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Abstract

While structural topology optimization is a useful tool for multiphysics designs, most existing studies focus on
homogeneous material configurations, with limited attention given to heterogeneous systems. To address this
limitation, this paper proposes a unified topology optimization framework for heterogeneous structures - specif-
ically Functionally Graded Materials (FGMs) - under triply coupled thermal, mechanical, and design-dependent
pressure loads. Unlike traditional discrete multi-material approaches, the proposed methodology utilizes the
continuous spatial variation of material properties using an explicit power-law interpolation scheme. The model
integrates a sequential thermo-mechanical coupling strategy with a Darcy-based representative solid-phase
model to evaluate design-dependent pressure fields. This allows for a consistent treatment of the interactions
among thermal effects, mechanical responses, and evolving pressure loads. Several numerical examples are
presented to verify the accuracy and efficiency of the proposed approach. Furthermore, a comparison demon-
strates that FGM designs provide improved structural performance over conventional homogeneous layouts in
three-phase multiphysics environments. This shows their applicability in engineering practice
Keywords: multi-materials; topology optimization; three-phase thermo-mechanical-pressure systems; design
dependent load; heterogeneous materials; functionally graded materials (FGM)
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1. Introduction
Traditional structural design methods often lead to the poor use of the material. Recent develop-

ments in digital production, though, brought up a robust interest in topology optimization (TO) as an
effective mechanism for arranging materials in the highest possible order [1–5]. Drawing on these im-
provements, multi-material topology optimization (MTO) has generated significant interest because
of the increased freedom in the design. Thus, various methodological frameworks have been defined
and successfully applied for different engineering problems [6–25]. Herein, the material distribution
is modeled by the generalized SIMP (GSIMP) approach [18, 22] which offers a flexible and stable ba-
sis for modeling heterogeneous material layouts. Further, the polygonal finite element method is used
as a unified discretization framework in the proposed topology optimization formulation to further
enhance geometric flexibility [26]
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FGMs, from a materials point of view, have risen as a viable substitute for discrete multi-material
designs. Fitting microstructural changes that smooth out across spatial coordinates, FGMs reduce the
issues with abrupt interfaces between material, and have been the subject of intensive research in the
field of modeling and optimization [17, 23, 27–32]. Practically, this high degree of customization of
local material properties makes FGMs quite attractive for high performance multiphysics systems. In
contemporary engineering applications, various structural components are often subjected to an arbi-
trary mix of mechanical loads, large thermal fields, and fluid-induced pressures. With such operating
conditions pressure applied to boundaries is typically design-dependent. By ignoring this natural cou-
pling or thermal expansion behavior, the structural results can be predicted wrongly for the structure
and reliability can be jeopardized

Several parameterization options have also been suggested to tackle the design-related pressure
problems [33–38]. Of these, the robust model proposed by Kumar et al. [39–42], in which Darcy’s
law (augmented) by a drainage term was exploited. This enables one to efficiently assess design-
dependent pressure loads and their sensitivities, avoiding establishing evolving boundaries explicitly,
making for natural compatibility with density-based TO frameworks

Inspired by the above problems, this work presents an interdependent TO model in order to handle
heterogeneous configurations subjected to coupled thermal-mechanical-pressure loadings. In partic-
ular, our research questions include: (1) How can continuous FGM interpolation, design-dependent
pressure loads, and steady-state thermoelastic behavior be consistently incorporated in one density-
based topology optimization model? (2) To what extent does the continuous FGM layout improve
structural compliance compared to conventional discrete multi-material configurations under these
specific three-phase multiphysics conditions? It is essential to specify the overall scope and assump-
tions of the proposed framework. The present formulation is strictly confined to 2D steady-state linear
elasticity under a weak thermo-mechanical coupling assumption. Thus, it does not take into account
3D spatial effects, dynamic structural responses, geometric or material nonlinearities, and particular
additive manufacturing limitations. Furthermore, the characterization of heterogeneous materials in
this study relies solely on a single explicit exponential interpolation law for FGM modeling

