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Tém tit

Trong bai bao nay, cong thifc phan tif hitu han tim tam gidc 3 mit méi dugc dé xuit. So v6i phan ti tim tam
gidc 3 niit truyén thong, xAp xi chuyén vi ctia phan ti d& xuét dugc bo sung thém ham dang ndi bac ba (cubic
bubble shape function) tai niit ndi (bubble node) & vi tri trong tim phan ti. Bién dang uén ctia phan tir dugc
lam tron trén trén mién chung canh (ES) x4c dinh bdi cic doan thang ndi nit ndi ctia 2 phan tit chung canh véi
2 niit cia canh chung nay. Nho vao ky thuat 1am tron trén canh, tich phin trén mién 1am tron ctia do cting un
dugc chuyén sang tich phan trén bién clia mién 1am tron va sé it bi anh hudng bdi hinh dang phan ti. D& khit
hién tugng khéa cat khi phén tich tim mong, bién dang cit ngoai mit phang ctia phan ti dugc x4p xi lai theo
ky thuat khit khéa cit MITC3+. Phan tit dé xuét, goi 1a ES-MITC3+, dudgc sit dung dé phan tich tinh mot sd
bai toan tAm dién hinh nham d4nh gid miic do chinh x4c va hoi tu. Thong qua cic két qua sb dat dugc, phan ti
ES-MITC3+ c6 khd ning phan tich tinh cho ca tim méng va tim day véi do chinh x4c tuong duong hoic tot
hon mét s6 loai phan tir khac.

Tir khod: tAm Reissner-Mindlin; khit khéa cat MITC3+; phan ti hitu han tron trén canh (ES-FEM); phan
tich tinh.

AN EDGE-BASED SMOOTHED MITC3+ ELEMENT FOR STATIC ANALYSIS OF REISSNER-MINDLIN
PLATES

Abstract

In this paper, a novel formula of 3-node triangular plate finite element is proposed. In comparison with the
traditional 3-node triangular plate finite elements, the displacements of the proposed element are added the
cubic bubble shape function at the bubble node located at the centroid of the element. The bending strains of
the suggested element are averaged on edge-based smoothed (ES) domains which are determined by straight
lines connecting 2 bubble nodes of 2 adjacent elements with 2 common nodes of them. Thanks to the edge-
based smoothed technique, the integration of the bending stiffness is transformed from the smoothed domain
into its boundary and thus reduces errors due to element shapes. To remove the shear-locking phenomenon,
the transverse shear strains are separately interpolated by using the MITC3+ technique. The proposed element,
namely ES-MITC3+, is employed to statically analyze some benchmark plates for evaluation of the accuracy
and robustness. Numerical results show that the ES-MITC3+ element can analyze both thin and thick plates in
good agreement, or better than other reference elements.

Keywords: Reissner-Mindlin plates; shear-locking removal MITC3+; edge-based smoothed FEM; static analy-
sis.

https://doi.org/10.31814/stce.nuce2019-13(4V)-13 © 2019 Trudng Dai hoc Xay dung (NUCE)

*Tac gia chinh. Pia chi e-mail: chdthanh@hcmute.edu.vn (Thanh, C. D.)

