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Abstract

This paper develops closed-form analytical formulas for calculating the geometric properties of open-section
thin-walled steel storage rack columns, with particular emphasis on flexural-torsional buckling analysis. The
study focuses on storage rack columns, which are typically fabricated from cold-formed thin-walled steel and
have complex cross-sectional geometries including folded edges, lips, and stiffeners. The theoretical formu-
lation is based on Vlasov thin-walled beam theory, in which cross-sectional warping is described by sectorial
coordinates. On this basis, warping constant and shear-center location of the section are derived. Numerical
examples validate the proposed formulas through comparison with CUFSM and GBTUL results, and the cal-
culated geometric properties are subsequently used to evaluate the flexural-torsional buckling capacity of the
members.

Keywords: storage rack column; thin-walled member; flexural-torsional buckling; sectorial properties; closed-
form formula.
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1. Introduction

Steel storage rack systems used to store goods storage are common in industrial warehouses,
distribution centers, and modern logistics facilities. In such structural systems, storage rack columns
are the primary load-bearing members; they receive and transfer vertical loads from stored goods and
also resist lateral actions arising during service through semi-rigid beam-to-column connections.

To meet requirements for flexible assembly, reduced self-weight, and efficient material utilization,
storage rack columns are commonly fabricated from cold-formed thin-walled steel with open cross
sections. These sections often have complex geometries, including several folded edges and stiffen-
ers. Such geometric characteristics make the global buckling behavior of storage rack columns more
complex than that of conventional steel sections.

For storage rack column sections, the determination of geometric properties like shear center or
warping constant using simple analytical formulas remains limited because of their complex cross-
sectional shapes. In design practice and research, these properties are usually obtained using special-
ized software such as CUFSM [1] and Thin-Wall-2 [2], or through computational programs developed
from the general formulations of Cuong [3] and Xiang [4]. However, when a specific section must be
checked rapidly, the preparation of detailed geometric input data and reliance on specialized software
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Figure 1. Typical storage rack columns

may be inconvenient for design engineers, especially during preliminary design or when many section
alternatives need to be investigated. At present, AISI [5] provides analytical formulas for calculat-
ing the geometric properties of cold-formed thin-walled members, but these formulas are limited to
lipped channel sections. Based on Vlasov thin-walled beam theory [6], general analytical expressions
have been presented for simple open sections such as channel and I-sections. Gil-Martin [7] also used
Vlasov theory to investigate sectorial coordinates of thin-walled member sections and to determine
their properties from sectorial coordinates. Lue [8] proposed and presented a numerical procedure for
evaluating the geometric properties of arbitrary open thin-walled sections; however, the formulation
is applied to discretized straight-line elements of the section, and therefore the calculation may be
time-consuming for complex sections with many bends. Shama [9] discussed the sectorial properties
of simple open thin-walled sections such as C, I, and T-sections. In addition, Freitas et al. [10] and the
design standard [11] have addressed the analysis and verification of storage rack columns; neverthe-
less, explicit analytical formulas for calculating the geometric properties of these section types have
not yet been provided. In Vietnam, studies have been conducted on the calculation of geometric prop-
erties of thin-walled members, including Quyen [12] for channel section and Tuyen and Cuong [13]
for closed sections. Furthermore, Tung and Cuong [14] limited their derivation to the geometric prop-
erties of welded built-up I-sections. However, the addition of inward or outward intermediate lips in
these specific rack columns significantly complicates the sectorial coordinate diagram and shifts the
shear center. This leaves a clear gap for direct algebraic solutions for these multi-stiffened profiles.

In response to this need, the present study focuses on establishing closed-form formulas for calcu-
lating the geometric properties that include shear center and warping constant of gross sections while
accounting for flexural-torsional buckling. The theoretical basis of the study is Vlasov thin-walled
beam theory, in which characteristic quantities such as the shear center and warping constant are de-
termined directly from the geometric dimensions of the section. The proposed formulas enable rapid
evaluation of the geometric properties required for capacity for global buckling and reduce depen-
dence on specialized computational software. The results provide a convenient calculation tool that
can be applied to the design, verification, and optimization of storage rack column sections in thin-
walled steel storage rack systems. The study calculated the geometric properties using the developed
equations and compared the results with those obtained from numerical software. In addition, these
geometric properties were employed in the calculation of the flexural-torsional buckling capacity of
rack columns. This buckling capacity analysis directly demonstrates the practical application and
necessity of the derived sectorial parameters (a, and [,) in structural design practice.

