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Tém tat

Bai bdo nay trinh bay 15i gii giai tich cho bai toan dao dong riéng ctia v tru tron lam bang vat lidu ¢6 co tinh
bién thién (FGM) c6 gan gia cudng truc giao, c6 bién tya khép & hai dau vo. Trong d6, tinh chit vat liéu dugce
gia thiét 12 bién thién theo phuong chiéu diy ctia vo theo quy luat ham liy thira. Muc dich chinh ctia nghién ctiu
nay 1a trinh bay mot phuong phép don gidn d€ gidi bai todn dao dong riéng vo tru tron FGM c6 gan gia cudng.
Hon nita, mic du két cAu nay c6 tinh ing dung cao, tuy nhién c6 rat it nghién cifu lién quan dén dao dong riéng
ctia vo tru tron ¢6 gan gia cudng truc giao, do d6 nghién citu vé loai két ciu nay 1a can thiét. Dua trén ly thuyét
v Love, ky thuit san déu tic dung gan, cling véi viéc 4p dung nguyén ly Hamilton, phuong trinh chuyén dong
clia v tru tron FGM c6 gan gia cudng dugc thiét 1ap. Ké tiép, 15i giai Navier dugc st dung d€ giai bai todn dao
dong tu do ctia vo tru tron FGM c6 gia cudng bién tua khp. Ngoai ra, trong bai bdo, mot sd anh hudng ctia
cdc tham s6 nhu chi s6 ty 1& thé tich vat liéu, kich thu6c gan, ty sb chiéu dai trén ban kinh vé va ty sb chiéu day
trén ban kinh vo ciing da dugc khao sat. Cudi cting, mdt sd nhan xét hitu ich cho cac chii dé lién quan dén két
cAu vo tru tron FGM gia cudng ciing da dudc dua ra.

Tir khod: phan tich dao dong riéng; vé tru tron FGM c6 gan; 1y thuyét vd Love.

FREE VIBRATION ANALYSIS OF FUNCTIONALLY GRADED CYLINDRICAL SHELL WITH STIFF-
ENERS

Abstract

In this study, an analytical solution for the free vibration of orthogonally stiffened functionally graded circular
cylindrical shell with the simply supported boundary conditions at both of ends is presented. Here, the material
properties are assumed to be graded in the thickness direction of shell according to the simple power-law
distribution. The purpose of this study is to show a simple approach in solving the problem on free vibration of
the stiffened FG cylindrical shell. Moreover, despite the high applicability of this structure, there are also very
few researches related to the stiffened FG cylindrical shell with orthogonal stiffeners, so the study on this type of
structure is essential. Based on Love’s shell theory, the smearing stiffener technique, by applying the Hamilton’s
principle, the motion equation of stiffened FG cylindrical shell is developed. Next, Navier’s solution is also used
to solve the problem on the free vibration of simply supported stiffened FG cylindrical shell. Besides, in this
paper, the influences of parameters such as power-law index, the dimension of stiffeners, the shell’s length —
to — radius ratio and the shell’s height — to — radius ratio on the natural fundamental frequency of stiffened
FG circular cylindrical shell are investigated. Finally, some useful comments for the relevant subjects on the
stiffened FG circular cylindrical shells are also given.
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1. Giéi thiéu

Két cdu dang tAm, vo 12 mot trong nhiing dang két cAu quan trong trong k¥ thut, dic biét trong
cdc linh vuc nhu: cong trinh dan dung, cong nghiép, hang khong, vii tru, dong tau, ... Tinh toan két
chu dang nay luon chiém dudc nhiéu su quan tim ctia cdc nha khoa hoc trong va ngoai nuéc. Cho dén
nay da c6 nhiéu nghién ciiu vé& dao dong ctia tim va vé di dugc cong bd. Cac nghién ctiu chuyén sau
vé dao dong vo bang vat liéu dang hudng, dudc tim thiy trong céc tai liéu [1, 2]. C6 thé thiy, mot loat
cdc nghién ctiu vé& dao dong vo tru khong gan gia cudng da dudc nhiéu tic gia cong bd, chang han
nhu trong cac cong trinh nghién ctu [3-6].