139


https://doi.org/10.31814/stce.nuce2019-13(4V)-13
mailto:chdthanh@hcmute.edu.vn

Thanh, C. D, va cs. / Tap chi Khoa hoc Céng ngh¢ Xay dung
1. Giéi thiéu

Két cAu tAm 12 mot trong nhiing két cAu phé bién dudc ing dung vao nhiéu bo phan cong trinh xay
dung nhu: san, mai, tudng, véch, ... do dic trung mong, nhe, kha ning chiu udn, vugt nhip 16n. Ung
Xt tAm dong nhét dugc tinh todn dua trén (1) ly thuyét tim mong Kirchhoff-Love hoic (2) ly thuyét
tAm day Reissner-Mindlin [1]. Ung xi két cAu tim c6 thé dudc phan tich bing céc phuong phap giai
tich hoic cdc phuong phap s6. Cic phuong phap gidi tich [1-3] cho 13i gidi c6 do chinh xédc cao, 1a
két qua d€ so sanh danh gia cac nghién citu bang phuong phap s6 nhung chi ap dung cho cic két ciu
tAm c6 hinh hoc, diéu kién bién va tai trong don gian. Vi vdy, d€ phan tich tng xit cic két cAu tAm
bét ky, cac phuong phap s6 da va dang dudc nghién citu phat trién nhiam cai thién do chinh xdc, toc
do hoi tu va thoi gian tinh toan. Trong d6, cac phuong phap s6 dua trén tiép can phuong phap phan
tt hitu han (PTHH) dang thu hiit su quan tAm ctia nhiéu nha nghién cifu trong va ngoai nudc. Vé6i gia
thuyét bé qua bién dang cit ngoai mit phang, ly thuyét Kirchhoff-Love doi hdi xip xi chuyén vi ctia
phuong phap PTHH c6 dao ham cip 1 lién tuc, tic la dang C!. Trong khi d6, xép xi chuyén vi dang
C° du dé thiét 1ap cong thic PTHH tAm theo ly thuyét tim day Reissner-Mindlin. Viéc xdy dung ham
xXAp xi chuyén vi dang C°, dic biét 1a dbi v6i cac phan ti déng tham sb, d& hon rét nhiéu so v6i xdy
dung ham x4p xi chuyén vi dang C'. Tuy nhién, x4p xi chuyén vi dang C° thuén tdy sé khong loai
bd dudgc bién dang cit ngoai mit phang khi phan tich tim méng va dan dén két qua chuyén vi giam
khi chiéu day tAm giam, hay con goi 1a hién tugng khoa cat. Cuing véi kha ning chia ludi dé dang ctia
phan tif tam gidc so vi phan ti tf gidc, mot sd nghién cifu tip trung vao phat trién phan ti tAm tam
gidc 3 niit dua trén ly thuyét tim day Reissner-Mindlin st dung xp xi chuyén vi dang C° két hop véi
cac ky thuat khit khéa cit nhu cac phan t& MIN3 [4], DSG3 [5] hodc MITC3 [6]. Céc loai phan tir
nay c6 bién dang udn la hang s6 trén phan ti va bién dang cit ngoai mit phang dudc xap xi lai dé c6
thé phan tich ing x{ tAm day va mong. Bing cach st dung thém ham ndi bac 3 ting véi nit ndi dit tai
trong tAm phan ti tam gidc 3 nit trong x4p xi chuyén vi, phan ti MITC3+ [7] c6 bién dang udn tuyén
tinh trén phan tir. Do d6, phan tit MITC3+ c6 do chinh xdc va hoi tu tot hon phan tit MITC3 [6].

D€ giam chénh léch bién dang giita cac phan ti trong két cAu tAm phan tich bang céc loai phan ti
tam gidc 3 nuit, cac ky thuat xAp xi lai bién dang bing céach trung binh bién dang giita cic phan ti c6
chung canh hoic chung nit, hay con goi 1a phuong phap PTHH tron, da dudc dé xuét [8]. Ky thuat
lam tron trén canh (ES) hoic 1am tron trén niit (NS) da dudc 4p dung cho cic phan tir DSG3 hoic
MITC3 dé phan tich tim Reissner-Mindlin [9-12]. Trong c4c phan ti tim ES-DSG3 [9], ES-MITC3
[11], NS-DSG3 [10], NS-MITC3 [12], cdc bién dang dudc tinh trén mién chung canh hoic chung
nit phan ti 12 trung binh cic bién dang clia cac phan ti nay. Nho d6, bién dang chénh léch giita cic
phan tif dugc 1am tron trén mién nhiéu phan ti. Két qua, cic phan ti 1am tron ES-DSG3, ES-MITC3,
NS-DSG3, NS-MITC3 cai thién dudc kha ning tinh todn so v6i cac phan ti khong lam tron DSG3,
MITC3, DSG3, MITC3.