2. Theory of open thin-walled members

Vlasov thin-walled beam theory [6] extends conventional bending theory by accounting for warp-
ing deformation of open sections through the sectorial coordinate, denoted by w.
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Figure 2. Sectorial coordinate along the median line of an open thin-walled section

For a pole A and a selected origin M on the section median line in Fig. 2, the sectorial coordinate
at point M (with arc length s) is defined as:
)

w:fda) ey

0

where dw is the differential sectorial coordinate. If 4 is the perpendicular distance from A to the
tangent to the median line, then dw = h.ds and

N

w= fh.ds 2)

0

Based on this coordinate system, the sectorial geometric properties of the cross section (with
differential area dF) are defined by the following integrals:
Sectorial static moment:

S, = f wdF 3)

F
Sectorial product of inertia:
I, = f wydF 4)
F
I,y = f wxdF 5)
F
Warping constant:
@:f&ﬁ (6)
F

The shear center and the principal pole are determined from the conditions that both the sectorial
static moment and the sectorial product of inertia vanish:

Sw=0; I,y=0; I, =0

Assume that the shear center is Ag (xa,,Y4,) With ay, a, denoting the distances along the x- and
y-axes between points A and Ag. Then:

~N

wpAX
Ay = XAy — XA = —— (7)
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IwAy
Iy

where I, I, are the moments of inertia with respect to the centroidal principal axes.

®)

3. Analytical formulas for the geometric properties of representative storage rack sections

This study considers the two types of cold-formed lipped channel thin-walled sections in Fig. 3
used in storage rack columns, defined by the section dimensions height 4, flange width b, lip length
¢, stiffener length d, and thickness ¢, with stiffeners oriented either outward or inward. The folded
segments are assumed to be mutually perpendicular, as shown in Fig. 3. Additionally, the small
corner radii of the sections are neglected in the derivation because they meet the EN 1993-1-3 [15]
requirements (r < 5¢,r < 0.1b,). Therefore, the cross-sections are modeled using their median lines
with sharp corners. This simplification is common in cold-formed steel analysis and has a negligible
effect on the geometric properties.

(a) Channel section with outward stiffeners (b) Channel section with inward
stiffeners

Figure 3. Cold-formed lipped channel sections with outward and inward stiffeners representative of storage
rack columns

For convenient identification, the two section types are denoted in this paper as follows: Outward-
lipped channel section (abbreviated as OLC); Inward-lipped channel section (abbreviated as ILC)
3.1. Outward-lipped channel section (OLC)

a. Determination of the centroid of the OLC section
Assume that the coordinate origin is located as shown in Fig. 4. Then C (x.; y.) is the centroid of

the section, and its coordinates are determined as follows:

7

Zx,'S,'

=

7 _ b? +2bc +2bd + d? _h
7 h+2b+2c+2d ¢ 2

> si

i=1

Xe =

9)
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Figure 4. Outward-lipped channel section

b. Determination of the moments of inertia of the OLC section
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c. Determination of the sectorial-coordinate diagram of the OLC section
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Figure 5. Sectorial-coordinate diagram of the OLC section
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(b) Sectorial-coordinate diagram for the OLC section
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Assume that point A is the origin, and that Ay is the principal pole. Points 1 to 8 in Fig. 5(a) denote
the sectorial coordinates at the corner locations of the section; the sectorial coordinates at these points

are calculated as follows:
wp = 0

w1 :_2XSAA0A5:

w2:w1+2xSAA056

ah

w3=w2+2><SAAO67=

Ws = w3 +2XSpa78 =

ah

w5 =2 X SAp0A5 = ——

2

w6 = w5 — 2 X S Ap56 =

a)7=a)6—2><SAA067=

wg:a)7—2><SAA07g:

h h
2| &) L2
@ ) A
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(a) y-ordinate diagram