The remainder of this paper is organized as follows. Section 2 presents the governing thermoe-
lastic equations and the modeling of design-dependent pressure loads. Section 3 introduces the FGM
interpolation strategy and formulates the optimization problem. Section 4 derives the corresponding
sensitivity expressions required for the MMA optimizer. Section 5 presents a series of numerical
examples to assess the proposed framework. Finally, Section 6 summarizes the main conclusions

Figure 1. An illustration of how a three-phase multi-physics system behaves when subjected to a range of
different loads and boundary conditions
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2. Fundamental formulation
This section outlines the governing formulation of the three-phase thermal-mechanical-pressure

problem underlying the proposed topology optimization framework. The presentation begins with the
coupled thermo-mechanical model, proceeds to the treatment of design-dependent pressure loading,
and concludes with the modeling of functionally graded material behavior

2.1. Heat conduction problem

This study adopts a weak thermo-mechanical coupling assumption, wherein the temperature field
induces mechanical displacement, but the reverse feedback is negligible [43]. Consequently, the
steady-state heat conduction problem without internal heat sources can be solved independently, gov-
erned by:

∂x(kx∂xT ) + ∂y(ky∂yT ) = 0 (1)

where kx and ky denote the anisotropic thermal conductivities of the material. The problem is fully
defined by the Dirichlet fixed temperature boundary condition: T |ΓT = T0 on the boundary ΓT with a
prescribed temperature value T0; and the Neumann surface heat flux: (kx∂xTnx + ky∂yTny)|Γq = q0,
where nx and ny are the components of the outward unit normal vector n = (nx, ny) perpendicular to
the boundary surface, and q0 is the prescribed heat flux value specifying the amount of heat passing
through the boundary Γq.

To solve Eq. (1) numerically, the Galerkin method is used to construct the integral weak form
over an element’s domain Ωe:∫

Ωe

(
kx∂xT e∂xϕ

e
i + ky∂yT e∂yϕ

e
i

)
dxdy =

∫
Γe

q

ϕe
i q0 ds (2)

where T e is the temperature of the element and ϕe
i is the shape function associated with node i of the

element. The temperature field T e of each element is approximated as follows:

T e (x, y) =
Nv∑
j=1

T e
j · ϕ

e
j (x, y) = ϕeTe (3)

where Nv is the number of vertices inside the polygonal element.
Since the computational domain is discretized using polygonal elements, Wachspress shape func-

tions [26] are employed to ensure continuity between elements:

ϕe
i (ξ) =

wi (ξ)∑Nv
j=1 w j (ξ)

wi (ξ) =
A (pi−1,pi,pi+1)

A (pi−1,pi, ξ) A (pi,pi+1, ξ)

(4)

where wi(ξ) is the weight function; A denotes the area of the triangle formed by its three argument
points; p represents the coordinates of the i-th vertex; and ξ is an arbitrary evaluation point within the
polygonal element.

After substituting the interpolation expression (3) into the weak form (2), we obtain the system of
linear algebraic equations for the thermal problem:

KthT = Fth (5)
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where T is the global nodal temperature vector; Fth is the global thermal load vector, Fth = ∧eFe
th and

Kth is the global conductivity matrix, Kth = ∧eKe
th.

Kth is assembled from the elemental conductivity matrices Ke
th:

Ke
th =

∫
Ωe

(
Be

th

)T
DthBe

th dxdy (6)

The two matrices in the integral expression (6) are the conductivity matrix Dth and the thermal-
strain relation matrix Be

th (which includes the derivatives of the shape functions):

Dth
(
kx, ky

)
=

[
kx 0
0 ky

]
Be

th =

[
∂xϕ

e
1 ∂xϕ

e
2 · · · ∂xϕ

e
Nv

∂yϕ
e
1 ∂yϕ

e
2 · · · ∂yϕ

e
Nv

] (7)

The elemental thermal load vector Fe
th is defined as follows:

Fe
th =

∫
Γe

q

ϕT q0 dΓ (8)

2.2. Coupled thermo-mechanical problem

Once the thermal problem (5) is solved to obtain the temperature field T e, the subsequent objective
is to solve the mechanical problem to find the displacement field U. This requires establishing the
global force equilibrium equation:

KU = Fm + Fϵ (9)

where K is the global stiffness matrix, K = ∧eKe; Fm is the mechanical load vector, Fm = ∧eFe
m; and

Fϵ is the equivalent nodal force vector induced by thermal expansion, Fϵ = ∧eFe
ϵ .

