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Tom tat

Trong nghién ctiu nay, mot phuong phap tiép can dé€ xac dinh hé s6 hiéu chinh cét cho dim lam bang vt liéu c6
cd tinh bién thién (FGM) dudc trinh bay. Hé sd nay xudt hién trong biéu thiic ctia luc cit trong dim. Duya trén
ly thuyét bién dang cit bac nhit va nguyén ly ning lugng tuong duong, cc biéu thiic ctia hé sb hiéu chinh cit
cho ba loai dam lam bing vit liéu c6 cd tinh bién thién (dam loai P-FGM, S-FGM, E-FGM) dugc thiét lap. O
day, mo-dun dan hdi ctia dim FGM dugc gia thiét thay ddi theo cac ham phan bd ctia cic dai luong cta ty 1& thé
tich cac vt liéu thanh phan. Muc tiéu ctia bai bdo nay 1a trinh bay mot phuong phap don gian dé xic dinh biéu
thic ctia hé s6 hiéu chinh cit cho dim FGM, dua trén ly thuyét dim bién dang cit bac nhét, bai todan mot chiéu.
Trong muc két qua s6, mot s6 anh hudng cia cac tham sb vt liéu, ty sb mo-dun dan hoi, va hé s6 Poisson dén
hé sb hiéu chinh cit ciing dudc kho sat. Cudi ciing, vai két luan vé hé s hiéu chinh cit cho thiy c6 sai s6 dang
ké so véi gid tri 5/6.

Tir khod: 1y thuyét bién dang cit bac nhit; dim P-FGM; dim S-FGM; dam E-FGM; hé s6 hiéu chinh cat.
SHEAR CORRECTION FACTOR OF FUNCTIONALLY GRADED BEAM

Abstract

In this study, an approach to determinate the shear correction factor for beam made of functionally graded
materials (FGM) is presented. This factor appears in the expression of the shear force in beam. Based on the
first-order deformation theory and energy equivalence principle, expressions of the shear correction factor for
three types of FG beams (P-FGM, S-FGM, E-FGM) is developed. Here, the modulus of elasticity of the FG
beam is assumed to vary according to distribution functions in terms of the volume fractions of the constituents.
The aim of this paper is to present a simple approach for determination the expression of the shear correction
factor in FG beam based on the first-order beam deformation theory, one-dimensional case. In the numerical
results section, several influences of material parameters, the ratio of elastic moduli, and Poisson ratio on the
shear deformation factor are also investigated. Finally, several conclusions for shear deformation factor given
show significant differences in comparison with the value 5/6.

Keywords: first-order deformation theory; P-FGM beam; S-FGM beam, E-FGM beam; shear correction factor.
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1. Gidi thiéu

Nhiing két cAu dang dam, tAm va vé dudc st dung phd bién trong cac linh vuc k§y thuat: xay dung,
giao thong, cong nghiép hang khong, vii tru, cong nghé hat nhan... Mot dic diém dang chi y 1a rit
nhiéu két cau loai nay lam viéc trong diéu kién khac nghiét nhu nhiét d6 cao, moi trudng dn mon . ..

*Tac gia chinh. Pia chi e-mail: loinv@nuce.edu.vn (Lgi, N. V.)
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Tir yéu cau d6, mot s6 nha khoa hoc Nhat Ban [1] da dé xuat mot loai vat liéu méi: vat liéu c6 co tinh
bién thién (FGM). Trong bai bdo nay, tic gia tap trung vao xac dinh hé s hiéu chinh cit cho dim lam
bang vat lidu FGM, hé sb nay xuit hién trong biéu thifc ctia luc cat trong dim khi tinh todn theo ly
thuyét bién dang cit bac nhit.