Figure 6. Diagrams of the y-ordinate and the sectorial coordinate w4 for the OLC section
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(b) Sectorial-coordinate diagram w4

d. Determination of the sectorial product of inertia /,,, , of the OLC section

According to Eq. (4), one obtains

Si

7
Ia,Ax=fwAde=fwAytds=ZtifwAyds
i=1
0

F

F
6

(11
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According to Vereshchagin’s graphical multiplication method, after multiplying the sectorial-
coordinate diagram wy4 and the y-ordinate diagram in Fig. 6, one obtains:

bhbh)_z[bh h—c cbc(h 2c)]_2t{bh+20b+(%—0)dd(h )]

2 3

Ly = 21| 2222 SN 2
wax t(zzz 272 T2 2 2~ ¢

After simplifying the expression, one obtains

bh* hc(h—c) ,(h 2c hd h
Iwa——tb[T'l'T‘i‘C 5—? —l‘dbh+2Cb+7—Cd E—C (12)

e. Determination of the shear-center location of the OLC section

According to Eq. (7), the shear-center coordinates Ao(x4,,ya,) With a,, a, denoting the distances
along the x- and y-axes between A and A are obtained as follows:

Ia)Ax

(13)

ay =
b

Because the x-axis is an axis of symmetry for the OLC section, one has a, = 0.

f. Determination of the warping constant /,, of the OLC section
According to Eq. (6), the warping constant of the OLC section is calculated as follows:

According to Vereshchagin’s graphical multiplication method, after multiplying the sectorial-
coordinate diagram w in Fig. 5(b) by itself and simplifying, one obtains the following formula:

P 372 V312 2p )2
a; +axh +(b a,)’h +(c+d)h(b dy)
24 7 12 12 4
I, =2 +(%+d)hc(ax+b)(b—ax)+(§+d)c2(ax+b)2 (14)
&B(h \* hd*(h , (h
»+?(§—C) +T(§—C)(b—ax)+dC(E—C)(Clx'Fb)A

3.2. Inward-lipped channel section (ILC)
a. Determination of the centroid of the ILC section

Assume that the coordinate origin is located as shown in Fig. 7. Then C (x¢; yc¢) is the centroid of
the section, and its coordinates are determined as follows:

7

inS,-

1

i P42+ 2bd—d
7 h+db+2c+2d | f

> si

i=1

NS

Xe =

(15)
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Figure 7. Inward-lipped channel section

b. Determination of the moments of inertia of the ILC section

Similar to the OLC section, the formula for the moments of inertia of the ILC section is as follows:

_ it b Wbt 1 (h=c)er df(h=2c)di

Q_E+6+2+6+—7—+6+ 5

c. Determination of the sectorial-coordinate diagram of the ILC section
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Figure 8. Sectorial-coordinate diagram of the ILC section
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Assume that point A is the origin, and that A is the principal pole. Points 1 to 8 in Fig. 8(a) denote
the sectorial coordinates at the corner locations of the section; the sectorial coordinates at these points
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are calculated as follows:

a)A=O
ayh
w1 = —2.5an045 = —%
ah  bh h
w2=w1+2.SAA056=—%+7:—i(ax_b)
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Figure 9. Diagrams of the y-ordinate and the sectorial coordinate wy4 for the ILC section

d. Determination of the sectorial product of inertia /,,, » of the ILC section
According to Eq. (4), one obtains

7
Iy,x = fa)Ade = fwAytds: Zti

F F i=1

i

S.
fa)Ayds
0

9

(17)
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According to Vereshchagin’s graphical multiplication method, after multiplying the w4 and y
diagrams in Fig. 9, one obtains:

bhbh)_Zt[@ h—c cbc(h 2c)]_2t{bh+2cb—('§—c)dd(h )]