The elemental stiffness matrix Ke describes the resistance of an element to deformation and is
computed by:

Ke =

∫
Ωe

BeT DBe dxdy (10)

where Be is the elemental strain-displacement matrix and D is the elasticity matrix for plane stress:

Be =


∂xϕ

e
1 0 ∂xϕ

e
2 0 · · · ∂xϕ

e
Nv

0
0 ∂yϕ

e
1 0 ∂yϕ

e
2 · · · 0 ∂yϕ

e
Nv

∂yϕ
e
1 ∂xϕ

e
1 ∂yϕ

e
2 ∂xϕ

e
2 · · · ∂yϕ

e
Nv

∂xϕ
e
Nv


D (E, ν) =

E
1 − ν2

1 ν 0
ν 1 0
0 0 (1 − ν)/2


(11)

where E is Young’s Modulus and ν is Poisson’s Ratio.
The equivalent nodal forces, which are converted from external mechanical loads can be expressed

as:
Fe

m = Fe
t + Fe

b (12)

4



Dang, N. T., et al. / Journal of Science and Technology in Civil Engineering

where Fe
t is the surface traction vector and Fe

b is the body force vector, defined as follows:

Fe
t =

∫
Γe
ϕ̃

T
t dA

Fe
b =

∫
Ωe
ϕ̃

T
b dV

(13)

where t is the surface traction vector applied on the boundary Γe of the element; b is the body
force vector acting over the domain Ωe of the element; and ϕ̃ is the matrix of shape functions,
ϕ̃ =

[
ϕ1I, ϕ2I, . . . , ϕNvI

]
, with I being the identity matrix.

The thermal load Fϵ originates from the thermal strains ϵ0, which are calculated based on the
temperature difference relative to the reference temperature Tre f :

ϵ0 = β
{
1 1 0

}T [
ϕeTe − Tre f

]
(14)

where β is the thermal expansion coefficient.
According to the standard finite element formulation, the elemental thermal force vector Fe

ϵ is
computed by integrating the equivalent thermal stress over the element domain:

Fe
ϵ =

∫
Ωe

BeT Dϵ0 dxdy (15)

To simplify the sensitivity analysis, which is rendered highly complex by the dependencies on
E, ν and β; a generalized thermal stress coefficient (TSC) is employed. According to Ref. [44], this
parameter consolidates all three material properties into a single quantity, γ = Eβ/(1 − ν):

Fe
ϵ = γ

∫
Ωe

BeT
{
1 1 0

}T
ϕe

(
Te − Tre f 1e

)
dxdy (16)

where 1e =
{
1 1 . . . 1

}T
∈ RNv×1 defines a column vector containing exactly Nv elements, all of

which are equal to 1.
For a more compact representation, we define an elemental combination matrix Ce, which de-

pends solely on the element geometry:

Ce =

∫
Ωe

BeT
{
1 1 0

}T
ϕe dxdy (17)

This allows the representation of the thermal strain load in its final form:

Fe
ϵ = γCe

(
Te − Tre f 1e

)
(18)

2.3. Modeling of design-dependent pressure loads

To handle design-dependent pressure loads on continuously evolving boundaries, a continuous
pressure field (p) is defined over the entire design domain, eliminating the need for explicit boundary
tracking. The domain is modeled as a porous medium where void regions (α1 ≈ 0) possess high
permeability for pressure transmission, while solid regions (α1 ≈ 1) have near-zero permeability to
block flow. In this formulation, α1 [22] denotes the representative solid-phase vector, as detailed in
Section 3.
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This approach is realized through two key components: Darcy’s law and an additional drainage
term. Darcy’s law [40, 42] is employed to model the transport of pressure within the porous medium,
governing how the pressure field propagates through regions of varying permeability:

q = −K(α1)∇p (19)

where q is the flux; ∇p is the pressure gradient; and K(α1) is the permeability coefficient. This is the
key component linking the flow to the design. To enable K(α1) to function as a solid/void switch, it
is interpolated using a Heaviside function (H):