Cic nghién citu v& vo tru tron déng hudng cé gin gia cudng cé thé tim thdy trong cic cong bd
[7-11]. O giai doan sau, khi vat liéu c6 cd tinh bién thién (FGM) dudc tng dung, dao dong vo tru tron
lam bang loai vat liéu FGM tiép tuc danh dudc su quan tim 16n ctia cac nha nghién ciu. Pang chi y
1a cdc tac gia [12, 13], ho di cong bd cac cong trinh nghién ciiu vé vo tru tron 1am bang vat liéu FGM
kha sém.

Nhitng nim gin diy, c6 mot sb tac gia da cong bd cic bai bao vé vo tru tron lam bing vit lidu
FGM c6 gén gia cudng vong nhu cac tac gia [14, 15]. Mot huéng nia la phan tich dao dong vé tru
tron FGM c6 gén gia cudng va quay nhu trong cac nghién citu [16-18]. Trong bai bao nay, tac gia tap
trung vao phéan tich dao dong cua vo tru tron FGM c6 gin gia cudng tryc giao (ca gan vong va doc)
bing viéc st dung k¥ thuat san déu tic dung gan Lekhnitskii, va dp dung 13i giai Navier cho bai toan
vo tru tron c6 bién tua khdp tai hai dau. Trén co s& d6, tac gia so sanh két qua bai bdo véi mot sd cong
bd khéc va ngoai ra tic gia ciing tién hanh khao st cdc anh hudng ctia chi s6 thé tich vat liéu ciing
nhu mot s6 tham s6 kich thudc vd, gan dén tan s6 dao dong clia vo.

2. Co sé Iy thuyét

Xét vo tru tron c¢6 ban kinh R, chiu day 4, chiéu dai L véi hé toa do tru (x, 6, z) lam bing vat liéu
¢6 cd tinh bién thién dugc gia cudng bdi cac gan vong va gan doc nhu Hinh 1. Kich thude va khoang
cach giita cac gan doc dudc ky hiéu bdi chi sb s, clia cic gan vong dudc ky hiéu bdi chi sé r. Chiéu
cao va bé rong gan doc (hodc vong) dudc ky hiéu 1a i (hodc h,) va by (hoic b,). Khodng cach giiia
céc gan doc va giifa cdc gan vong 1an ludt 12 s, va s,. MO dun dan hoi, khoi lugng riéng, hé sb Poisson
ctia vd FGM gi4 thiét bién thién theo qui luat ham ldy thita nhu sau [13]:

z 1V
E(z) = (E| - Ez)(z + E) +E>

— 2 1\ (1
p(@) = (p1 —pz)(;l + 5) +p2 )

1 P
v(z) = (v - Vz)(% + 5) +7

trong d6 p 1a chi s6 ti 1& thé tich; Eq, p1, vi: 12 md dun dan hdi, khi lugng riéng va hé s Poisson cuia
vat liéu & mit ngoai ctia vo. E,, pa, v2: 12 md dun dan hoi, khdi lugng riéng va hé sd Poisson ctia vt
liéu 6 mat trong cta vo.