Trudc day, c6 mot sd nha nghién citu di cd ging cai tién hé s6 hiéu chinh cat d€ mang lai két qua
chinh xdc hon cho dao dong ctia dam va tim dang hudng, chiang han nhu nghién ctu [2]. Tiép d6, dua
trén ly thuyét dim Timoshenko, bai bdo [3] da trinh bay nghién ctiu vé hé s hiéu chinh cit cho dAm
c6 mit cat ngang khdc nhau lam bang vat liéu dang hudng nhu: tron dic, tron rong, chit nhat, elip,
ban nguyét, thanh thanh méng chit T, I ... Gan day, tac gia [4], bang phuong phap gidi tich da dua ra
cong thiic mdi vé hé s6 hiéu chinh cit cho dAm Timoshenko. Ngoai ra, nhém tac gia [5] ciing da trinh
bay céach xac dinh hé s6 hiéu chinh cit cho dim c6 mit cat ngang bét ky bang phuong phap phan ti
httu han.

Déi v6i két cdu lam bang vit liéu FGM, bai béo [6] dé xuit cong thiic x4c dinh hé sb hiéu chinh
cat phu thudc vao ca hé s6 Poisson va chi sb thé tich vat liéu ctia tim FGM. Tiép do, céc tac gia [7, 8]
da st dung ly thuyét bién dang cit bac nhét, &€ mo hinh héa két ciu tim lam bang vt liéu c6 co tinh
bién thién loai P-FGM va két cAu FGM sandwich, trong d6 hé s6 hiéu chinh cat chinh xic hon cling
da dugc xét dén. Gan day, cac tic gia [9] da trinh bay 15i gii gidi tich d€ xac dinh hé s6 hiéu chinh
cit trong dim FGM, bing céch sit dung 1y thuyét tim bién dang cit bac nhét, sau d6 dua mot phan vé
bai todn mot chiéu d€ tinh toan cho dim. Nhin chung, cich tiép can nay 1a hoi phiic tap cho bai toan
dam.

Trén co s tim hiéu d6, tac gia lua chon céch tiép can 1a st dung ly thuyét dam, bai toin mot
chiéu, dua trén ly thuyét dim bién dang cit bac nhit, dé tir d6 thiét lap cong thiic xdc dinh hé s6 hiéu
chinh cit cho dim FGM. V& cd ban, cich tiép can st dung 1y thuyét dam 14 don gian va phi hgp cho
bai toan ddm FGM, va c6 tiém ning trong viéc ap dung dé€ phan tich két ciu dim. Trong bai bdo nay,
céc tinh toan dugc thuc hién theo mit trung binh ctia dim FGM, khong tinh to4n theo miit trung hoa,
khong xét dén su thay ddi vi tri ctia truc trung hoa [7—12]. Ngoai ra, trong phan céc két qua sb tac gia
¢6 phan tich mot s6 anh hudng ciia cac tham sb vt liéu, ty s6 mod-dun dan hdi va hé s6 Poisson dén hé
s6 hiéu chinh cit ctia ba loai dim lam bing vt liéu ¢6 cd tinh bién thién P-FGM, S-FGM va E-FGM.

Ceramic — GOm
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Hinh 1. Dam lam bang vit liéu FGM

2. Ly thuyét dam FGM bién dang ciit bac nhét

Theo [13], c6 ba dang quy luat phan bd clia ty 1& vat liéu thanh phan, d6 1a dang P-FGM, S-FGM
va E-FGM. Trong d6, md dun dan hdi clia vat lidu, hé sd Poisson, khdi luong riéng. .. dugc gia thiét
bién thién theo cic quy luat duéi day.
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Dang P-FGM:
V@) =g@Vn+[1-g@]Ve (1)
h/2\’
trong d6 g (z) = Z+h/ ) )
Dang S-FGM:
. h
gl(Z)Vm+[1_gl(Z)] V. khi 0<z< E
V@ = ! @)
2@V +[1 - g@)] Ve khi -5 <20
1 2z\" h
gl(Z)=1——1——Z khi 0<z<—
. 2 h 2
trong do 1 22\ N )
=3 — i —=<z<
82(2) 2(1+h) khi -3 <z<0
Dang E-FGM:
Viz) = VCeB(z+h/2) 3)

1
trong d6 B = 7 In(V,,/Ve).