K(αe
1) = kv − (kv − ks)H(αe

1, ηk, βk) (20)

where αe
1 is the filtered design variable of element e; kv is the high permeability of the void region; ks

is the extremely low permeability of the solid region, ks = 10−7kv [40]; and the function H acts as a
switch that transitions the value of K from kv to ks as αe

1 crosses a threshold ηk:

H
(
αe

1, ηk, βk
)
=

tanh (βkηk) + tanh
(
βk

(
αe

1 − ηk
))

tanh (βkηk) + tanh (βk (1 − ηk))
(21)

wherein ηk is the threshold parameter determining the transition location between solid and void
states, and βk controls the steepness of the projection.

According to Kumar et al. [40], employing only Darcy’s Law is insufficient, as it may fail to
produce a distinct pressure drop at the boundary. To address this, a drainage term (Qd) is incorporated:

Qd = −D (α1) (p − pext) (22)

where Qd is the drainage term, representing the volumetric pressure drop occurring per unit volume
of the solid material; p is the continuous pressure field at the point under consideration; pext is the
external ambient pressure, pext = 0; and D(α1) is the drainage coefficient:

D(αe
1) = hsH(αe

1, ηh, βh) (23)

where H(αe
1, ηh, βh) is the Heaviside function with threshold ηh and steepness βh; and hs is the solid

drainage coefficient controlling the pressure penetration layer thickness:

hs = ks(ln r/∇s)2 (24)

where r is the ratio of the inlet pressure at a depth ∇s, satisfying the condition p|∇s = pin [42].
Combining both mechanisms, the final flow equilibrium equation is:

∇ · q − Qd = 0 (25)

Upon FEM discretization, this equation becomes a matrix system for the global pressure vector
P: (

Kp +KDp
)

P = 0 (26)

where Kp is the flow matrix from Darcy’s Law and KDp is the matrix from the Drainage Term:

Ke
p (α1) =

∫
Ωe

K
(
αe

1

)
B̂eT B̂e dxdy

Ke
Dp (α1) =

∫
Ωe

D
(
αe

1

)
ϕeTϕe dxdy

(27)
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where B̂eT = ∇ϕe.
After solving Eq. (26) to obtain the pressure field P, it must be converted into a mechanical force

vector (Fe
m) to be applied to the structure. Reference [40] demonstrated that the force generated by

the pressure field can be represented as an equivalent body force. This equivalent force is defined as
b dxdy = −B̂ePe dxdy. Based on this equivalency, Eq. (12) is adjusted and rewritten as follows:

Fe
m = Fe

t −HePe (28)

where Fe
t is the elemental fixed traction load and He is the elemental conversion matrix used to

compute the equivalent forces from the elemental pressure field Pe:

He =

∫
Ωe
ϕ̃

T
B̂e dxdy (29)

2.4. Overall material properties

Figure 2. FGM material model graded in the x1-direction

Functionally graded materials (FGMs) exhibit smoothly varying spatial properties, which mitigate
stress concentrations associated with abrupt interfaces. Within the finite element framework, the
macroscopic behavior of these heterogeneous materials is efficiently characterized by evaluating their
effective properties at the element level. Specifically, the spatial variation of these effective properties
at position x = (x1, x2) is governed by the exponential law [23, 29, 30, 45]:

Pe f f (P1,P2, x) = P1 exp(x1ξ1 + x2ξ2) (30)

where Pe f f (x) is the effective property at coordinate x = (x1, x2); P1 and P1 denote the properties of
the reference and second base materials, respectively; and the coefficients ξ1 and ξ1, which govern
the spatial variation rate and direction, are determined by the base properties and two gradient control
parameters:

ξ1 = cos (θm)
1
χ

ln
(
P2

P1

)
ξ2 = sin (θm)

1
χ

ln
(
P2

P1

) (31)

where χ is the hierarchical length parameter, representing the distance over which the material prop-
erties primarily transition from P1 to P2 and θm is the inclination angle parameter, which defines the
principal direction of the property variation relative to the x1-axis. The generalized FGM interpola-
tion with arbitrary grading orientations has been detailed in Ref. [23]. Therefore only a representative
grading direction is considered in the present study to focus on the multiphysics structural behavior.
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This model permits the calculation of Ee f f , ve f f , κe f f , βe f f and γe f f at any required point based on
the properties of the two constituent materials and how they are mixed. In the fundamental analyses,
these effective material properties are assumed to be independent of temperature.