Theo ly thuyét vé Love, tai liéu [6], trudng bién dang nhu sau:

&x 82 Ky

g = gg +2.4 Ky (2)
0

V6 Yo Kx6
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Hinh 1. Hé toa d6 va dang hinh hoc ctia vo tru tron FGM c¢6 gan gia cudng

ou O*w 1{ov 1 (0w ov ov
L0 _ 0. _ 0, 0 _ 0 L 0 0. o _ 9V
trong 6 & = Frike = ~Gaie = E(% *WO)’“9 - _F(W - %)’ Yo = Gyt
10 2 (07 0 . e e,
? %; Ky = ? ( (')xv(;g - %); véi ug, vo, wo 1a chuyén vi cia diém trén mat trung binh ctia vo.
Déi véi vat liéu FGM, ta c6 quan hé ting suét - bién dang:
Ox Onn QO 0 Ex
ocg (=| Q2 On O &g (3)
O 0 0 Qs Y6
) E(2) E(z) V(2)E(2) E(z)
trong do = — = — = =—" =G
gdo On %) (055) %) Q12 —70) Qo6 = 5 0v0)] ()

Dua trén ky thuat san déu tac dung gan Lekhnitskii, bd qua thanh phan xoan ciia gan, ta dat dudc
biéu thidc clia cic thanh phan dng luc clia vd tru tron cé gan gia cudng nhu sau, theo [16, 19, 20]:

N, A, AL, 0] s% [ B, B, 0 Ky
No t=| A4, Ay 0 & t+| B, By, 0 Ko (4)
Ny [ 0 0 Al Y% L 0 0 By |l ke
M, B, B, O sg D), D, 0 Ky
Mg 0 0 Bg |y 0 0 D || ku
trong do
EA EA EI
All —A11+ a S, Bll =B11 : SZS; Dll —D11+ S
S Ss K}
Al = Ap; B}, = Bi; D, =Dy
E.A E.A E,.1
A'22 =Ap+ —; B’22 = By + — rZr; D), =Dy + rr
Sy Sy -
Age = Acos Bgs = Bes; Dy = Des
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h/2

E(z) f E(z) f E)
11 22 f 1—V2(Z) Z 11 22 1—V2(Z)Z Z 11 22 1—V2(Z)Z
—h/2 —h/2 —h/2
h/2 h/2 h/2
V(2)E(2) f V(2)E(2) f V(DE(Z) ,
Ap = | =gy By = | =2 odr D.,= | =224
12 f -2 12 -2 12 -0
—h/2 —h/2 —h/2
h/2 h/2 h/2
E(z) f E(z) f E@
Ags = ——dz; Bee = ——2d7z; Des = —_—
6 f 2+l 6 2+ vl * 6 200+l
—h/2 —h/2 —h/2
n b3 hy + h h +h
I, = izs +ASZ§; I, = 1’2;’ +ArZ%; s = =% SZ y r== r2

& day, khoang cach tlit mit trung binh ctia vé dén trong tAm clia gan doc va gn vong tuong ting 12 z,
va z,. Dién tich mit cit ngang ctia gan doc va gin vong tuong ing 1a A, va A,. Md dun dan hdi, mo
dun dan hoéi trudt clia gan doc va clia gan vong lan luot 1a Eg, G, va E,, G,.

Phuong trinh chuyén dong ctia v tru tron biéu dién theo cdc thanh phan ting luc, theo [6], c6 dang:

ONy 10Ny . 0up

ox "R o0 or

ang 1 6N9 1 3Mx9 1 6M9 _ (92\/0 (6)
9x RO R ox R 00 o

PM, 20°My 1 0*My Ny . 8wy

o "Roxeo "R o2 R o

trong d6, md men quan tinh Jy = (p2 + A —pz) h+ psAs + prAr.
+1 Sg Sy

3. Loi giai giai tich
Thé phuong trinh (4)—(5) vé6i biéu thiic ctia phuong trinh (2)—(3) vao phuong trinh (6) ta dudc
phuong trinh chuyén dong clia vo viét theo cc thanh phan chuyén vi:

Ly Lip L3 u 0
Ly Ly L v »=10 (7N
Ly1 L3 L33 w 0

& day, cdc todn tit L;; 12 todn tii vi phan ctia cdc bién x, 6, 1.
Trong bai bdo nay, tic gia chi tién hanh phan tich dao dong ctia vo tru tron c6 bién tua khép tai

hai dau, diéu kién bién c6 dang:
v=w=Ny=M, =0l (8)