Trong nghién cifu nay, k¥ thuat lam tron trén canh sé dudc phat trién cho phan ti tim tam gidc 3
nit MITC3+. Véi tén goi ES-MITC3+, phan ti dé xuét c6 bién dang udn dudc trung binh trén mién
xéc dinh bdi cac doan thang ndi niit ndi ctia 2 phan ti chung canh v6i 2 niit clia canh chung nay, va
bién dang cét ngoai mit phing dugc xAp xi theo ky thuat khit khéa cat MITC3+ [7]. Khic véi cac phan
t ES-DSG3 va ES-MITC3, bién dang ubn ctia phan ti d& xuat khong 1a hing s trén mién phan tir
nén tich phan trén mién 1am tron ctia bién dang udn dugc chuyén thanh tich phan trén dudng bién clia
mién lam tron bang cach ap dung dinh 1y phan ky Gauss-Ostrogradsky. Nh& d6, phan tit ES-MITC3+
c6 thé giam dudc sai s do tinh tich phan Gauss, dic biét trong céc trudng hop ludi phan ti khong
déu. Trong phan tiép theo, cong thic phan ti ES-MITC3+ dugc thiét 1ap. Do chinh x4c va tinh hiéu
qua ctia phan t d& xuat dugc trinh bay & phin 3 thong qua danh gid két qua phan tich chuyén vi va
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mo-men ctia mot sd két ciu tAm dién hinh. Cubi ciing, mot s6 két luan dudc tong két & phan 4.

2. Cong thitc phan ti tim Reissner-Mindlin ES-MITC3+

2.1. Cong thitc phdn tit tdm MITC3+

Xét tam c6 dién tich mit trung binh Q chiu udn bdi luc p, tic dung vudng géc v6i mit trung binh
Q nhu Hinh 1. Cic chuyén vi thang u, v, w tuong ting cic phuong x, y, z ctia tim dudc xac dinh bdi [1]

u(x,y,z) = zBx (x,y);v(x,y,2) = By (x,y) ; w(x,y,2) = wo (x,) (1)

trong do wo, By, By lan lugt 14 chuyén vi thang theo phuong z va géc xoay clia phap tuyén mit trung
binh quanh truc y va truc x véi chiéu duong qui uéc nhu Hinh 1.

mit trung binh T T T /’ﬁ\ ) /
Zw B, 0
g (x%.51)
Hinh 1. TAm chiu udn va dinh nghia c4c chuyén vi Hinh 2. Phan tf tAm 3 nut v6i niit néi
ctia tim va clia mit trung binh va chiéu duong qui uéc

M:iit trung binh Q ciia tAm dudc roi rac bang N, phin ti tAm tam gidc 3 niit ¢6 dién tich Q,. Trudng
chuyén vi ctia phan ti tim tam gidc dudc xAp xi nhu sau [7]

3 4 4
wo = Z;Niwi; Bx = le Nibyi; By =— le Nif, ()
1= = =

trong d6 wi, 6, 0y; 1an lugt 1a chuyén vi thang va géc xoay quanh truc x va truc y ctia niit i véi chiéu
duong qui udc dugc dinh nghia trong Hinh 2. N; 1a cac ham dang trong hé toa d6 tu nhién (&, ) dudgc
xéc dinh dng véi cac nit dinh (i = 1,2,3) va nit ndi (i = 4) dit tai trong tAm phan tif nhu sau

Ni=1=E-n=-9n0-&-m); Na=£&=-9n(1-&~-1n)

(3)
Ni=n-9n(1-&-n); Ny=276n(1-&-n)
Tir (1) va (2), quan hé giita bién dang va chuyén vi niit phan tir dugc thiét 1ap

Ex ,Bx,x 4 0 0 N, ix Wi 4

&y =z ﬁy,y =< Z 0 _Ni,y 0 Oy (=2 Z Byd.; 4)

'}’xy IBX,y + By,x i=1 0 _Ni,x Ni,y Oyi i=1

~——— ———
K By d;
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4 w; 4
Vxz BX+W0x N,'x 0 Ni ]
- ’ = ’ O ¢ = Byd,; 5
{ Yyz } { By +woy } Z[ Nix -N; O 0. Z o)
yi

i=1 i=1

B —
d.;

Do xp xi (2) khong st dung do vong tai niit nSi (i = 4) nén trong céc cong thiic (4) va (5) wy = 0.
Trong bai bao nay ky hiéu [J, 4 1a dao ham ctia ham [J ddi véi bién 4.

