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Abstract

Highly filled suspensions of rigid spheres in a yield stress fluid have a relative shear storage modulus that is
governed not only by the solid volume fraction but also by the grading of the particles. Classical homoge-
nization schemes contain no maximum packing fraction and therefore cannot reproduce the rapid growth of
the modulus that is observed as the solid skeleton approaches its densest state, whereas conventional machine
learning delivers accurate predictions in the form of a trained model rather than an explicit expression that a
designer can use. This paper compares six machine learning models and two symbolic regression variants on
a published set of 70 data points covering seven mixtures of spherical particles in an inverse emulsion, one
monodisperse and six bidisperse, with size ratios from 1 to 8.25 and fine fractions from 0 to 0.5; no new mea-
surements were made. The set comprises 63 measurements of G′(φ)/G′(0) and seven normalization points at
φ = 0, where the ratio equals unity by definition, and every model is scored on the 63 measurements. The
maximum packing fraction, computed from a compressible packing model, is used as an input feature, and pre-
dictive ability is assessed with a leave-one-mixture-out protocol that never places a mixture in both the training
and the test set. Over the six bidisperse mixtures the Gaussian process model gives a macro-average mean
squared error in logarithmic space of 0.0205 against 0.1164 for the one-parameter power law, and its pooled
error rises by a factor of 6.4 when the maximum packing fraction is removed from the feature set. The con-
strained symbolic regression variant returns a power law with no additional numerical constant fitted in the final
exponent and reaches a log-space coefficient of determination of 0.950 over the 63 measurements; under the
same leave-one-mixture-out protocol, however, the search procedure that produces it is, for the seed-selection
rules tested, less accurate than the one-parameter power law. On 16 measurements of Table 3 of [1] at eight
gradings that entered no fit, the expression gives a mean squared error of 0.0308 against 0.0081 for the fixed
exponent

√
2, so the fixed exponent is the better closed form for these suspensions. Constraining the functional

form is therefore necessary but not sufficient for generalization to new gradings.
Keywords: yield stress fluid; relative shear storage modulus; machine learning; symbolic regression; genetic
programming; maximum packing fraction; homogenization; bidisperse suspension.

1. Introduction
Mortar, concrete and particle-reinforced cementitious materials are inclusion–matrix composites

of stiff, rigid grains in a much softer continuous binder. The solid volume fraction of an ordinary
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mortar or concrete typically exceeds one half, so the material is a nearly jammed granular skeleton
whose voids are filled with binder, not the dilute dispersion assumed in micromechanics. Its effec-
tive elastic modulus governs the deformation of the structural element and is highly sensitive to the
grading of the solid phase: two mixtures at the same solid volume fraction but different particle size
distributions can differ in stiffness by close to an order of magnitude. The present study analyzes a
model suspension of rigid spheres in a yield stress fluid, not a cementitious material, and makes no
claim beyond that system. The quantity analyzed is the relative shear storage modulus G′(φ)/G′(0)
of such a suspension, measured in the linear viscoelastic regime; it plays the role that the effective
elastic modulus plays for a composite, but it is a shear modulus normalized by that of the matrix, not
a Young’s modulus.

The classical route to such a prediction is analytical homogenization. The schemes in current
use descend from the ellipsoidal inclusion solution and the mean-field, variational and self-consistent
estimates built upon it [2–5]. All collapse to the dilute result of Einstein [6] as the volume fraction
tends to zero, and none contains a maximum packing fraction: their predictions stay finite below
unity, whereas experiments on concentrated suspensions show the modulus growing rapidly as the
solid fraction approaches the densest packing the grading permits [1, 7].

Suspension rheology does contain a maximum packing fraction. Krieger and Dougherty [8] pro-
posed the reference expression of the field, in which the relative property diverges as the reduced solid
fraction approaches unity with an exponent fixed by the maximum packing fraction, so that the whole
influence of the grading is carried by a single geometric parameter. Packing models for granular
mixtures describe the loosening and wall effects between coarse and fine grains by two coefficients
depending on the size ratio [9, 10], a geometric-interaction correction supplying those used here [11].
A homogenization framework for suspensions in yield stress fluids [12] and a refined morphological
representative pattern approach for highly filled composites [13] complete this line.

Machine learning offers a third route: data-driven models predict concrete and construction-
material properties with accuracies competitive with empirical design formulas [14, 15]. Their limita-
tion is not accuracy but form: the procedure returns a trained model rather than an expression that can
be written down, checked against a limiting case or embedded in a design code. Symbolic regression
addresses this. Implemented by genetic programming on expression trees [16], it searches functional
forms and parameters simultaneously and returns a closed-form expression, an approach that has re-
covered physical laws from raw data [17], structure-property relations in materials science [18] and
explicit formulas in civil engineering [19, 20].

Two questions remain open. The first concerns physical admissibility: an unconstrained search
optimizes a global error metric, and an expression can reach a very low error while violating the
limits any relation for the relative modulus must satisfy, namely a relative modulus of unity at zero
solid fraction and a divergence at the packing limit. An averaged error cannot detect either, since both
occur at the edges of the domain where data are scarce. The second concerns how predictive ability
is measured: when a data set is built from a few mixtures, each sampled at several solid fractions, a
random split places points of every mixture in both training and test set, so the reported error measures
interpolation rather than the ability to predict a new grading. The present paper therefore contributes
a symbolic regression variant in which the functional form is constrained a priori, so that both limits
hold by construction and only the exponent is searched; an explicit expression for that exponent
in terms of the size ratio and the fine fraction, with no additional numerical constant fitted in the
final exponent; a quantification of the gap between within-mixture interpolation and generalization
to an unseen mixture, obtained with a leave-one-mixture-out protocol applied to every model; and an
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external test of the resulting expression on 16 measurements of [1] that entered no fit. This work adds
no new measurements: it reuses the data set of [1], the relative shear storage modulus of bidisperse
suspensions of rigid spheres in a yield stress fluid, in which the modulus at a given solid fraction
varies by more than a factor of eight between the extreme gradings. Fig. 1 outlines the study: Section
2 presents the experimental dataset and maximum packing fraction, Section 3 the analytical reference
models and machine learning framework, Section 4 symbolic regression by genetic programming,
Section 5 the results and discussion and Section 6 the conclusions.

Figure 1. Outline of the study

2. Experimental dataset and maximum packing fraction
2.1. Model system and experimental data

The analysis rests on measurements published in [1], performed on a model system of rigid
spheres dispersed in a yield stress fluid, an inverse water-in-oil emulsion, not on a real cementitious
material. The particles are polystyrene beads of 80 and 315 µm for the size ratio 3.94 and glass beads
of 40 and 330 µm for the size ratio 8.25. The present work adds no new measurements: every exper-
imental value quoted below is taken from [1], the contribution claimed here being one of modeling
and analysis of published data.