Dé phan tich dao dong ctia v6 tru tron théa man diéu kién bién (8) néu trén, theo [12], ta chon
trudng chuyén vi c¢6 dang:

u(x,0,t) = Ay, cos (?) cos (n6) cos (wt)
V(x,6,1) = By sin (?) sin (n6) cos (wi) ©)
w(x,0,1) = C,y, sin (?) cos (nf) cos (wt)
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trong d6 A, By, Conn 12 bién d0 chuyén vi theo moi phuong; m va n 1a s6 nguyén va tuong ting 12 sb
song theo phuong doc truc va phuong vong.

Dé gidi ra tan s6 dao dong ctia vo tru tron, ta thé trudng chuyén vi (9) vio phuong trinh (7), két
qua dat dudc c6 thé viét dudi dang ma tran nhu sau:

([K13x3 = @’ [M]3:3){Abax = (0) (10)

trong d6 {A}axi = (s Vinns Wi} > céc hé s6 K;; va M;; duge xdc dinh bing phin mém MATLAB.
Giai bai todn tri riéng ctia hé (10) ta tim dudc tan sd dao dong riéng w,,, va dang dao dong tuong ing
{A}.

4. Két qua sb va thao luan

Trong cac vi du kiém ching va khéo sét sau ddy, cac kich thudc hinh hoc va thudc tinh vat liéu
cta vd va gin dudc cho theo Bang 1.

Bang 1. Thong s vat lidu va kich thude hinh hoc vo tru tron ¢6 gan gia cudng

Thudc tinh Kich thuéc
Loai gan Gandoc Géanvong Gandoc . Gan Khong\gan N Gan
vong/doc gia cudng vong/doc
Mo hinh Ml M2 M3 M4 M5 M6
S6 gan 60 19 04 13/20  05/05 (15/15)
Bankinh vé (m) 0242  0,49759  0,1945 0,203 1 0,2
Chidu day vé (m) 6,50E-04 1,65E-03 4,64E-04 2,04E-03 0,05 0,002
Chidu dai vo (m)  0,6096 03945  0,9868 0,813 20 1
Chiéu cao gan (m) 0,00702  0,005334  0,0101  0,006/0,006 0,006/0,006
Bérong gan (m)  0,002554 0,003175  0,00104 0,004/0,008 0,002/0,002
E (N/m?) 6,9E+10  6,9E+10 2,00E+11 2,07E+11 2,00E+11
v 0,3 0,3 0,3 0,3 0,3
p (kg/m?) 2714 2762 7770 7430 5700
Ey (N/m?) 2,07788E+11  2,00E+11
Vi 0,317756 0,3
p1 (kg/m?) 8166 5700
E, (N/m?) 2,05098E+11  7,0E+10
v 0,31 0,3
0> (kg/m?) 8900 2702
Ki€u gia cuong  Ganngoai Ganngoai Gantrong Gan trong Gan ngoai

4.1. Kiém chitng két qud

Thi nhit, d€ kiém chiing vé tru tron dang hudng c6 gan, tic gia tién hanh so sanh két qua bai
bdo véi két qua ctia nhém tac gia [10] véi cac thong s6 vat liéu 1a md hinh M1, M2, M3 va M4 theo
Bang 1. Két qua so sanh nay dudc trinh bay trong Bang 2, ta thiy sai 1éch 16n nhit vé tan s6 dao dong
riéng giita két qua bai bdo véi nhom tac gia [10] chi 1a 1,97% & mo hinh M3 véi (m, n) = (1,4).
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Bang 2. Tan s6 dao dong ctia vo tru tron dang huéng c6 gan gia cudng

S6 Tan s6 dao dong riéng (Hz)
mode M1 (gan doc) M2 (gan vong) M3 (gan doc) M4 (gan truc giao)
, Sai , Sai . Sai , Sai
m n [10] T?,C 6 [10] T?,C 6 [10] T’;‘f s6  [10] T?f s6
gla % gla % gla % gla %