22 T

2 3

Ly = 2t ===
wax t(zzz 2

After simplifying the expression, one obtains

2
- 2
bh +hc(h C)+cz(ﬁ— c

) . —)}—td(bh+2cb—%+cd)(g—c) (18)

Iy, x = —tb[ 573

e. Determination of the shear-center location of the ILC section

According to Eq. (7), the shear-center coordinates Ao(xa,,ya,) With a,, a, denoting the distances
along the x- and y-axes between A and A are obtained as follows:

Iwa
= 19
ay 1. (19)

Because the x-axis is an axis of symmetry for the ILC section, one has a, = 0.

f. Determination of the warping constant /,, of the ILC section

According to Eq. (6), the warping constant of the ILC section is calculated as follows:

Si

7
Iw=fw2dF=Zt,-fw2ds
i=1
0

F B

According to Vereshchagin’s graphical multiplication method, after multiplying the diagram w in
Fig. 8(b) by itself and simplifying, one obtains the following formula:

(a2h® a3 (b—ay)’h? (b - a,)?
T T tlerd—
C C 2 2
I, =2 +(§+d)hc(ax+b)(b—ax)+(§+d)c(ax+b) 20)
&(h ' hd*(h , (h
+?(§—C) —T(E—C)(b—ax)—dC(E—C)(Clx'l'b)A

4. Numerical examples

This section presents numerical examples for calculating section properties and the critical load
of concentrically compressed thin-walled members with OLC and ILC sections. The calculation
of the critical buckling load shows how the derived geometric properties are directly used to verify
member stability in engineering practice. The calculated results are compared with those obtained
from CUFSM.

10
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Table 1. Geometric dimensions of the OLC section

Section geometric parameter Value (mm)
h [80; 100; 120; 140; 160; 180; 200]
b [30; 40; 50; 60; 70; 80; 90]
c [10; 15; 20; 25; 30]
d [10; 15; 20; 25; 30]
t [1.0; 1.2; 1.5; 2.0; 2.5; 3.0]

Table 2. Geometric properties of the OLC 100 x 50 x 25 x 25 x 2 section and comparison between the
analytical formulas and CUFSM

Section properties Formula CUFSM Difference (%)
Shear center a, (mm) 38.98364 38.98809 0.01142%
Warping constant /,, (mm®) 1729833226 1729833209 0.000001%

4.1. Outward-lipped channel section (OLC)
a. Calculation of section properties

Sections with combinations of geometric dimensions selected from the values given in Table 1,
representating 7350 cases, are considered to validate the equations developed above.

As a specific example, based on the section dimensions provided by Global Storage Solutions [16],
the comparison between the formulas and CUFSM of an OLC section equivalent to the P100 LT sec-
tion, with dimensions 100 X 50 x 25 x 25 X 2, is presented in Table 2.

The remaining comparisions, were calculated similarly. The formula-based results were also com-
pared with CUFSM using the shear center a, and warping constant /,, as the comparison parameter
in Table 2. Based on the results in Table 2, the formula-based results and the CUFSM results are in
very close agreement, with the maximum difference between the formula and the software equal to
0.048% for shear center and 0.000026% for warping constant. Therefore, the proposed formulas for
calculating the geometric properties of the OLC section are reliable.

The formulas are then used to calculate the critical load of a concentrically compressed thin-
walled member with an OLC section.

b. Calculation of the critical load of a concentrically compressed thin-walled member with an OLC

section

Consider a pin-ended column with free warping at both ends, height L = 1.5 m, and section
dimensions 100 x 50 x 25 x 25 x 2, subjected to concentric compression. The material properties are
E = 205000 N/mm?*, G = 78846 N/mm?*

Using the formulas in Section 3, the section properties are obtained as follows: A = 600 mm?,
X, = 27.08 mm, I, = 875100 mm4, I, = 372495 mm4, iy = 38.19mm, i, = 24.92mm, I, =
800 mm?*, a, = 38.98 mm, and /,, = 1729833226 mmb®.