O day, cac ky hiéu dudc sit dung 1a: p 1a tham sb vat liéu, & 1a chiéu cao dam, V, va V,, 1a md dun
dan hoi (hé sb Poisson, khdi lugng riéng ... ) clia vat liéu & mit trén va & mit dudi cia dam.

¢o 3

~
owy -

wo(x)

uo(x)

Hinh 2. Bién dang trong dim FGM

Theo ly thuyét dim bién dang cat bac nhét, cac thanh phan chuyén vi tai mot diém thudc dim nhu
sau [14, 15]:
u(x, z) = up(x) + z¢o(x)
w(x,z) = wo(x)

“

trong d6 wo (x) , 4o (x) 12 cac thanh phan chuyén vi theo phuong z (dd vong) va chuyén vi theo phuong
x ctia diém tuong dng thudc truc dim; ¢o(x) 1a géc xoay ciia mit cit ngang dam quanh truc y.
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Cic thanh phan bién dang dai va bién dang cit tai mot diém thudc dam la:

&y = 82 + 7Ky

owo &)
Y= H + o
X
.0 Oug 0do NP NI <o, 2 NP N N
trong d6 &, = e K, = e lan lugt 1a thanh phan bien dang dai tai truc dam va thanh phan dao ham
cua goc xoay.
Céc dng suit trong dam:
ox = Q118x = Q1Y + 201 1Ky
_ (6)
Tz = O55Yxz
e ~ . A E (Z) L A d A N
véi vat liéu FGM: Q11 = E(2);0s55 =G () = m, chi ti€t Qss xem trong [9]. O day, E (z) va
vZ

v (2) 1an luct 12 mo-dun dan hodi va hé sd Poisson clia vit liu.
Xét dam chit nhat c6 bé rong don vi, cic thanh phan ndi luc trong dim FGM la:

N hi2 (o /2
= odz; Q=K f Tydz (7)
{ M} f—h/z{ z } ' ’ —h/2 =

trong d6, & 1a chiu cao cia dAm va K 1 hé sb hiéu chinh cét ciia dam.
Céc thanh phan noi luc trong dam FGM la:

{ N }_fh/z (Q1182+ZQ11KX) 4 _[A B ]{ 32 }
M [~ —h/2 (ZQ1132+22Q11KX) L= B D Ky

y 3
2
0=K; Os57x:dz = KiAssyy,
)
h/2 h/2 12 h/2
trong d6 A = Ondz; B = Onzdz; D = 0112%dz; Ass = Qssdz.
) ) ) )

3. Xac dinh hé sb hiéu chinh cit dam FGM

Tir phuong trinh (8) ta ¢ thé tinh dudc cac thanh phan bién dang doc truc va thanh phan dao ham
gbc xoay clia dam theo céc thanh phan ndi luc:

&\ | -D/(B*~AD) B/(B*-AD) N 9
ke | | B/(B>-=AD) -A/(B>-AD) |\ M ©)

Bo qua luc thé tich tit phuong trinh cin bang tinh ciia cdc Iuc phan t6 trong mit phang xz ta c6
[9, 16]:

0o + achz
Ox 0z
trong d6 77, 1a ung sut tiép thuc trong dim tinh theo cong thifc (10).