1 1141 1143,1 0,19 1204 12254 1,78 778  778,1 0,01 942 936,3 0,61
2 674 6723 025 1587 1596,7 0,61 317 317,2 0,07 439 436,8 0,50
1 3 427 4253 0,39 4462 4476,2 0,32 159 159,3 0,20 337 331,0 1,79
4 296 2945 0,50 8559 8593,7 041 99,6 101,6 1,97 482 4775 0,94
5 225 2233 0,77 13780 138743 0,68 91,5 914 0,14 740 739,7 0,03

Tiép theo, tac gia so sanh tan s ctia vo tru tron khong gan gia cudng lam bang vat liéu c6 co tinh
bién thién FGM, mo hinh M5, véi két qua ctia nhém tdc gia [12]. Két qua dat dugc 13 kha tdt (sai s6
16n nhét chi 12 0,27%, & trudng hop p = 30), dudc thé hién trong Bang 3.

Bang 3. Tan s6 dao dong ctia vo tru tron FGM khong gan

S Tan s6 dao dong riéng (Hz)
mode p=0 p=1 p =30
Tac Sai s6 Tac Sai s6 Tac Sai sb6
mon 2] gia % 1121 gid % 2] gia %

1 13,572 13,548 0,17 13,235 13,212 0,17 12,937 12915 0,17
2 332296 33268 0,08 32,430 32,402 0,08 31,730 31,645 0,27
1 3 93,001 92985 0,02 90,553 90,538 0,02 88,614 88,438 0,20
4 178,06 178,04 0,01 173,36 173,35 0,01 169,66 169,33 0,19
5 287779 281,77 0,01 280,20 280,18 0,01 274,21 273,69 0,19

Tit cac két qua ki€ém ching & trén, ta c6 thé thiy ring sai léch tuong dbi bé khi so sdnh véi céc tic
gia khac [10, 12]. Nhu vay, chudng trinh tinh toan 1a dang tin cay.

4.2. Khdo sdt dnh hudng ciia cdc tham so

Céac khao sit vé tan sd déu dudc thuc hién cho vo tru tron ¢ cic thong sd vat liéu va kich thude
vo nhu md hinh M6, Bang 1. Hinh 2 thé hién su thay ddi ctia tan s6 dao dong co ban ctia vo tru tron
theo ty sb chiéu cao gan/bé rong gan hy /by, v6 1am bing vat liéu c6 co tinh bién thién véi chi s6
thé tich p = 0, p = 3 va p = 20; kich thuéc vo 1a h = 0,002 m, R/h = 100, L/R = 5, céc s6 liéu khic
nhu trong Bang 1, mo hinh M6. Trén hinh ciing thé hién két qua cho hai trudng hop 12 vé khong gan
va vo tru tron c6 5 gan vong/5 gan doc truc giao. Tur két qua Hinh 2, ta thiy & trudng hop vé khong
c6 gan gia cudng, khi chi s6 thé tich p = 0 thi vd c6 tan s6 16n nhit. Trong khi d6, & trudng hdp vé c6
gan gia cudng, khi ting ty s6 chiéu cao gan ta thiy c6 su bién dong vé tan sd co ban, tin s6 khong con
16n nhét khi p = 0.
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Hinh 2. Anh hudng ctia ty 6 /., /by, dén tin sb dao ~ Hinh 3. Bién thién tin s6 dao dong riéng clia v6 theo
dong cd ban cia vo tru tron sO s6ng phuong vong n

Hinh 3 thé hién su thay ddi cda tan sé dao dong riéng clia v tru tron c6 gan gia cudng theo sb
séng phuong vong n, vo lam bang vt lidu ¢ cd tinh bién thién véi chi sb thé tich p = 0,p = 3 va
p = 20. Tit két qua Hinh 3, ta thiy & trudng hop ndy, da phan 1a tan s6 dao dong clia vé c6 gan hon sé
cao hon tan sb ctia vé khong gan gia cudng, tuy nhién khong phai 12 trén toan bo mién khao sat.