According to [11], the formulas for calculating the critical flexural-torsional buckling load of the
member are as follows:

1 2El
Newr = (G[t + 12 W)
lO eT
3 5 21D
Ncr,x Ncr,T Ncr,T X0 Ncr,T
Ncr FT = 1+ — 1- +4 _—
' 2,8 N, crx N, crx io) N crx

11
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X0

2 nEl s 9 o
Where:ﬁzl—(—,),Ncrx=—x,x0:ax+xc,i =T+ 0+ xg.
io (KL)? 0

Substituting the calculated section properties, the critical flexural-torsional buckling load is ob-
tained as:

Xo = ay + xc = 38.98 + 27.08 = 66.06 mm

ig = i3+ iy + x5 = 38.19% + 24.92% + 66.06” = 6444.17, iy = 80.27 mm

2 2
B=1- (@) —1- (66'06) =0.323

io 80.27
2EI, 2 % 2 751
T 2=7r>< 05000;(8500=786916.7N
(KL) 1500
1 mEI, 1 7% x 205000 x 1729833226
N7 =—|GI = 78846 x 800 = 251172.06 N
4 2 ( o L2, ) 6444.17 ( xS0 15002 )
Ner, Ney, Nerr ? Ner
Nerpr = =22 (14 2L _ (f[1 - 2] 4 g 20) 2ot
' 2:8 N, cr,x N, crx ip) N, crx
786916.7 251172.06 251172.06\> 66.06\> 251172.06
Noppr = — |1+ 222 1o =2 =2 X X
’ 2% 0.323 786916.7 786916.7 80.27 786916.7

Nerpr = 203238 N = 203.2 kN

Using CUFSM, the flexural-torsional buckling analysis of the member gives the critical buckling
stress o, = 329.83 N/mm? in Fig. 10, and the corresponding critical flexural-torsional buckling load
iS Ney = A -0 = 600 % 329.83 = 197898 N = 197.9 kN.

Buckled shape for CUFSM results
length = 1500 load factor = 329.8373 s
¢FSM classification results: off

1100 T
1000
900
800
700
600
500
400
300
200
100
0 s

—+— CUFSM results

load factor

80.0,405.96

700.0,360.95

T T T T T TtV T 1
TSI | SR OSSR Y | Y O T

1 P —— |
102 103
length

Figure 10. Flexural-torsional buckling analysis of the OLC section using CUFSM

In addition, GBTUL [17] is used to analyze global buckling of the section, giving N, = 199.6 kN,
as shown in Fig. 11.

These results show that the difference between the formula-based calculation and the software
analysis is 2.7% relative to CUFSM and 1.8% relative to GBTUL.

12
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Buckling/Vibration Curves

200 LW

1000 L N

Results of the buckling analysis of the member with L=1500 (Mode 1)
Buckling Load: Pb = 159.64558

Modal participations (%) of the most important GBT modes:

P4=77.57 P2=20.43 P6=1.96 Other=0.04

Figure 11. Flexural-torsional buckling analysis of the OLC section using GBTUL

4.2. Inward-lipped channel section (ILC)
a. Calculation of section properties

Sections with combinations of geometric dimensions selected from the values given in Table 1
are considered.

For an ILC section with dimensions 100 x 50 x 25 x 25 x 2, the formula-based results and the
software results are presented in Table 3.

Table 3. Geometric properties of the ILC 100 x 50 x 25 x 25 x 2 section and comparison between the
analytical formulas and CUFSM

Section properties Formula CUFSM Difference (%)
Shear center a, (mm) 37.19813 37.20238 0.014%
Warping constant I, (mm®) 1380130844 1380130828 0.0000011%

The remaining comparisions, were calculated similarly. The formula-based results were also com-
pared with CUFSM using the shear center a, and warping constant /,, as the comparison parameter
in Table 3. Based on the results in Table 3, the formula-based results and the CUFSM results are in
very close agreement, with the maximum difference between the formula and the software equal to
0.048% for shear center and 0.000031% for warping constant. Therefore, the proposed formulas for
calculating the geometric properties of the ILC section are reliable.