Vi bién dang cit ngoai mit phiang xap xi bdi (5) khong thé tién dén 0, nghia 1a khi phan tich tim
mong mong bién dang cit ngoai mit phang van ton tai. Pidu nay khong phu hop véi ting xi thuc té
clia tAm mong va din dén két qua, tim cang mong thi do vong cang 16n. Pay chinh 12 hién tuong khoa
cat xay ra véi cdc phan tif dung ham xAp xi chuyén vi bac thap. Do d6, bién dang cat ngoai mit phang
duoc Xﬁp xi lai theo k¥ thuét ndi suy cac thanh phﬁn ten-xo hon hgp MITC3+ [7]. Cu thé, bién dang
cat ngoai mat phﬁng trong hé toa do tu nhién dudc xap xi lai nhu sau

2 1 1 1
Yer = 5(741-?{‘5754)* §(7§£+7’§c)+ 3¢Gn=1

6
2 1 I ©
e = 5\ve = 3vae )+ 3 e+ o) + 360G D)

V6i & = (ygg - y{?{) - (y,f o+ yfg). O day, yé - yf] ; la céc gid trj clia bién dang cat ngoai mit phang tinh
tai cac diém buoc I = A, B,C, D, E, F ¢6 toa do cho trong Bang 1.

Bang 1. Toa do céc diém budc ciia ky thuat khit khéa cit MITC3+ véi d = 1/10000

Piém budc 3 n
A 1/6 2/3
B 2/3 1/6
C 1/6 1/6
D 1/3+d 1/3-2d
E 1/3-2d 1/3+d
F 1/3+d 1/3+d

Tit cic toa do diém budc cho trong Bang 1, cdc gid tri bién dang cit ngoai mit phang trong hé toa
do (x,y) dudc xdc dinh theo (5). St dung cong thifc bién d6i bién dang cit ngoai mit phang tit hé toa
do (x,y) sang hé toa do (£,1) va thé vao xap xi bién dang cat cho bdi (6), ta c6 thé thiét 1ap dudc quan
hé giita bién dang cit ngoai mit phang va chuyén vi niit phan ti theo ky thuat khit khéa cit MITC3+

nhu sau A
/)\’xz D
. = E B,d,; 7
{ ')/yz } - N 4] ( )

Quan hé giita ng suét va bién dang ctia tim dong nhét dang huéng xac dinh

1 v 0

O-X 8)( 1 24 O 4

E E
oy p=r—s| v 10 & (=1 lvrooo Byd,: (8
Tay 10 0 a-ve |y 10 0 (1-wp2 |E

4

Tz | _ E )A/xz B E .
{ Tyz } T 2(1-v) { Pz } T 2(1-v) ZBstdet )

i=1
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trong d6 E 13 mo-dun dan hdi va v 1 hé s Poisson ctia vt liéu.
Nguyén ly cong 4o ctia tim c6 dién tich mit trung binh Q chiu ti trong p, tic dung vudéng goc
v6i médt trung binh [13]

2
f f [68x(58y5)/)g]{ }dde+t2+ah2 f f |69.:69,: ] { - }dde f swp.dQ  (10)
' Q

Q —1/2

trong d6 & chi dai lugng 40, k = 5/6 1a hing s6 hiéu chinh ké dén su phan bd khong déu theo chiéu
day ctia cdc ing suit cat ngoai mit phang 7., Tyz, he 12 canh dai nhit cia phan td va « = 0,1 12 hé sb
On dinh [14].