800, T T T 1 900 T T T T ~
—+— p=0,n=n =0 —a— p=0,n=n=5
700 —o—p=3n=n=0 H 80 o0—p=3n=n=5 ||
\
A p:20,n5:nr:0 70 \‘\\\ —t p:ZO.nS:n,:5
1 N ul
600 --4-- p=0,n=n =10 \\‘l‘\ --#-= p=0,n=n =15
--0-- p=3,n.=n =10 L —--0--p=3,n.=n =15 H
500 p =N, || 600 ‘:\ 0--p=3,n=n =15
— -=-a-- p=20,n=n =10 --A-- p=20,n=n =15
2 N 500 . . —
= 400 L
K B 4001
300
300
200
200
100 100} ]
[ r r r r r
2 s 4 5 6 7 8 2 3 4 5 6 7 8
L/R L/R
(a) ny =n, =0;10 (b) ny =n, =5;15

Hinh 4. Anh hudng ctia ty s6 L/R dén tin sb dao dong cd ban clia vo tru tron

Hinh 4 thé hién sy thay d6i clia tan sb dao dong co ban ctia vé tru tron ¢ gin gia cudng theo
ty s& chidu dai/ban kinh ctia vo L/R, vé 1am bing vat lidu c6 co tinh bién thién véi chi s6 thé tich
p=0,p=3vap = 20; cé kich thuéc vo h = 0,002 m, R/h = 100, c4c sb liéu khac nhu trong Bang
1, md hinh M6. Trén Hinh 4 ciing thé hién két qua cho trudng hop khdng gan gia cudng va céc trudng
hdp vd ¢b gan gia cudng truc giao.

Hinh 5 thé hién su thay d6i clia tin s6 dao dong co ban ciia vo tru tron c6 gn gia cudng truc giao
theo ty s& ban kinh/chiéu day ctia vo R/h, vo 1am bang vat liéu c6 cd tinh bién thién véi chi s6 thé tich
p=0,p=3vap = 20;cékich thuéc vdo h = 0,002 m, L/R = 5.

Tir két qua Hinh 4(a) va 5(a) cho thiy, md hinh M6, vé tru tron khong gan, thi tan s6 dao dong co
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Hinh 5. Anh hudng ciia ty s6 R/h dén tin s6 dao dong co ban clia vo tru tron

ban ctia trudng hop p = 0 1 16n nhit, chi s thé tich 16n hon thi c6 tan sb bé hon, diéu nay 6n dinh
trén mién khao sat. Tuy nhién & Hinh 4(a) va 5(a), Hinh 4(b) va 5(b), ciing cho thiy ring khi khao sat
theo ty s6 L/R (R/h) thi & trudng hop c6 gin gia cudng két qua tin sb co ban ctia vo tru tron c6 nhiéu
bién dong, khong 6n dinh.

5. Két luan

Bai bao da xay dung 16 giai giai tich d€ tinh todn tan s6 dao dong riéng clia vo tru tron lam bang
vt lidu c6 cd tinh bién thién FGM c6 gan gia cuong. Qua cédc khio sit & trén, ta c6 thé thiy:

- Anh hudng ctia kich thudc v6 tru tron va gan gia cudng manh hon anh hudng chi sé thé tich vat
liéu dén tan s6 dao dong co ban ctia vo tru tron;

- Tan s6 dao dong co ban ctia vd FGM c6 gan gia cudng thudng khong dn dinh so vé6i vo tru tron
FGM khong gin. Do d6, viéc ting sd luong gan, chiéu cao gan khong phai lic nao ciing dat dudc su
hiéu qua trong viéc ting tin sb, do cling ctia vo tru tron.
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