The mechanical response was characterized by small-amplitude oscillatory shear, a regime in
which the suspension deforms reversibly; G′ is the shear storage modulus of the linear regime, called
elastic modulus in [1]; it is not a Young’s modulus. The normalized ratio G′(φ)/G′(0) is called the rel-
ative shear storage modulus throughout, or relative modulus for short. Each modulus was normalized
by that of the particle-free emulsion measured under identical conditions, giving the dimensionless
ratio G′(φ)/G′(0). That normalization is what makes the data comparable across mixtures: the abso-
lute modulus of the emulsion depends on its composition and preparation, which vary from batch to
batch, whereas the ratio is a purely microstructural quantity governed by the particle volume fraction
and the grading of the particle phase.

Two descriptors characterize that grading: the size ratio λ = dc/d f ≥ 1 between the coarse and
the fine particle diameter, equal to unity for a monodisperse mixture, and the fine fraction ξ, the
volume fraction of fines within the solid skeleton, so that ξ = 0 and ξ = 1 both describe monodisperse
assemblies. The dataset comprises seven mixtures, one monodisperse and six bidisperse, and contains
70 points: 63 measurements and 7 normalization points at φ = 0, where the ratio equals unity by
definition. The particle volume fraction spans 0 to 0.68 and the relative modulus spans 1 to 106.25.
All values were typed from Table 1 of [1] and checked twice against the published table; no figure was
digitized. Table 3 of [1] gives 22 further values at λ = 3.94, φ = 0.4 and 0.5 and ξ = 0, 0.1, . . . , 1.0;
they were overlooked when the data were extracted. They are reconstructed in Table 4 and used in
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Section 5.7 as an external test: the 16 values at ξ = 0.2 and 0.4 to 1.0 enter no fit, the 4 values at
ξ = 0.1 and 0.3 are second measurements, at φ = 0.4 and 0.5, of the gradings of mixtures M2 and
M3, and the 2 values at ξ = 0 are measurements on the 315 µm polystyrene beads alone, the particles
of the monodisperse mixture M1, and therefore repeat measurements of M1. These 6 values add no
new grading and are excluded from the main analysis; Section 5.7 reports the effect of treating them
as independent observations. The seven monodisperse points of [7] are held out as an external check;
they enter no fit and no model selection step, and serve in Section 5 to test a formula already fixed.
This check is not fully independent, because the packing fraction φm = 0.57 used in [1] and here is
the value measured in [7].

Such a system separates variables entangled in a real mortar: matrix and particles are prepared
independently, the modulus contrast is fixed, the particles are rigid, spherical, non-colloidal and sieved
to known diameters, and there is neither hydration nor an interfacial transition zone. The price is a
restricted scope: transfer to cement paste, mortar or concrete, where grains are angular, gradings
continuous and the matrix chemically active, is extrapolation rather than demonstration, a limitation
revisited in Section 5.6.

2.2. Compressible packing model for bidisperse mixtures
The maximum packing fraction φm, at which the granular skeleton locks and the modulus di-

verges, is computed from the compressible packing model of de Larrard [9], built on the linear pack-
ing density model of [10], with the geometric-interaction coefficients of [11]. Two mechanisms reduce
the packing efficiency of a binary mixture. In the loosening effect, fines too large to fit inside the voids
between the coarse grains push those grains apart and dilate the coarse skeleton. In the wall effect,
a coarse grain acts as a rigid wall against which the surrounding fines cannot pack as densely as in
the bulk, leaving a shell of excess porosity around it. They are quantified by the loosening coefficient
a(λ) and the wall-effect coefficient b(λ), functions of the size ratio alone,

a(λ) =

1 − (
1 −

1
λ

)1.130.57

; b(λ) =

1 − (
1 −

1
λ

)1.790.82

(1)

Both tend to unity as λ → 1 and to zero as λ → ∞, where the fines fill the coarse voids without
disturbing them. Depending on which class carries the load, the mixture is coarse-dominant, the fines
filling the voids of a coarse skeleton, or fine-dominant, the coarse grains being isolated inclusions in
a skeleton of fines. Each state yields its own threshold,

φc
m =

φcm

1 − ξ
[
1 − a(λ) φcm

φ f m

]
φ

f
m =

φ f m

1 − (1 − ξ)
[
1 − φ f m + b(λ)

(
φ f m −

φ f m
φcm

)] (2)

and, since the skeleton locks as soon as either class saturates, the mixture threshold is the smaller of
the two,

φm = min(φc
m, φ

f
m) (3)

where φcm and φ f m are the residual packing fractions of the coarse and the fine class; following [1],
both are set equal, φcm = φ f m = 0.57, measured on the monodisperse assembly. Eqs. (1)–(3) use
only ξ and λ, so φm of a held-out or a new mixture is obtained without any response data. The largest
discrepancy between the φm of Eqs. (1)–(3) and the φm reported in [1] is then 0.0041, below 0.6%,
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as Table 1 shows. This is not an independent validation, since φcm is itself taken from mixture M1.
Sections 5.1–5.6 use the φm reported in [1]; substituting those from Eq. (3) changes the results only
marginally and favorably, the error of the proposed expression falling from 0.0580 to 0.0536 and that
of the

√
2 power law from 0.0823 to 0.0734.

One property matters later: with the two residual packing fractions equal, the model returns the
monodisperse value in each degenerate limit, φm(ξ → 0) = φcm, φm(ξ → 1) = φ f m and φm(λ → 1) =
φcm, so a mixture that ceases to be bidisperse is assigned a single-size packing fraction.

2.3. Distribution of the data set

Table 1 summarizes the seven mixtures: size ratio, fine fraction, the two estimates of φm, number
of points, number of measurements at φ > 0 and largest φ.