Thé cic quan hé gifta ing suit — bién dang (8), (9) vao (10), ta c6

Ne Ne Ne
> sd! f B, D;B,dQ d, + > od] f BIDB,dQ|d, = >’ sd] f Np.dQ (11)
e=1 e=1

e=1
e e e

trong d6 B, = [By By Byz Bul,B; = [By By BgBuld, = [d], df, 47, d],]", N =
[NyOON, OON;00N, 00"

1 v 0 E[3
D,=D| v 1 0 v6i D= —— (12)
12 (1 =2)
00 (1-v)2
kE?
B t 1 0] (13)
(2 +an?)2(1+v)[ 0 1

Tt (11), phuong trinh can bang roi rac PTHH ciia tim chiu tai trong tinh p, dugc viét dusi dang
Kd=F (14)
trong d6 d, K, F 1an luct 13 véc-to chuyén vi, ma trin do cling va véc-to tai trong ctia tim. Ma tran K

va véc-td F tuong tng dudc 1ap ghép tir cic ma tran do cing k, va véc-to tai trong f, ctia phan ti c6
cong thiic nhu sau

k, = f B/ D,B,dQ + f B'D,B,dQ (15)
Q, Q.

f, = f Np,dQ (16)
Q.

2.2. Cong thitc phdn tit tdm ES-MITC3+

Trong nghién cttu nay, bién dang udn sé dudc trung binh trén mién lam tron c6 dién tich Q; dudc
gi6i han béi cac doan thang nbi 2 miit ndi ctia 2 phan tit chung canh véi 2 niit dinh ctia canh chung nay
nhu Hinh 3.
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Do d6, bién dang uén dudc xap xi lai nhu sau
&y 1
B L= — g $dQ (17)
y y
Qy f

5’xy Qp y)cy

Thé (4) vao (17) ta dugc quan hé gitta bién dang tron va chuyén vi nit phan ti

0 0 f N; »dQ
Qe
o - 1o NiydQ 0 ” C
& ¢= ZZ o _f Ly Oxi = ZZ B, (18)
Fay i=1 -~k & Oyi i=1
0 - f N; dQ f N;,dQ .
L Q Q. ]
By,
Ap dung dinh Iy phan ky Gauss-Ostrogradsky,
tich phan trén mién 1am tron Q; cla cic dao ham
ham dang trong (18) sé dudc chuyén thanh tich
phan trén dudng bién I'; cia Q nhu sau
fN[’de = fNﬂ’lxdr; le"de = fN,-nde
Q Iy Qe T
(19)
trong d6 n, va n, lan lugt 1a hinh chiéu theo
phucng xqvé Y ctia véc-to n phdp tuyen vdi bién Hinh 3. Mién lam tron trén canh (ES) cho bién
T nhl,l’,bl?u d\len 6 Hinh 3. . . A . dang udn cla cic phan ti ES-MITC3+ va dinh
Voi cdc ham dang cho béi §3 ), tich phan dudng nghia véc-to phdp tuyén cdia bién mién lam tron
6 (19) dudgc tinh chinh xac bang cach st dung 2
diém Gauss trén mdi doan thang ciia bién I';. Do
do, tich phan & (19) c6 thé dugc tinh nhu sau
Nea 2
f NindQ = f Nindl = > %" Ni(£ca, nea) weansd
Q I ed=1 gp=1
k k Ny 2 (20)
f NiydQ = f Nimydl = %" 3" N; (¢00, nsa) weant?
o I ed=1 gp=1

trong d6 N,q = 3 d6i v6i mién Q; nam & bién tAm va N,; = 4 d6i v6i mién Q; khong nim & bién tAm.
ed _ed  ed _ed _ed 1A 5 A PN A s R N N A 5 .
ap> Maps Weps 11y > 11y 1an lugt 1a toa do ty nhién, trong so cua diém Gauss va thanh phén cua véc-to

2

phap tuyén n trén canh ed cia bién I';.
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Vi viy, bién dang udn sau khi dugc 1am tron c6 thé dudc xéc dinh bdi

- Noy 2 :
ed ed
0 0 Z Z (f p’”gp) Weplx
ed=1 gp=1
Eyx 4 1 Neg 2 wi
~ _ ed ed ed X
& (= ZZ Q_k Z Z N’ Eop> ng Weply 0 Oxi
'7xy i=1 ed=1gp=1 Qyi
Nea 2 Nea S——
ed e ed ed ed d.
Z Nl p’ngp gp ng! Z Z gp’ngp Weplly “
ed=1 gp=1 ed=1 gp=1 |

lN}bi

2D
Thé bién dang udén dudc x4p xi lai theo ky thuat lam tron trén canh cho béi (21) vio nguyén ly
cong 4o (10), phuong trinh can bang roi rac PTHH ciia tim chiu udn dugc viét lai