The formulas are then used to calculate the critical load of a concentrically compressed thin-
walled member with an ILC section.

b. Calculation of the critical load of a concentrically compressed thin-walled member with an ILC
section

Consider a pin-ended column with free warping, height L = 1.6 m, and section dimensions 100 x
50x25%25%2, subjected to concentric compression. The material properties are £ = 205000 N/mm?,
G = 78846 N/mm’.

13
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Using the formulas in Section 3, the section properties are obtained as follows: A = 600 mm?,

Xe = 2292mm, I, = 875100 mm*, I, = 247495 mm*, i, = 38.19 mm, i, = 20.31 mm, I, =
800 mm*, a, = 37.19 mm, and 1,, = 1380130844 mm°.
According to [11], the formulas for calculating the critical flexural-torsional buckling load of the

member are analogous to Eq. (21):
Substituting the calculated section properties, the critical flexural-torsional buckling load is ob-

tained as:
X0 = ay + Xc = 37.19 +22.92 = 60.11 mm
i = it + iy + x5 = 38.197 + 20.31> + 60.11% = 5484.78 mm’, iy = 74.06 mm
2 2
X0 66.06
=1-(2] =1-(=—==| =0341
p=1- () = 1- (o
m?El, _ m* x 205000 x 875100

oy = = = 691626 N
T (KL)? 16002
1 2F1, 1 2 % 205000 x 1380130844
Nerr = 5 (Glt + 1 > W) = X (78846 % 800 + = - ) =210372.7N
lO LeT 5484.78 1600
N N, N7 \2 2N,
N,y pr = cr,x 1+ erT 1 - cr,T 4 E cr, T
’ ZB Ncr,x Ncr,x 1] Ncr,x
691626 210372.7 210372.7\% 60.11\2210372.7
Nerr = ——— X|1+ — - -—_— X
: 2% 0.341 691626 691626 74.06] 691626

Nerpr = 172570 N = 172.6 kN

Using CUFSM, the flexural-torsional buckling analysis of the member gives the critical buckling
stress o, = 284.01 N/mm? in Fig. 12, and the corresponding critical flexural-torsional buckling load
iSNep = A -0 = 600 x 284.01 = 170406 N = 170.4 kN.

Buckled shape for CUFSM results
length = 1600 load factor = 284.0093 mode = 1
cFSM classification results: off

1200 ! B
1000
800

600

load factor

400

80.0,405.74

200 4

L * CUFSM results .
102 10
length

Figure 12. Flexural-torsional buckling analysis of the ILC section using CUFSM
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In addition, GBTUL is used to analyze global buckling of the section, giving N, = 171.7 kN, as
shown in Fig. 13.

Buckling/Vibration Curves

a0+

100 1 —

Results of the buckling analysis of the member with L=1600 (Mode 1)
Buckling Load: Pb = 171.7175

Modal patticipations (%) of the most important GBT modes:

P4=80.38 P2=19.07 P8=0.35 Cther=0.2

Figure 13. Flexural-torsional buckling analysis of the ILC section using GBTUL

These results show that the difference between the formula-based calculation and the software
analysis is 1.3% relative to CUFSM and 0.5% relative to GBTUL.

5. Conclusions

This paper presented the theoretical basis for calculating the geometric properties of storage rack
columns, treated as open-section thin-walled members. The calculation includes the determination of
the shear-center location, the sectorial-coordinate diagram and the warping constant. The paper also
demonstrated the procedure used to establish closed-form formulas for two complex section types,
namely OLC and ILC. These formulas simplify and increase the flexibility of critical load calculations
for members without requiring supporting software.

The numerical examples demonstrated the high reliability of the proposed formulas and high-
lighted the role of geometric properties in structural design calculations. The results also showed that
the critical global buckling load obtained from CUFSM is lower than those obtained from GBTUL
and from the standard-based formulas, which is consistent with the assumptions of Vlasov theory. It
should be noted that this study focuses on the gross cross-section without perforations. In practice,
storage rack columns usually contain regular holes, which reduce their geometric properties. There-
fore, studying the effect of perforations and developing reduction factors will be an important focus
of our future research. On this basis, the method can be further developed for members with more
complex cross sections and for other applications related to storage rack column systems.
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