Table 1. Seven particle mixtures of the experimental data set

Mixture M1 M2 M3 M4 M5 M6 M7

Size ratio λ 1.00 3.94 3.94 8.25 8.25 8.25 8.25
Fine fraction ξ 0.0 0.1 0.3 0.1 0.2 0.3 0.5
φm from [1] 0.570 0.600 0.674 0.610 0.660 0.720 0.675
φm from Eq. (3) 0.570 0.601 0.674 0.612 0.660 0.716 0.675
Number of points 9 8 14 8 9 13 9
Measurements (φ > 0) 8 7 13 7 8 12 8
Largest φ 0.55 0.57 0.64 0.60 0.64 0.68 0.64

(a) Versus the particle volume fraction, together
with the data of [7]

(b) Versus the reduced solid fraction

Figure 2. Experimental data set, 63 measurements (the normalization points at φ = 0 are not shown)

Fig. 2 displays the data in two ways. Panel (a) plots the relative modulus against the particle vol-
ume fraction, together with the monodisperse points of [7]; the seven mixtures form distinct curves,
and at a given φ those with the larger λ and ξ give the lower modulus, a better graded skeleton being
further from its packing limit. At φ = 0.55 the spread exceeds a factor of eight, so the volume fraction
alone is not a sufficient descriptor. Panel (b) plots them against the reduced solid fraction u = φ/φm,
and the seven clusters collapse onto a narrow band, most of the grading dependence being absorbed
by φm. This collapse is a result of [1], not a finding of the present work; it is reproduced here because
it defines the reference for the models of Section 3, and Section 5.1 quantifies how much predictive
power comes from φm.
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3. Analytical reference models and machine learning framework
3.1. Analytical reference models

Three analytical expressions serve as quantitative benchmarks. The first is the dilute result of
Einstein [6], the leading correction to the modulus of a matrix filled with a vanishingly small volume
fraction of rigid spheres,

G′(φ)
G′(0)

= 1 + 2.5φ + O(φ2) (4)

The coefficient 2.5 is exact, but Eq. (4) holds only as φ → 0, where the perturbation produced
by one inclusion is not felt by any other. Between 50 and 70% solid fraction the stiffening is instead
controlled by near-contact geometry, so a first-order expansion carries almost none of the relevant
physics; Eq. (4) is included precisely to show how badly a dilute expansion fails there.

The second benchmark is the Krieger–Dougherty relation [8], evaluated with the maximum pack-
ing fraction φm of Table 1,

G′(φ)
G′(0)

=

(
1 −
φ

φm

)−2.5φm

(5)

The exponent 2.5φm is not adjusted to the data; it is chosen so that the expansion of Eq. (5) about
φ = 0 matches the dilute result to first order. That is the physical logic of the form — a divergence at
the packing limit grafted onto the correct dilute slope — and it leaves no free coefficient: once φm is
known the curve is completely determined.

The third benchmark relaxes that constraint: the one-parameter power law

G′(φ)
G′(0)

= (1 − u)−n; u =
φ

φm
(6)

in which u is the reduced solid fraction and n is a single exponent fitted globally, that is, one constant
shared by all seven mixtures — unlike Eq. (5), whose exponent varies with φm from one mixture to
the next. This form was proposed in [1] with n = 1.43.

The classical homogenization estimates contain no packing threshold but are finite for every φ <
1, so they can be evaluated at every data point. For rigid spheres in an incompressible matrix the
Mori–Tanaka estimate [3] coincides with the Hashin–Shtrikman lower bound [4], G′(φ)/G′(0) =
(2 + 3φ)/(2 − 2φ), which [1] plots against its data; it is used here as a fourth benchmark. The self-
consistent estimate [5] diverges at a threshold independent of the grading and is not used. Eqs. (5)
and (6) take φm as an explicit input.

3.2. Input features, target variable and error metrics

All models are trained on a logarithmic target, because G′(φ)/G′(0) spans more than two orders of
magnitude and its error is multiplicative rather than additive, so a squared error in linear space would
be dominated by the few largest points. The target variable and the associated divergence variable are

y = ln
G′(φ)
G′(0)

; L = − ln
(
1 −
φ

φm

)
(7)

By Eq. (6), y = nL is exactly linear whenever n is constant — the structure the constrained
symbolic regression variant of Section 4 exploits.

The feature set comprises the particle volume fraction φ, the fine fraction ξ, the size ratio λ, the
maximum packing fraction φm from Table 1, and the reduced solid fraction u. The machine learning
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models use λ; symbolic regression uses 1/λ instead, to avoid the division operator; the constrained
variant uses only ξ, 1 − ξ, 1/λ and φm, with φ and u entering solely through L. Apart from these
feature-encoding differences, the two model classes share the same data set and the same validation
protocols.

Accuracy is reported through the mean squared error in logarithmic space, the log-space coeffi-
cient of determination R2

ln and the mean relative error,

MSEln =
1
N

N∑
i=1

(yi − ŷi)2; R2 = 1 −
∑

i(yi − ŷi)2∑
i(yi − ȳ)2 ; MRE =

1
N

N∑
i=1

∣∣∣∣∣∣Ĝi −Gi

Gi

∣∣∣∣∣∣ (8)

where yi is the measured logarithmic target at point i, ŷi the corresponding prediction, ȳ the mean
of the measured values, N the number of points scored, and Gi and Ĝi the measured and predicted
relative moduli. The first is the quantity minimized during training. All scores are computed on the
63 measurements with φ > 0; the seven normalization points are used in training but never scored.

3.3. Regression models

Six regression models were trained on the features of Section 3.2, chosen for the contrast between
their inductive biases so that the resulting ranking is interpretable rather than a leaderboard. The
random forest [21] and the extremely randomized trees [22] use 500 trees each, averaging piecewise-
constant partitions that cannot extrapolate beyond the training targets. Gradient boosting [23] uses
400 trees of a maximum depth of 3 and a learning rate of 0.05, sharing that bias but fitting residuals
sequentially. Support vector regression [24] uses a radial basis function kernel, a penalty C = 50 and
an ε-insensitive margin ε = 0.02, ignoring residuals below the margin. The multilayer perceptron has
two hidden layers of 32 units, a smooth global parameterization with no built-in locality. Gaussian
process regression [25] uses an anisotropic radial basis kernel plus a white-noise term, a smooth
interpolator that adapts one length scale per feature and can therefore learn which inputs matter.

All six are implemented in scikit-learn [26] with fixed settings and fixed random seeds. No
hyper-parameter search was performed: no setting was chosen by comparing validation or test scores,
so the numbers reported correspond to a single configuration fixed before any scoring. The kernel
parameters of the Gaussian process are not tuned in this sense; they are estimated as part of fitting the
model on each training fold, as described below.