Kd=F (22)

trong d6 K dudc 1dp ghép tit cic ma trin do cing phan tit ES-MITC3+ ¢6 bién dang udn dugc lam
tron trén canh

k. = f B/ D,B,dQ + f BTD,B,dQ (23)
Q, Q,
trong dé ﬁb = [Ebl Bbz ﬁbg, ﬁb4].
Theo céch tinh Bp; cho b&i (21) thi By, hay B, 1a hﬁng s6. Do d6, cong thiic tinh ma trin do cing
phan tif ES-MITC3+ c6 thé dugc viét lai

k. = B, DB,y + f BTD,B,dQ (24)

Q,

3. Vidusé

3.1. Bai todn patch test

~

Dé kiém tra kha niing xAp xi trudng bién dang
va dng suit ctia phan tif ES-MITC3+, xét tam chit
nhat diy ¢ = 0,01 m c6 toa do niit va lu6i phan ti
nhu Hinh 4. TAm lam bang vat liéu ¢6 mo-dun dan 5(0,1;0,08)
hoi E = 107 kN/m va hé s6 Poisson v = 0,25. TAm
chiu d6 vong cudng bic w = (1+x+2y+ x>+ xy+

4(0;0,12) 3(0,24;0,12)

¥%)/200 m [9]. x
Theo 1y thuyét tim méng, bd qua bién dang 1(0;0) 2(0,24;0)

cit ngoai mit phang, tit do vong w tinh dudc goc .

xoay quanh truc x,y tucng ung 6, = dw/dy, 6, = Hinh 4. Toa d6 nut phan ti ciia bai toan patch test

Aw/dx, va cac thanh phan bién dang, ting suat hoic (don vim)
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Bang 2. Két qua do vong va md-men tai niit 5 clia bai todn patch test

Laoi giai ws (x1072m) 6,5 (x10%rad) 65 (x102rad) M, (kNm/m) M,s kNm/m) M,,s (kNm/m)

ES-MITC3+ 0,6422 1,1300 -0,6400 —-0,0111 —-0,0111 —-0,0033
Chinh xéc 0,6422 1,1300 -0,6400 -0,0111 -0,0111 -0,0033

mo-men. Két qua tinh toan chuyén vi va ndi luc tai niit 5 ¢6 toa d6 x = 0,1 m va y = 0,08 m béng 15i
giai ly thuyét tim méng va phan tit ES-MITC3+ dudc cho trong Bang 2.

V6i két qua do vong va mo-men ctia phan tif ES-MITC3+ hoan toan triing véi 15i giai chinh xac,
phan ti ES-MITC3+ da vudt qua diéu kién patch test vi c6 kha ning biéu dién chinh xdc trudng
chuyén vi va bién dang, ing suit hoic noi luc.

3.2. Tdm hinh vuéng twa don 4 canh chiu tdi phdn bé déu

Xét tAm vuong canh L, day ¢ véi ti s6 ¢/L = 0,001 hoic t/L = 0,1. TAm twa don 4 canh va chiu tai
trong phan bb ddu p. = 1 kN/m? nhu Hinh 5. Vit liéu 1am tim ¢6 E = 1092000 kN/m? va v = 0,3. D&
so sanh v6i két qua tham kho, d6 vong w,. va mé-men M. tai tim tim dudc chuin héa nhu sau
100D _ 10

— M. =M.—— 25
pZL4 C LpZLz ( )

V2
. ERREEN

We = We

Hinh 5. TAm vudng tya don 4 canh chiu ti phan bd déu va chia luéi déu véi N = 4
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z oo —e—Loi gidi giéi tich [15] z v —e—Loi gidi gii tich [15]
Q03 8 03