=0 (10)
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Bién ddi phuong trinh (10), roi tich phan theo z, sau d6 thé biéu thic ing sult phép tir cong thiic

(6) vao két qua thi ta dugc:
- 0
% E
T =~ f ({ On z0n }{ . }) dz (11
X ’x

—h/2

Tiép theo, thé bicu thiic (9) vao biéu thiic (11), ta dugc biéu thic tinh tng suit tiép thuc trong
dam:
T, = —(AD - B>)™'[((Da; — Bby) Ny + (Aby — Bay) My (12)

Z

Z
trong d6 a; = f On1dz; by = f z0ndz.
—h/2 —hj2
Tit céc biéu thiic (12) va (6) ta dudc biéu thiic ctia bién dang cat thuc 1a:

yjzz——Q—mD B ((Day — Bby) Noy + (Aby - Bay) M.] (13)
55

Vi bai todn tinh, va khong xét dén tai trong doc truc, ta c6:
My=0Q; Ny=0 (14)
Do vy, biéu thiic ing suét tiép va bién dang cit (12) va (13) trd thanh:
i, = —~Q(AD — B! (Ab; — Bay)

, (15)
yi, = —g(AD B*™! (Ab) - Bay)
Oss
Miit khac, biéu thiic ning lugng bién dang cit trén mdi don vi chiéu dai ctia dam 1a [9, 16]:
B2 2
1 T 1 Aby — Ba;)?
Uy =+ f ( XZ) dz= L f (Aby — dl) (16)
2 0Oss 2 (AD B2y’ 0Oss
—h/2 —h/2

Theo 1y thuyét dim bién dang cit bac nhét, bién dang cat dudc gia thiét 1a phan bd déu y,., va
biéu thiic niing lugng bién dang cit trén mébi don vi chiéu dai 1a [7-9, 16]:

5 Qs = %KSQA; (17)
Can bang ning ludng bién dang cit & hai trudng hop biéu thiic (16) va (17), ta dudc:
(AD — B’ s (Ab; — Ba,)* R
K, = f dz (18)

—h/2

Cong thiic (18) sit dung d€ tinh todn hé s6 hiéu chinh cit cho dim P-FGM va E-FGM. Khi tinh
toan hé sb hiéu chinh cat cho dim S-FGM thi cong thic c6 dang:

Ky =

(A.D - 32 (Abll - Ball) f (Ablz - Balz) (19)

Ass
-h/2
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z Z h/2 h/2
trong do aj; = andZ;bu = fZQlle§CllZ =fQ11dZ;b12 =fZQ11dZ-
—h/2 —h/2 z z

4. Phan tich va danh gia két qua s6

D€ kiém tra chuong trinh tinh, két qua hé s6 hiéu chinh cit ctia ddm P-FGM va S-FGM ciia bai
bdo dudc so sanh vi két qui clia nhém tac gid [9], két qua so sanh cho thiy su triing khép. Trén co s6
d6, tac gia tién hanh phan tich mot s6 dnh hudng ciia cac tham s6 dén hé s6 hiéu chinh cit ctia dam
P-FGM, S-FGM va E-FGM.

4.1. Dam P-FGM

D€ khao sit anh hudng ctia tham sb vat liéu p dén hé sb hiéu chinh cat ctia ddm P-FGM, tac gia
da tién hanh xac dinh hé s6 hiéu chinh cit cho dam vé6i tham sb vt liéu p thay ddi. Két qua hé sb hiéu
chinh cét dugc thé hién nhu trong Bang 1 va dudc minh hoa trén dd thi Hinh 3.

Bang 1. Anh hudng ctia tham s6 vt liéu p dén hé s6 hiéu chinh cit ddm P-FGM

p
Ec/En
0 1 2 5 10 15 20
1 0,8333 0,8333 0,8333 0,8333 0,8333 0,8333 0,8333
10 0,8333 0,8312 0,7563 0,5919 0,5860 0,6211 0,6535
20 0,8333 0,8323 0,7580 0,5043 0,4521 0,4825 0,5185

0.9 : : .