The tree ensembles use 500 trees with a minimum leaf size of one; gradient boosting 400 trees
of depth 3 with learning rate 0.05; support vector regression an RBF kernel with C = 50, ε = 0.02
and the scale heuristic for γ; the multilayer perceptron two hidden layers of 32 ReLU units trained
by Adam [27] with an L2 penalty of 10−3; and the Gaussian process a constant kernel times an
anisotropic RBF kernel (one length scale per feature) plus a white-noise kernel. Its parameters start
from a constant of 1, unit length scales and a noise level of 10−3, are bounded to [10−5, 105] (the scikit-
learn defaults), and are re-estimated in every training fold by maximizing the log marginal likelihood
with L-BFGS-B [28] from the initial point and from three further starts drawn log-uniformly within
the bounds; the fitted values are listed per fold in Supplementary Table S3. Support vector regression,
the perceptron and the Gaussian process are preceded by a standard scaler fitted inside each training
fold, so no test information enters the preprocessing. The models are those of scikit-learn 1.8.0 under
Python 3.11, NumPy 2.4 [29] and SciPy 1.17 [30]; the seed 20260825 is used throughout (plus the
running index of the 30 folds in the repeated random split), and the code and data are provided as a
reproducibility package.
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3.4. Validation protocols

Two protocols are used: a five-fold random split of the 70 points, repeated six times; and leave-
one-mixture-out (LOMO) validation, in which one whole mixture is held out and the models are
trained on the remaining six.

Because each mixture contributes only 8 to 14 points, random splitting necessarily places points
of the same mixture in both the training and the test set, so it measures interpolation along a curve that
is already known; LOMO measures what actually matters in practice, prediction for a grading that
was never seen. The monodisperse mixture M1 is the boundary extrapolation fold, its λ and ξ lying
at the edge of the design domain, while the six bidisperse folds are pooled as the interior-mixture
generalization column of Table 2.

Under LOMO the error is scored on the measurements of the held-out mixture only and reported
per mixture, pooled over the 55 bidisperse measurements, and as an equal-weight macro-average over
the six bidisperse mixtures with a 95% percentile interval from 20 000 bootstrap resamples of the six
mixtures, an exploratory measure given the small number of clusters. The power-law exponent of
Eq. (6) is refitted inside each fold. The random split is scored on the φ > 0 points of each test fold;
each repeat scores every measurement once, and the results are reported as the mean and standard
deviation over the six repeats.

4. Symbolic regression by genetic programming
4.1. Tree representation and safe operator set

In a conventional regression the functional form is fixed in advance and only its coefficients are
free. Symbolic regression instead treats the algebraic expression itself as a variable of the problem:
candidate formulas are represented as expression trees and evolved by genetic programming [16], so
that the functional form and the numerical constants are optimized simultaneously. The engine used
here is a custom implementation supplied in the reproducibility package. The method has recovered
physical laws from measurements [17, 31] and property models in materials science [18].

Here a tree carries an operator at every internal node and an input feature or a random constant at
every leaf. An initial population of random trees is evolved by tournament selection, subtree crossover
and subtree mutation, with the constants of the leading individuals periodically refined by nonlinear
least squares.

The operator set was deliberately restricted to addition, subtraction, multiplication, squaring and
the square root of the absolute value; there is no division. Protected division, which returns a fixed
value whenever the denominator falls below a threshold, hides a singularity instead of removing it. A
trial run made this concrete by returning ξ/(λ−3.94), which divides by zero for the two mixtures with
λ = 3.94. Taking the square root of the absolute value keeps that operator total on the real line without
introducing a discontinuity, so every expression the search can generate is finite and continuous. This
restriction is a deliberate injection of prior knowledge into the search.

4.2. Fitness function, complexity penalty and hyper-parameters

Individuals are ranked for selection by a fitness that combines accuracy with a penalty on size,

F = MSEln + αC(T ) (9)

where MSEln is the mean squared error in logarithmic space defined in Eq. (8), to which the bound
penalty of Section 4.4 is added for the constrained variant, C(T ) is the number of nodes of the tree
T , and α is the parsimony coefficient, set here to α = 0.004, with tournament size 7. Trees were
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generated to a maximum depth of 4 in the constrained variant and 5 in the unconstrained variant,
offspring exceeding that depth by two levels or 40 nodes being discarded. Each leave-one-mixture-
out fold was run with 2000 individuals over 70 generations with four random seeds, rerun with eight
seeds for the seed spread reported below, and the final search on all 70 points with 3000 individuals
over 120 generations with eight random seeds. Leaf constants are drawn uniformly from −3 to 3
(probability 0.25 per leaf) and refined by nonlinear least squares for the 25 best individuals every 10
generations; offspring are produced by subtree crossover (60%), subtree mutation (25%) and constant
mutation (15%) with one elite; the generation budget is fixed, without early stopping, and the seed
whose retained individual has the smallest training error is reported. Within a run, the individual
retained as the result is the one with the smallest training error met during the run, the training error
being the MSEln over the training points plus, for the constrained variant, the bound penalty of Section
4.4; the parsimony term of Eq. (9) acts only through tournament selection. The reported expression
of Eq. (11) has 7 nodes (the unconstrained expression of Eq. (13) has 16); the packing model behind
φm carries four calibrated coefficients (Eq. (1)) and the measured φcm = 0.57.

With only 70 data points a tree of even moderate depth can memorize the measurements, so the
penalty of Eq. (9) is what keeps the returned expression short enough to be read and reported.

All random seeds were fixed, so the searches are exactly reproducible, but reproducibility is not
uniqueness. The eight final runs of the constrained variant returned expressions whose MSEln over
the 63 measurements ranges from 0.0580 to 0.0694 (0.052 to 0.062 on the 70-point training error),
so Eq. (11) is the best member of a spread of comparable candidates rather than a unique global
optimum. The spread is larger under leave-one-mixture-out: across eight seeds the held-out error of
a single bidisperse fold varies by a factor of 1.5 to 34 for the constrained variant and 1.4 to 7.0 for the
unconstrained one, and the training error used to select the seed is a poor guide to the held-out error
(Spearman correlation between −0.69 and 0.64 across the bidisperse folds). Supplementary Tables
S2a and S2b summarize the seed spread, and the reproducibility package lists every seed of every
fold.

4.3. Unconstrained variant (SR-A)

The unconstrained variant searches directly for y = g(φ, ξ, 1/λ, φm, u), where g is any expression
the algorithm can assemble from the operator set within the depth limit. This buys maximum freedom,
and with it the lowest fitting error of any expression considered in this work.

The cost is that nothing in the search enforces the two physical limits that any model of a filled
suspension must satisfy: the relative modulus must equal one when the volume fraction vanishes, and
it must diverge as the packing threshold is approached. Both are statements about the endpoints of the
curve, whereas the fitness of Eq. (9) is a global average. A formula can therefore violate either limit,
or both, while scoring extremely well, and no value of MSEln alone can reveal the violation. Section
5 shows that this variant does violate both limits.