4 8 12 16 4 8 12 16

Lui phan tie N Ludi phan tie N
(a) t/L=0,001 (b) t/L=0,1

Hinh 6. D6 vong chuin héa W, tai tim tAm vuong tua don 4 canh chiu tai phan b6 déu
ung vdéi cac ludi phﬁn td N =4,8,12,16
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TAm dudc chia ludi bang 2xNxN phan tif tam giac 3 niit nhu Hinh 5. Trong d6, N = 4,8, 12 va
16 1a sb phan ti trén mdi canh ctia tim. K&t qua tinh toan dd vong w. va md-men M, chuin héa tai
tam tim bang phan ti ES-MITC3+ ting vdi cic loai ludi khac nhau dudc biéu dién tuong ting trong
Hinh 6 va Hinh 7 cho trudng hdp tim méng ¢/L = 0,001 hodc tim day #/L = 0,1.
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Mo6-men chuan hoa tai tAm tam
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04 ~-56-- ES-MITC3 [11]
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(a) t/L =0,001
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04 | - ES-MITC3 [11]
o —#—ES-MITC3+
038 —e—Lasi gidi giai tich [15]
036
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Ludi phan tir N
(b) t/L=0,1

Hinh 7. Md-men chuan héa M, tai tim tAm vuong tua don 4 canh chiu tai phan b6 déu
ting véi céac ludi phan ti N = 4,8,12,16

Hinh 6 cho thiy, d6i v6i tim mong va tAm day phan tt ES-MITC3+ cho két qua gia tri do vong tai
tam tim hoi tu dén 10i gidi giai tich [15] t6t hon két qua cho bdi cac phan t& MITC3 [6], ES-MITC3
[11] va ES-DSG3 [9]. Ddi v6i mo-men tai tAm tAim, Hinh 7 ciing cho thiy, phan tit ES-MITC3+ cho
két qua t6t nhit so véi cac phan ti khic trong trudng hop tim mdng va tim day.

3.3. Tdm hinh thoi Razzaque chiu tdi phén b déu

Cho tim hinh thoi Razzaque c6 mdi canh dai L, day ¢ va ti s6 #/L = 0,001. TAm c6 canh du6i, canh
trén tua don va 2 canh bén tu do, nghiéng 1 géc 8 = 60° so v6i canh dudi nhu Hinh 8(a). TAm chiu tai
trong phan bd déu p, = 1 kN/m?. bic trung vat liéu 1am tim c6 mo-dun dan hdi E = 1092000 kN/m?

va hé s6 Poisson v = 0,3.

(a)

Hinh 8. TAm hinh thoi Razzaque (a) Tuta don 2 canh va tif do 2 canh, chiu tai phan bd déu,
(b) chia lu6i déu véi N = 4
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--&- MITC3 [6] @ ES-MITC3 [11] --&- MITC3 [6] -=- ES-MITC3 [11]
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Hinh 9. D6 vong chuin héa w, tai tim tim hinh thoi ~ Hinh 10. M6-men chuén héa M, tai tAm tim hinh thoi
Razzaque chiu tdi phan b6 déu ting véi cdc ludi phan  Razzaque chiu tai phan bd déu ting véi cdc Iudi phan
tr N =4,8,12,16 tr N =4,8,12,16

Tam dudc chia ludi 2xXNXN phan tl tam gidc 3 nuit déu nhu Hinh 8(b). Trong d6, N = 4,8, 12 va
16 12 s6 phan ti trén mdi canh cda tim. Su hoi tu clia d6 vong w,. va md-men M, tai tim tAm chuidn
héa theo (25) cho bdi phan ti ES-MITC3+ va cic phan t& MITC3 [6], ES-MITC3 [11] khi N ting
dan tir 4 dén 16 dudc thé hién trong Hinh 9 va Hinh 10. Hinh 9 va Hinh 10 cho théy trong trudng
hop nay khi tAm hinh thoi phai chia luéi bang cic phan tif khong phai tam gidc vudng can nhu & vi
du 3.2, 6 vong va md-men chuin héa cho bdi phan ti ES-MITC3+ hoi tu dén 16i gidi bang phuong
phép sai phan hitu han [16] véi sai s6 it hon két qua ctia cac phan tit MITC3 [6], ES-MITC3 [11]. Dic
biét, phan tir ES-MITC3+ di cai thién dang ké do chinh xdc clia mo-men tai tAm tAm so v6i phan ti
MITC3.

