ' cos2n— )¢ (11)
n=1

- Trong pha nén:

On = [Aan 1™ + By 7" cos(2n - 1) (12)
n=1

77



Hai, N. P., Tun, T. A. / Tap chi Khoa hoc Cong nghé Xay dung

Thay cic nghiém trudng nhiét trong pha sgi va pha nén vao phuong trinh (1) ta xac dinh dudc vec
to dong nhiét tai pha nén va c6t sdi. Truong nhiét do va trudng dong nhiét phap tuyén khi di qua miit
phan gidi 12 lién tuc theo phuong trinh (4) ta nhan dudc mbi quan hé sau:

ki + ki 21-2m)

Agp-1 = K — K Bop-1 (13)
ki + ki -

Cop1 = (ﬁ + 1) r,(~1 0By (14)
m 1

Trudng nhiét d6 trong cbt sgi (11) va pha nén (12) phai thod man diéu kién tuin hoan (9), dong
thoi 4p dung diéu kién nhit quan don vi Rayleigh xem [13] dén t6i:

Z Agp172 cos(2n — 1) = Ex) + Z Z Byy1772" cos(2n - 1)g; (15)
n=1 j#0 n=1

trong d6 chi s6 j 13 cac vong tron tif tAm va trif tAim; 7 va ¢ 1a toa do cuc tinh tif tam O. (r i, ¢;) 1a toa
dd cta diém O; (r, ¢) 12 toa do cuc cuc bo clia hinh tron thii j. Dong hod dao ham tliing phan 1an thi
2n — 1 theo bién x; céc thanh phan ctia phuong trinh (15) tai diém O ta nhan dugc:

Z ( 2m2; 2_n1— 3 )Z cos(2m +2n — 1),

m=1 Jj#0

A1 + Byp1 = —Edn (16)

Két hop ba phuong trinh (13), (14) va (16) ta rit ra hé phuong trinh cho phép xéc dinh Bs,,_; nhu sau
U+V)x=p 17)

ki

trong d6 U 12 mot ma tran chéo véi cic thanh phan khac khong c6 gid tri 1a

, p la mot

m i

vec to c6 duy nhat mot thanh phan khac khong 1a p; = §,1,X 12 mdt vec to véi cac thanh phan

L e Boy- R L N N o o
cO gid tri la xp,- %, ma trdn V c¢O cac thanh phan nhdn gid tri nhu sau
Eri ™™
L
@m+2n-3) y Y
2m+2n-2 coe 1A . e
Vin = mron . Giai hé phuong trinh (17) ta thu dudc cac gia tri cua By,

2m-2)!2n-1)! . )
thay vao phuong trinh (13) va (14) ta lan lugt nhan dugce céac gia tri giai tich cia Apyy—1, Cop—1. The
cac gia tri Aoy—1, Bom—1, Com—1 vao phuong trinh (13) va (14) ta ¢6 dugc nghiém giai tich cta trudng
nhiét do trong pha sgi va pha nén ctia vat liéu téng hop.

Thay céc gid tri trudng nhiét do trong cic pha 1an ludt vao phuong trinh 2 va 1 ta nhan dudc gid
tri trudng mat do nhiét va truong dong nhiét cuc bo tai cac pha ciu thanh nén vit liéu. Trudng mat
dd nhiét va dong nhiét & cap do vi mo dudc x4c dinh thong qua tich phan phuong trinh s6 (7) va (8).
Quan hé giita vec to mat do dong nhiét va vec to dong nhiét & cip do vi mo:

Q=K“'E (18)
Ten x0 hé s6 din nhiét dudc x4c dinh qua cong thic sau

90,
K==t 19
i = 3E, (19)
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4. Ap dung s6

Xét vat lidu tng hop gdm c6 cdt sdi v6i hé s6 dan nhiét k, = 0,19 Wm 'K dugc phan bd tuan
hoan trong pha nén v6i hé s6 dan nhiét k1 = 2,1 Wm™'K~'. Ty 1& thé tich ctia pha soi trong composite
bién d6i tir 10 dén 60%, chudi gid tri dudc chon véi n = m = 20. Cac két qué s6 hé s6 din nhiét clia
vat liéu tong hop theo phuong x; clia composite sé dudc so sdnh véi céc bién Voigt—Reuss va trinh
bay & Hinh 2. Ten so hé s6 din nhiét tinh theo bién Voigt va Reuss [1, 7, 14, 15] lan luct dudc tinh
nhu sau:

Kvoigr = fikil + fokol (20)
1
KReuss =—7-0FI (21)
b
(f+2)

trong d6 fi, f> 1an lugt 1a ty 1& thé tich clia pha nén va pha soi; I 1a ten xd don vi bac 2. Céc két qua 4p
dung sb ctia phuong phap Rayleigh ciing dudc so sanh véi cac két qua thu dudc tir phuong phap FFT
[9, 10] va phan ti hitu han (FEM) dudc thé hién trén do thi Hinh 3.

2 1.8 T T T
— KRayieigh
1.84 = Keer
1.6 Keew |
1.6
o
« 14r ¥ 14
~ Il
M -
1.2 v
r 121
M &
£ =
2 £
= L = k.
i 0.8 £ 1
=1
0.6
0.8+
041 ] .
e
0.2 L : 0.6 I |
0.1 0.2 0.3 0.4 0.5 0.6 0.1 0.2 0.3 0.4 0.5 0.6

Ty 18 thé tich cbt soi Ty 18 thé tich cdt soi

Hinh 2. Anh hudng ctia ty 1& thé tich cbt sgi dén hé s6  Hinh 3. Anh hudng ctia ty 18 thé tich cbt soi dén hé
din nhiét cla vt liéu téng hop s6 dan nhiét ctia vat liéu tdng hdp thuc hién véi cac
phuong phap Rayleigh, FFT va FEM

Vat liéu composite dugc md phong bang FEM va cdc mit cit ciing nhu dudng cat thé hién bién
ddi nhiét do cling nhu dong nhiét dudc thé hién & cac Hinh 4-8 dudi day trong trudng hop pha soi
chiém 60% thé tich composite.

Quan sit biéu dd Hinh 2 nhan thiy ring cac két qua thu dugc tit phuong phap Rayleigh cai tién
nam trong bién Voigt—Reuss cho thiy tinh kha dung ctia m6 hinh. Cac két qua tinh todn clia phucng
phdp nay dudc so sanh véi cic phuong phap FFT ciing nhu FEM (Hinh 3) cho két qua rAt sat nhau,
dic biét khi tinh bang hai phuong phap Rayleigh va FEM thi sai sb ctia hai phuong phéap nay rit nho,
diéu d6 cho thiy tinh chinh xdc ctia mo hinh nay. Céc biéu do truc quan Hinh 7 va 8 cho thiy dong
nhiét khi di chay doc qua mit cit va dudng cat bi gdy nhiéu (tuan hoan) khi di qua pha soi, su truyén
nhiét khong con 1a tuyén tinh nita.
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1 (DCDCDCTRCY

-2 -1 0 1 2 3 B 5 6 7

Hinh 8. Truvng nhiét do va dong nhiét qua mit cit

5. Két luan

Cic két qua ctia mo phéng cho thiy phuong phap Rayleigh cai tién 13 hoan toan phu hop trong
viéc du dodn hé sb din nhiét c6 hiéu cla vat lidu tdng hop c6 phan bd tuan hoan. Do chinh xic ciing
nhu téc dd tinh todn ctia phuong phap phu thudc vao do 16n ctia gid tri n, m dugc lua chon. Trong
nghién ctiu nay v6i n = m = 20 thi tinh to4n dat do chinh x4c cao véi cac két qua dat dudc c6 do
chénh 1éch rit nhd so v6i phuong phap FEM. Phuong phap nay c6 thé dugc dp dung cho moi ham
lugng thé tich sgi bién ddi tir 0 dén 100% trong trudng hop vt liéu ¢6 phan bd tudn hoan véi do chinh
xéc cao khic phuc dudc cic nhuge diém ciia cac md hinh Bio hoa, Mori-Tanaka, ... chi chinh xéc khi
ham Iugng cdt sgi nhd (dudi 30%). Két qui clia nghién citu c6 thé 4p dung trong céc bai todn truyén
dan tuong duong vé mit biéu dién toan hoc nhu din dién, thAm, khuéch tan, . . .
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