4.4. Constrained variant (SR-B)

The constrained variant imposes the functional form of Eq. (6) in advance and searches only for
its exponent,

y = n(ξ, 1 − ξ, 1/λ, φm) · L (10)

with L given by Eq. (7). This construction satisfies both physical limits automatically, for any positive
exponent whatsoever. As φ → 0 the divergence variable L → 0, so y → 0 and G′(φ)/G′(0) → 1; as
φ → φm the variable L → ∞, so the predicted modulus diverges. Both limits follow from the form
itself, not from the particular exponent the search returns.
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The exponent is searched over four features only, namely the fine fraction ξ, its complement
1 − ξ, the inverse size ratio 1/λ and the maximum packing fraction φm. The volume fraction and the
reduced fraction are excluded from the exponent and enter the prediction solely through L, so that the
exponent is by construction a property of the grading alone. An additional penalty keeps the exponent
inside the interval from 0.2 to 10: it adds 20 times the mean violation of that interval over the training
points to the error. It is therefore a soft penalty evaluated at the sampled gradings only, not a hard
constraint on the continuous (ξ, λ) domain, and a candidate can satisfy it at the training gradings
and leave the interval between them. This happens once among the 64 constrained candidates of
this study (eight seeds in each of the seven folds and in the final search), evaluated on a dense grid
ξ ∈ [0, 1], λ ∈ [1, 8.25]: the expression selected for the fold that holds out M6 vanishes along a
curve near ξ = 0.84 to 0.93 (Supplementary Table S2c). For the reported expression the bound holds
analytically: Eq. (11) is concave in ξ and lies between min(

√
1 + 1/λ, 1 +

√
1/λ) > 1 and 2 for every

ξ ∈ [0, 1] and λ ≥ 1.
The two variants answer different questions. SR-A tests how well an unconstrained search can

fit these measurements; SR-B tests whether constraining the functional form is enough to make the
resulting expression generalize to a grading it has never seen.

5. Results and discussion
5.1. Role of the maximum packing fraction

Figure 2(b) showed the seven clusters of Figure 2(a) collapsing onto a narrow band in u: the
grading effect is largely absorbed by φm, a result of [1], not of the present work.

Over the 63 measurements, Eq. (6) with n =
√

2 gives MSEln = 0.0823 and R2
ln = 0.929; a one-

parameter fit returns n = 1.407 and 0.0821, only 0.2% better, so
√

2 ≈ 1.414 is a convenient rounding
with no theoretical basis, and the n = 1.43 of [1] gives 0.0839. Eq. (5), whose exponent varies from
1.425 to 1.800 with φm, gives 0.2163, so a constant exponent fits better than one varying with φm.

The monodisperse data of [7], which entered no fit, give an external check: Eq. (6) with n =
√

2
and φm = 0.57 gives MSEln = 0.0006 and a mean relative error of 2.2% over seven points, below the
4.6% to 23% standard deviation of [7]. The check covers only a monodisperse system with φ ≤ 0.50,
and φm = 0.57 is the value measured in [7] itself (Section 2.1).

5.2. Model ranking under leave-one-mixture-out validation

Table 2 ranks the models by increasing macro-average interior-mixture error over the six bidis-
perse folds (55 measurements) and reports the boundary extrapolation error on the monodisperse
mixture M1 (8 measurements). Every row is out of sample; per-mixture MSEln, mean relative error
and R2

ln of every model are listed in Supplementary Tables S1a to S1c.
The Gaussian process gives the smallest interior-mixture error, 0.0188, a mean relative error of

10.4% over the 55 bidisperse measurements, with per-mixture errors from 0.0044 to 0.0664. Four
models fall between 0.048 and 0.057, below the 0.1107 of the one-parameter power law of Eq. (6);
support vector regression and the multilayer perceptron are worse than that law.

On the boundary fold M1 the tree ensembles and the power law keep small errors, from 0.0161
to 0.0303, because the u of M1 still lies inside the training range, whereas both symbolic regression
variants blow up, to 5.36 and 8.95. For the constrained variant the fold holding out M1 returns an
exponent of 2.90 instead of the 1.37 obtained when M1 is fitted alone: the functional constraint of
Eq. (10) is not sufficient for extrapolation. Fig. 3 compares predictions with measurements for the
Gaussian process and for the constrained search, both under leave-one-mixture-out. The two symbolic
regression rows of Table 2 use the selection rule of Section 4.2, the best of four seeds by training error
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in each fold. Under other rules the pooled interior-mixture error of the constrained search is 0.1873
for the best of eight seeds and 0.1671 for the median seed, and a single seed used in every fold gives
0.080 to 0.795; seven of the eight single seeds are less accurate than the one-parameter power law
(0.1107), one is more accurate. The statement that the search is less accurate than the power law
therefore holds for both training-error rules tested and for the median seed, but not for every seed
(Supplementary Table S2b).

Table 2. Mean squared error in logarithmic space under leave-one-mixture-out validation on the 63
measurements; the interior-mixture generalization columns pool and macro-average the six bidisperse

mixtures, the boundary extrapolation column is the monodisperse mixture; the interval is a mixture-level
percentile bootstrap

Model
Interior-mixture
generalization,

pooled (55)

Interior-mixture
generalization,

macro-average [95% CI]

Boundary
extrapolation,

M1 (8)

Gaussian process 0.0188 0.0205 [0.0078, 0.0400] 0.0355
Extra trees 0.0479 0.0466 [0.0131, 0.0871] 0.0203
Random forest 0.0572 0.0531 [0.0223, 0.0851] 0.0161
Gradient boosting 0.0560 0.0541 [0.0277, 0.0843] 0.0170
Unconstrained symbolic regression (SR-A) 0.0571 0.0575 [0.0229, 0.1062] 5.3556
One-parameter power law, Eq. (6) 0.1107 0.1164 [0.0414, 0.2247] 0.0303
Support vector regression 0.1360 0.1337 [0.0609, 0.2256] 0.6052
Constrained symbolic regression (SR-B),
Eq. (10)

0.1355 0.1559 [0.0800, 0.2407] 8.9541

Krieger–Dougherty, Eq. (5) 0.2427 0.2715 [0.1038, 0.4393] 0.0348
Multilayer perceptron 0.4453 0.4509 [0.1812, 0.8310] 0.3277
Mori–Tanaka / Hashin–Shtrikman 1.8909 2.0325 [1.4481, 2.6378] 2.6441
Einstein, Eq. (4) 3.4069 3.6087 [2.8463, 4.4010] 3.9726