3.4. Tdm hinh tron bién ngam chiu tdi phdn bé déu

Cho tAm tron ban kinh R = 5 m, day ¢ véi t/R = 0,02 hoic 0,2. TAm ngam theo chu vi va chiu tai
trong phan b déu p. = 1 kN/m? nhu Hinh 11(a). Vat liéu ciia tim ¢6 E = 1092000 kN/m?, v = 0,3.

P,
?/Hlllll%m g {w::o_

6.=0

X

(@) (b)
Hinh 11. TAm hinh tron (a) bién ngam, chiu tai phan bd déu, (b) chia luéi 24 phan ti
véi céc diéu kién bién ngam va dbi xiing
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St dung tinh chét d6i xing, 1/4 tAm tron dugc md phong véi cac 1usi tam gidc ¢ 6, 24, 54 hoic
96 phan ti nhu Hinh 11(b). Két qua tinh todn d6 véng w,. va mo-men M, tai tim tAm bing phan ti
ES-MITC3+ tng v6i céc loai 1u6i khac nhau dudc biéu dién trong Hinh 12 va Hinh 13. Tit biéu do
Hinh 12 va Hinh 13 cho théy, so sanh véi 19i giai giai tich [1], ca 2 trudng hdp tim mdng (¢/R = 0,02)
va tAm day (¢/R = 0,2) tir lu6i tho dén 1u6i min phan t& ES-MITC3+ déu cho ra két qua gid tri do
vong W, vi md-men M, tai tim tam rét tot. V6i ludi min nhét (96 phan ti), dd vong va md-men cho
bdi phan ti ES-MITC3+ t6t hon két qua ctia cdc phan ti tam giac 3 nit ES-DSG3 [9], MITC3 [6] va
tuong duong véi két qua giai bang phan tit ES-MITC3 [11].
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Hinh 12. D9 vong w, tai tim tim tron ngam 4 canh chiu tai phan b6 déu
ting v6i cac 1u6i phan tit c6 sb phan i bang 6, 24, 54, 96

2.1 2.1
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S6 phén ti trong ludi S phan ti trong ludi
(a) t/R=0,02 (b) t/R=0,2

Hinh 13. M6-men M. tai tAm tAm tron ngam 4 canh chiu tai phan bb déu
ting v6i cc 1udi phan tit c6 sb phan tii bang 6, 24, 54, 96

4. Két luan

Nghién cifu nay da trinh biy cong thic phan tif ES-MITC3+ c6 bién dang ubn dudc 1am tron trén
canh (ES) va xAp xi bién dang cit bang ky thuat khit khéa cat MITC3+. Phan ti ES-MITC3+ c6 st
dung niit nSi d€ ting bic xAp xi clia goc xoay. Nhd ky thuit 1am tron, tich phan trong cong thiic ma
tran do cing udn clia phan tir d& xuit di dudc chuyén tir tich phan mit ctia phan ti sang tich phan

149



Thanh, C. D, va cs. / Tap chi Khoa hoc Céng ngh¢ Xay dung

dudng ctia bién mién 1am tron nén c6 kha ning ting do chinh xéc tinh toan phan tif khong déu. Phan
tt ES-MITC3+ c¢6 kha ning biéu dién chinh xic trudng chuyén vi, bién dang, ing suit hoic noi luc
cua bai toan patch test.

Phan tif dé xuit ES-MITC3+ dudc sit dung dé phan tich mot s6 bai todn tim hinh vudng, hinh thoi
va hinh tron chiu ti trong phan b déu. Tuong tu cdc phan td tam gidc 3 nit c6 1am tron cling loai
nhu ES-DSG3, ES-MITC3, két qui cho bdi phan tit ES-MITC3+ hdi tu dén 15i giai giai tich. Do ¢
st dung nut ndi trong x4p xi géc xoay nén trong cac vi du khdo sat phan ti ES-MITC3+ cho két qua
tinh todn mo-men tot hon cdc phan ti MITC3, ES-MITC3, ES-DSG3.
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