0.4 ; : :

Hinh 3. Anh hudng ctia tham s6 vt liéu p dén hé s6 hiéu chinh cit dim P-FGM

Tit cac két qua ctia Bang 1 va do thi Hinh 3, ta thiy ring & trudng hop vit liéu dang huéng p = 0
hoic E./E,, = 1, thi hé s6 hiéu chinh cit 1a bing 5/6. Mit khac, khi ting chi sb thé tich, thi hé sb hiéu
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chinh cat dim P-FGM dat cuc tiéu p = 4 +9, sau d6 tiép tuc ting trd lai. Ngoai ra, tir két qua ¢ Bang 1
ta thiy ring chénh léch 16n nhét ctia gid tri hé sb hiéu chinh cit so véi gid tri 5/6 12 45,8%.
4.2. Ddm S-FGM

DE khao sat anh hudng ctia tham sd vat liéu p dén hé s6 hiéu chinh cit ciia dAm S-FGM, tac gia
da tién hanh xac dinh hé s6 hiéu chinh cit cho dam véi tham s6 vit liéu p thay d&i. Két qua hé sb hiéu
chinh cét dugc thé hién nhu trong Bang 2 va dudc biéu dién trén do thi Hinh 4.

Bang 2. Anh hudng ctia tham sb vt liéu p dén hé sb hiéu chinh cit dim S-FGM

Ec/En F
0 1 2 5 10 15 20
1 0,8333 0,8333 0,83333 0,83333 0,8333 0,8333 0,8333
0,8333 0,8320 0,82835 0,81473 0,8024 0,7965 0,7932
10 0,8333 0,8312 0,83026 0,76893 0,6856 0,6458 0,6239
20 0,8333 0,8323 0,84330 0,80131 0,7028 0,6513 0,6228

0.8

0.75

0.7

0.65

Hinh 4. Anh hudng ctia tham s vét liéu p dén hé s hiéu chinh cit dam S-FGM

Dua vao Bang 2 va dd thi Hinh 4, ta c6 thé thiy rang & trudng hop vat liéu dang huéng p = 0 hoic
E./E,, = 1, thi hé sb hiéu chinh cit Ia bing 5/6. Mit khac, khi ting chi s6 thé tich p, thi hé s6 hiéu
chinh cit dim S-FGM giam lién tuc. Ngoai ra, tit két qui Bang 2 ta ciing thdy chénh léch 16n nhit ctia
gi4 tri hé sb hiéu chinh cit dAm S-FGM so véi gid tri 5/6 1a 25,3%.

4.3. Dam E-FGM

Do hé s6 hiéu chinh cat ctia dim E-FGM khong phu thudc vao tham s6 vt liéu p nén tac gia chi
tién hanh phén tich anh hudng ctia ty 16 mé dun dan hdi E./E,,. O day, tic gia da tién hanh xac dinh
hé sb hiéu chinh cit cho dim E-FGM véi ty s6 E,./E,, thay d6i. Két qua hé s6 hiéu chinh cat dugc liét
ké trong Bang 3 va dudc thé hién bing dd thi Hinh 5.
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Béng 3. Anh hudng ctia ty s6 E./E,, &én hé sb hiéu chinh cit dim E-FGM

Ec/En
1 2 3 8 10 15 20
Tac gia 0,8333 0,8252 0,8134 0,7682 0,7557 0,7320 0,7147

085 C T T C
o E-FGM
0.8 1
7075 A
0.7+ 1
D
0.65 : : : :
0 10 20 30 40 50
EC/Em

Hinh 5. Anh hudng cta ty sb E./E,, dén hé s hiéu chinh cit ciia dim E-FGM

4.4. Anh hudng ciia hé sé Poisson

Cic khéo sat dudi day dudc tién hanh cho trudng hop hé s6 Poisson v (z) = const 12 hang s6 theo
chidu day va trudng hop v (z) thay d6i, theo cling quy luét v6i md dun dan hoi, nhu biéu thiic 1-3. Céc
Bang 4-6 thé hién su dnh hudng ctia hé sb Poisson dén hé sb hiéu chinh cit cia dam P-FGM, S-FGM
va E-FGM v6i cac tham s6 vit liéu p va ty sb E./E,, khic nhau.