(a) Gaussian process under leave-one-mixture-out
validation

(b) Constrained symbolic regression search under
leave-one-mixture-out; four points lie outside the axes

Figure 3. Predicted versus measured relative modulus for the 63 measurements (normalization points at φ = 0
not shown). Dashed lines bound the factor-of-1.30 band; symbols as in Fig. 2
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5.3. Feature ablation and sensitivity to the validation protocol

Feature ablation isolates the role of φm with six feature sets: φ alone; φ, ξ, λ; φ, φm; u alone;
u, ξ, λ; and the full set. Under leave-one-mixture-out, pooled over the 55 bidisperse measurements,
the Gaussian process gives 0.3770, 0.1200, 5.0146, 0.0478, 0.0632 and 0.0188, and the random forest
0.2532, 0.1245, 0.1170, 0.0663, 0.0569 and 0.0572. Withholding φm (set φ, ξ, λ) multiplies the pooled
Gaussian process error by 6.4 and brings both models back to the level of the one-parameter power
law; the single feature u already gives 0.0478 and 0.0663. The set φ, φm fails for the Gaussian process
because the held-out mixture has a φm never seen in training and the anisotropic kernel extrapolates
poorly in that direction, whereas the random forest treats φm as a split variable. The advantage of
machine learning comes mainly from φm, not from model flexibility.

The validation protocol matters as much. Under the repeated five-fold random split the Gaussian
process reaches MSEln = 0.0115 ± 0.0022 and the random forest 0.0508±0.0023 (mean ± standard
deviation over the six repeats), with R2

ln of 0.990±0.002 and 0.956±0.002 over the 63 measurements
(Supplementary Table S4a). Scored on the same 55 bidisperse measurements as the pooled column
of Table 2 (Supplementary Table S4b), leave-one-mixture-out is higher by factors of 1.79, 1.40 and
1.51 for the Gaussian process, extra trees and gradient boosting, but only 1.05 for the random forest.
With 8 to 14 points per mixture a random split places the same mixture on both sides of the partition,
so a reported R2

ln depends on the protocol and flatters the model. Fig. 4 makes both effects visible:
withholding φm lifts the ablation bars above the power-law reference, and the error of most models
rises under leave-one-mixture-out, that of the random forest changing little.

(a) Factorial feature ablation (pooled over the 55
bidisperse measurements) under
leave-one-mixture-out validation

(b) Effect of the validation protocol on the 55
bidisperse measurements: repeated five-fold random

split (mean ± standard deviation over six repeats)
versus leave-one-mixture-out

Figure 4. Role of the maximum packing fraction

5.4. The explicit closed-form expression

Across the eight final runs on all 70 points, the constrained variant’s best expression contains no
additional numerical constant fitted in the final exponent,

n(ξ, λ) =

√
1 − ξ +

1
λ
+

√
ξ (11)
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and the prediction formula is
G′(φ)
G′(0)

=

(
1 −
φ

φm

)−n(ξ,λ)

(12)

with φm from Table 1; Table 3 collects the errors of the closed-form expressions fitted on the whole
data set. In Eq. (12) φm enters only through u, not through the exponent — a property of this expres-
sion, not a constraint of the algorithm. The eight final runs span MSEln = 0.0580 to 0.0694 over the
63 measurements (Section 4.2). For the monodisperse mixture Eq. (11) gives n =

√
2 = 1.414, close

to the 1.407 of Section 5.1. Fig. 5(a) compares the seven values of Eq. (11), 1.327 to 1.524, with
the exponents fitted mixture by mixture, 1.249 to 1.618; both cluster around

√
2. Fig. 5(b) compares

Eq. (12) with three mixtures.

(a) Exponent given by Eq. (11) compared with the
exponent fitted mixture by mixture

(b) Eq. (12) compared with three representative
mixtures

Figure 5. The closed-form expression of Eqs. (11)–(12)

Table 3. Error of the closed-form expressions over the 63 measurements

Expression
Numerical
constants

fitted
MSEln R2

ln MRE (%)

Krieger–Dougherty, Eq. (5) 0 0.2163 0.814 47.7
Power law with n =

√
2, Eq. (6) 0 0.0823 0.929 21.2

One-parameter power law, Eq. (6) 1 0.0821 0.929 21.1
Constrained symbolic regression, Eqs. (11)–(12) 0 0.0580 0.950 19.1
Unconstrained symbolic regression (SR-A) 1 0.0295 0.975 14.2
Mori–Tanaka / Hashin–Shtrikman 0 1.9865 −0.708 59.3

Eqs. (11)–(12) give MSEln = 0.0580 and R2
ln = 0.950, about 30% below the

√
2 power law

and 27% of the Krieger–Dougherty error. Three qualifications follow. First, 0.0580 is an in-sample
error, not a prediction error as in Section 5.2. Second, a paired mixture-level percentile bootstrap, in
which the seven mixtures are resampled with replacement 20 000 times and the difference between
the pooled MSEln of the

√
2 power law and that of Eq. (12) is recomputed on each resample, gives a

95% interval from −0.0118 to +0.0607, which contains zero (Supplementary Table S6); Eq. (11) is
better on four mixtures, equal on M1 and worse on two (two-sided sign test, p = 0.69). With seven
clusters, one of them tied by construction, the interval is exploratory: it shows that the in-sample gain
is not established, not that the two expressions are equivalent. Third, under leave-one-mixture-out the
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variant that produced Eq. (11) gives 0.1355, above the 0.1107 of the power law; that row of Table 2
evaluates the search procedure, not Eq. (11) itself.

5.5. Physical bounds and asymptotic limits
The unconstrained variant returns, in the logarithmic target of Eq. (7),

y = (u4 + u)2 +

√
ξ

λ
+ 1.627φ (13)

Eq. (13) attains MSEln = 0.0295, R2
ln = 0.975 and a mean relative error of 14.2%, the best fit of

all, yet it violates both physical bounds: at φ = 0 it gives G′(0)/G′(0) = exp(
√
ξ/λ), exceeding unity

by up to 14.9% unless ξ = 0, and at φ = φm it stays finite instead of diverging. The Gaussian process
violates both bounds too, returning 0.966 to 1.061 at φ = 0 and a finite value at the threshold.

The structure of Eq. (10) does not encode the degenerate limits, so Eq. (11) does not satisfy them.
As ξ → 0, ξ → 1 or λ → 1 the exponent should return to about 1.37 to 1.41, but Eq. (11) gives
n = 1.06 at λ = 8.25 with ξ = 0, and n = 1.85 at λ → 1 with ξ = 0.3. The packing model of Eq. (3),
by contrast, satisfies them. This explains the extrapolation failure of Section 5.2 and is the central
argument of the paper: constraining the functional form is necessary but not sufficient.

5.6. Range of applicability and limitations
The factor-of-1.30 band, 0.77 ≤ G′predicted/G

′
measured ≤ 1.30, contains 57 of the 63 measurements

for the Gaussian process under leave-one-mixture-out and 53 of 63 for Eq. (12) fitted on all data.
Fig. 6 shows the logarithmic error of four models against u: trendless for u < 0.6, then growing
toward the packing limit. For u > 0.9 the ratio of prediction to data for Eq. (12) spans 0.79 to 2.92
over 12 points with a median of 0.97, so Eq. (12) should not be used close to the threshold.

Figure 6. Logarithmic error of four models against the reduced solid fraction for the 63 measurements
(normalization points at φ = 0 not shown); dashed lines bound the factor-of-1.30 band

A first-order expansion of Eq. (12) gives n/φm from 2.02 to 2.48, so it does not exactly recover the
Einstein coefficient of 2.5. The data set contains only bidisperse spheres with size ratios up to 8.25,
so Eq. (11) is unvalidated outside that range, and the functional form was searched on these same 70
points. No direct comparison is made with [13], which needs per-mixture calibration of a morpholog-
ical parameter; Eq. (12) needs only λ, ξ and φm. The packing model and the regression models used
here have already been applied to cementitious materials, for other properties. Compressible packing
models guide the mix design of ultra high performance concrete [32], and data-driven models predict
strength and workability from mix proportions [33]. The Gaussian process exists only as a trained
model, Eqs. (11)–(12) as a closed-form expression.
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5.7. External test on the unused gradings of [1]

Table 3 of [1] reports the relative modulus at λ = 3.94 for φ = 0.4 and 0.5 at eleven fine fractions
from 0 to 1; Table 4 reconstructs it. The gradings ξ = 0.1 and 0.3 are those of mixtures M2 and M3
and are excluded as repeat measurements, and the values at ξ = 0, the 315 µm polystyrene beads
alone, are excluded as repeat measurements of M1. The repeats indicate the scatter of the data: at
ξ = 0.1 Table 3 gives 4.68 and 15.16 where Table 1 gives 4.68 and 14.80, and at ξ = 0.3 it gives 3.87
and 9.05 where Table 1 gives 4.13 and 9.01. At ξ = 0 Table 3 gives 5.60 and 21.01 where mixture
M1 gives 5.19 and 22.28. The remaining 16 values at eight gradings entered no fit and no selection
step. The two values at ξ = 1.0, the 80 µm beads alone, are retained although they are monodisperse,
because the 80 µm beads are never measured alone in Table 1. Their φm comes from Eqs. (1)–(3),
which use only ξ and λ, since [1] gives no packing fraction for these gradings. The machine learning
models are trained once on the 70 points of Table 1, the closed-form expressions are those of Table 3,
and every model is scored on the same 16 measurements. Table 5 gives the results, split into the
gradings ξ = 0.2 to 0.5, which lie between or just beyond the training gradings ξ = 0.1 and 0.3, and
the gradings ξ = 0.6 to 1.0, which lie outside the training range of ξ.

Table 4. Relative modulus of Table 3 of [1] at λ = 3.94, reconstructed, with φm from Eq. (3) and the use made
of each grading

ξ
G′/G′(0)
at φ = 0.4

G′/G′(0)
at φ = 0.5

φm

from Eq. (3) Use

0.0 5.60 21.01 0.570 Coarse beads alone (315 µm); repeat of M1, excluded
0.1 4.68 15.16 0.601 Grading of M2; repeat, excluded
0.2 4.56 10.90 0.635 External test
0.3 3.87 9.05 0.674 Grading of M3; repeat, excluded
0.4 3.84 8.07 0.658 External test
0.5 4.16 9.23 0.642 External test
0.6 4.51 8.71 0.626 External test
0.7 4.25 11.45 0.611 External test
0.8 5.03 13.78 0.597 External test
0.9 5.43 16.71 0.583 External test
1.0 5.26 22.91 0.570 External test; fine beads alone (80 µm)

Eq. (12) gives MSEln = 0.0308 and a mean relative error of 17.0%, against 0.0081 and 7.3% for
Eq. (6) with n =

√
2 and 0.0062 and 6.1% for the exponent n = 1.43 of [1]. Fig. 7 shows why: at

λ = 3.94 Eq. (11) gives exponents from 1.47 to 1.58 for the tested gradings, above 1.43, so Eq. (12)
over-predicts at every tested grading except ξ = 0.2, and the over-prediction grows with u: it is largest
at φ = 0.5 for ξ = 0.6 to 0.9. The dependence of the exponent on ξ that the search extracted from the
two gradings at λ = 3.94, n = 1.390 at ξ = 0.1 and 1.524 at ξ = 0.3, is not supported by the eight
further gradings; a constant exponent with φm from Eq. (3) describes the dependence on ξ better.
Restricted to the 14 bidisperse values, the ranking is unchanged: Eq. (12) gives 0.0333 and 18.0%
against 0.0071 and 6.9% for n =

√
2. The one-parameter fit of Table 3, n = 1.407, gives 0.0093,

Eq. (5) 0.0245, and Eq. (13) 0.0176 with 0.0067 on the first group and 0.0242 on the second, so the
unconstrained expression also degrades outside the training range of ξ. The other seven final runs
of the unconstrained search give 0.0055 to 0.0127 on the 16 measurements, five of them below the
0.0081 of the

√
2 power law. None of the seven contains ξ or λ: the grading enters only through u

and φm, so they return unity at φ = 0, but like Eq. (13) none diverges at φ = φm. The eight final runs
of the constrained search give 0.0115 to 0.2899, all above 0.0081 (Supplementary Table S7).
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Among the machine learning models the extra trees give 0.0073, the random forest 0.0080 and
gradient boosting 0.0130, close to the power laws. The Gaussian process, best under leave-one-
mixture-out, gives 0.1640: 0.0092 on the gradings ξ = 0.2 to 0.5 but 0.2569 on ξ = 0.6 to 1.0,
because outside the training range of ξ it reverts toward its prior mean, whereas the tree ensembles
and the power law hold. Support vector regression and the multilayer perceptron are worse still. The
Mori–Tanaka / Hashin–Shtrikman estimate gives 0.9686 and Eq. (4) 1.8085, finite baselines that lie
below all 16 measurements.
Table 5. External test on the 16 measurements of Table 3 of [1]: mean squared error in logarithmic space over
the 16 measurements and over the two groups of gradings, and mean relative error; φm from Eq. (3); machine

learning models trained on the 70 points of Table 1 only

Model MSEln
(16)