Béng 4. Anh hudng ctia hé s6 Poisson dén hé s hiéu chinh cit dim P-FGM

p
E./JE, =6
0 1 2 5 10 15 20
v(2) = const 0,8333 0,8305 0,7662 0,6641 0,6746 0,7047 0,7294
v(2) 0,8333 0,8177 0,7421 0,6385 0,6541 0,6877 0,7149
Sai 6 (%) 0,0% 1,5% 3,1% 3,9% 3,0% 2,4% 2,0%

Tit céc két qua phén tich § Bang 4—6, ta thy ring khi coi hé sb Poisson 1a hing sb theo chiéu day
thi hé s6 hiéu chinh cét cho ciing mot két qua, nhu vay, trong trudng hop nay, gid tri hé sb hiéu chinh
cat khong phu thudc vao gia tri hé s6 Poisson. Tuy nhién, khi xét dén su thay ddi ctia hé s6 Poisson
theo chiéu diy dam thi né c6 anh hudng dén két qua hé sb hiéu chinh cat. Pbi v6i dim P-FGM, chénh
1éch 16n nhét gitia trudng hop c6 va trudng hop khong thay d6i hé sbé Poisson theo chiéu day 1a 3,9%.
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Bang 5. Anh hudng ctia hé s6 Poisson dén hé s6 hiéu chinh cit dim S-FGM

p
Ec/En =6
0 1 2 5 10 15 20
v(z) =const  0,8333 08305 08233  0,7670  0,7053  0,6765  0,6606
v (2) 0,8333 08177 08015 07307 06618 06306  0,6137
Sai s6 (%) 0,0% 1,5% 2,7% 4,7% 6,2% 6,8% 7,1%

Béng 6. Anh hudng ctia hé s6 Poisson dén hé s hiéu chinh cit dim E-FGM

Ec/En
p=2
1 2 3 8 10 15 20
v(z) =const  0,83333  0,82520 081336  0,76822  0,75572  0,73195  0,71467
v(2) 0,83380  0,81955  0,80450 0,75333  0,73985  0,71464  0,69662
Sai s6 (%) 0,1% 0,7% 1,1% 1.9% 2,1% 2,4% 2.5%

Déi v6i dam S-FGM, chénh 1éch 16n nhét gitta trudng hop ¢ va trudng hop khong thay ddi hé sb
Poisson 12 7,1%. D6i v6i dam E-FGM, chénh 1éch 16n nhét gitta ching 13 2,5%.

5. Két luan

Tit cac két qua phan tich vé& hé s6 hiéu chinh cit clia ba loai dim P-FGM, S-FGM va E-FGM, ta
c6 thé thiy riang hé sd hiéu chinh cét ctia dim lam bang vat liéu c¢6 co tinh bién thién phu thudc vao
tham s6 vat liéu p (dAm P-FGM, S-FGM), ty s6 vt liéu E./E,, va hé s6 Poisson, cu thé 1a:

- Khi tham s6 vat liéu p va ty s6 md dun dan hoi vat liéu E./E,, thay d6i, dam P-FGM chénh léch
16n nhét 1a 45,8%, dam S-FGM chénh 1éch 16n nhét 14 25,3%, dam E-FGM chénh 1éch 16n nhét 1a
16,6% so véi gia tri 5/6.

- Khi xét hé s Poisson thay ddi theo chiéu day, gia tri hé s6 hiéu chinh ct chénh léch 16n nhét
khoang 2,5-7,1% so véi trudng hdp hé sd nay bang hang s6. Con khi hé s Poisson 1a hing s6 theo
chiéu day, thi gia tri hé s6 hiéu chinh cit khong phu thudc vao gia tri hé s6 Poisson.

Nhu vay, c6 thé 4p dung nghién ctiu tif bai bao nay dé€ c6 két qua hé sd hiéu chinh cit chinh xic
hon, sau d6 st dung hé sd niy vao bai toan phan tich tinh dim FGM d€ lam ting d6 chinh xdc ctia két
qua tinh.
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