MRE
(%)

MSEln,
ξ = 0.2–0.5

MSEln,
ξ = 0.6–1.0

Power law with n = 1.43 of [1], Eq. (6) 0.0062 6.1 0.0081 0.0050
Extra trees 0.0073 6.3 0.0017 0.0107
Random forest 0.0080 7.1 0.0040 0.0104
Power law with n =

√
2, Eq. (6) 0.0081 7.3 0.0115 0.0060

One-parameter power law, Eq. (6), n = 1.407 0.0093 7.9 0.0134 0.0068
Gradient boosting 0.0130 9.7 0.0107 0.0143
Unconstrained symbolic regression (SR-A), Eq. (13) 0.0176 11.4 0.0067 0.0242
Krieger–Dougherty, Eq. (5) 0.0245 14.1 0.0286 0.0220
Constrained symbolic regression, Eqs. (11)–(12) 0.0308 17.0 0.0134 0.0412
Multilayer perceptron 0.1141 35.2 0.0699 0.1406
Gaussian process 0.1640 22.8 0.0092 0.2569
Support vector regression 0.3098 60.4 0.0240 0.4813
Mori–Tanaka / Hashin–Shtrikman 0.9686 55.5 0.5912 1.1951
Einstein, Eq. (4) 1.8085 68.2 1.2924 2.1182

(a) φ = 0.4 (b) φ = 0.5

Figure 7. External test on Table 3 of [1] (λ = 3.94; φm from Eq. (3); machine learning models trained on the
70 points of Table 1): relative modulus against the fine fraction at (a) φ = 0.4 and (b) φ = 0.5; dotted lines

mark the training gradings

The six excluded values were then treated as independent observations (Supplementary Tables
S5a to S5c). Adding the four repeats to M2 and M3 (74 points, 67 measurements) moves the pooled
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interior-mixture error of the Gaussian process from 0.0188 to 0.0177 and that of the one-parameter
power law from 0.1107 to 0.1061, leaves the ranking of Table 2 unchanged, and moves the refitted
exponent from 1.407 to 1.411. Retrained on the enlarged set, the Gaussian process gives 0.1321 on
the 16 external measurements instead of 0.1640 and the extra trees 0.0083 instead of 0.0073, while
the closed forms with a fixed exponent are unaffected. The constrained search run on the enlarged set
again selects Eq. (11) as its best final expression, and its leave-one-mixture-out error, 0.2135 over 59
bidisperse measurements, stays above that of the power law. Adding the two ξ = 0 values as further
points of M1 gives the same picture. Scored instead as external points, the two ξ = 0 values lower
the error of the

√
2 power law on the extended set of 18 to 0.0075 but raise that of Eq. (12) to 0.0618,

because at ξ = 0 and λ = 3.94 Eq. (11) gives n = 1.12 instead of a monodisperse value near
√

2: the
degenerate-limit failure of Section 5.5. The repeated pairs also set a floor: their log differences give a
replicate variance of about 0.0012 per measurement (0.0006 from the four bidisperse repeats), so the
best external errors, 0.006 to 0.008, lie five to seven times above the scatter of the data.

The result is negative: Eq. (12), which fits the training gradings best, is inferior to the fixed
exponent on gradings it has not seen; the dependence of the exponent on ξ that the search extracted
from two gradings at λ = 3.94 is not supported by eight further gradings. For these suspensions the
recommended closed form is Eq. (6) with a fixed exponent and φm from Eqs. (1)–(3).

6. Conclusions
The maximum packing fraction explains most of the variation of the relative shear storage modu-

lus across the seven mixtures. Once the solid fraction is rescaled into the reduced variable u = φ/φm,
they collapse onto one curve that a power law of 1 − u reproduces with an exponent of

√
2, a conve-

nient rounding of the fitted value 1.407 and close to the exponent 1.43 proposed in [1]. With no fitted
constant it attains R2

ln = 0.929 over the 63 measurements.
The machine-learning study confirmed this from a different direction. Under leave-one-mixture-

out validation, Gaussian process regression reached a macro-average MSEln of 0.0205 against 0.1164
for the one-parameter power law, an apparently decisive margin; but removing the maximum packing
fraction from the feature set multiplied its pooled error by a factor of 6.4. The advantage of machine
learning therefore rests mainly on that single physically motivated feature rather than on model ca-
pacity: what the algorithm exploits is the packing information supplied to it, not a richer functional
vocabulary.

Constrained symbolic regression returned Eq. (11), with no additional numerical constant fitted in
the final exponent, giving MSEln = 0.0580, R2

ln = 0.950 and a mean relative error of 19.1% over the
63 measurements. The improvement must be stated with care: the 95% paired mixture-level bootstrap
interval of the reduction relative to the

√
2 power law runs from −0.0118 to +0.0607, an exploratory

interval over seven mixtures that contains zero. Under leave-one-mixture-out the same variant gives
0.1355 against 0.1107, so an advantage in fitting does not translate into an advantage in predicting
a new grading. Constraining the functional form is necessary but not sufficient for generalization to
new gradings: the search space of Eq. (10) does not encode the degenerate limits, and Eq. (11) misses
them.

The external test on the 16 measurements of Table 3 of [1] settles the comparison: Eq. (12) gives
0.0308 against 0.0081 for the

√
2 power law and 0.0062 for the exponent 1.43 of [1], so the exponent

expression does not transfer to gradings outside the training set, and the Gaussian process, best under
leave-one-mixture-out, gives 0.1640 on the 16 measurements and 0.2569 outside the training range
of the fine fraction, against 0.0073 and 0.0107 for the extra trees. This negative result is the main
outcome of the study.
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For practical use on suspensions of this kind, the fixed-exponent power law of Eq. (6) with φm

from Eqs. (1)–(3) is the recommended closed form; Eq. (12) keeps 53 of the 63 measurements inside
the factor-of-1.30 band but should not be used outside the gradings on which it was fitted nor close to
the packing threshold, where the scatter grows sharply.

Two directions follow: adding soft penalty terms inside the genetic fitness function so that the
exponent converges to the monodisperse value in the degenerate limits ξ → 0, ξ → 1 and λ→ 1, and
validating the expression on other yield stress fluids, continuous gradings and non-spherical particles,
the condition for any transfer to a real cementitious material.
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compte des interactions géométriques d’un mélange polydisperse de particules. Rhéologie, 7:1–8.
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