3. Fundamental formulation modeling of thermo-mechanical-pressure multi-material optimiza-
tion
The design domainΩ is discretized into Ne polygonal elements. Corresponding to these elements,

an original design variable matrix is defined as:

ψ =
{
ψ1 ψ2 ψ3

}
∈ RNe×m−1 (32)

where ψk =
{
ψ1

k ψ2
k . . . ψNc

k

}T
∈ RNc×1 is the vector containing the k-th original design variables;

m corresponding to the total number of material phases, including the void.

Figure 3. Visual representation of the generalized
SIMP three-material interpolation using three

design variables

To suppress checkerboarding phenomena, this
study applies a density filtering method [5]. This
filter performs a transformation to modify the
original density values ψe

i . The result of this pro-
cess is the vector of filtered design variables, de-
noted as α =

{
α1 α2 α3

}
∈ RNe×m−1 (with αk

being the k-th filtered variable):

αe
k =

∑
wk

egψ
g
k∑

wk
eg

(33)

where wk
eg = max

{
0,R − rge

}
is a weight function,

R is the filter radius, and rge is the distance be-
tween the centroid of element g (an element in the
neighborhood of e) and the centroid of element e;
and ψg

k is the k-th original design variable of ele-
ment g.

3.1. Material interpolation

In the coupled thermo-mechanical multi-material topology optimization problem, the material
distribution is determined via design variables at each finite element. The physical properties re-
quiring interpolation include the constitutive matrix (Dint), the thermal conductivity matrix (Dint

th ),
and the general thermal stress coefficient (γint). Let Ψ represent any property tensor within the set{
Dint,Dint

th , γ
int

}
.

At any point within the design domain, the effective material property Ψ(α) is expressed through
the design variable vector α as follows [18]:

Ψ (α) =
m∑

t=1

βt (α) Ψ̂m−t+1 (34)

where Ψ̂m represents the property of the void phase, to avoid singularity in numerical calculations, the
void properties are assigned a very small value relative to the softest solid material: Ψ̂m = ϵcΨ

s (with
ϵc = 10−6 [18]); Ψ1,Ψ2, . . . ,Ψm−1 are the properties of the solid materials and βt(α) is the weighting
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component, which determines the material distribution based on the generalized SIMP method, is
defined recursively as follows:

βt (α) =
[
1 − (αt − αtδtm)p j

] t−1∏
j=1

(
α j

)p j (35)

where p j is the penalization parameter corresponding to the design variable of the j-th layer and δtm

denotes the Kronecker delta function of indices t and m.
For the specific problem in this study consisting of 3 phases (2 solids and 1 void), the specific

interpolation equations for each physical field are derived from the general formula above as follows:

Dint
(
αe

1, α
e
2

)
=

(
αe

1

)p1
(
αe

2

)p2 D1 +
(
αe

1

)p1
(
1 −

(
αe

2

)p2
)

D2 + ϵc
(
1 −

(
αe

1

)p1
)

Ds

Dint
th

(
αe

1, α
e
2

)
=

(
αe

1

)p1
(
αe

2

)p3 D1
th +

(
αe

1

)p1
(
1 −

(
αe

2

)p3
)

D2
th + ϵc

(
1 −

(
αe

1

)p1
)

Ds
th

γint
(
αe

1, α
e
2

)
=

(
αe

1

)p1
(
αe

2

)p3
γ1 +

(
αe

1

)p1
(
1 −

(
αe

2

)p3
)
γ2 + ϵc

(
1 −

(
αe

1

)p1
)
γs

(36)

Note that in this study, the penalization parameters are set differently for mechanical and thermal
properties: p1 = p2 = 3 for mechanical stiffness, and p3 = 1 for thermal properties [43, 46, 47]; how-
ever, the influence of p2 is also investigated. A similar logical framework applies to the formulation
of problems involving one and three solid phases.

The formulation is completed by substituting the interpolated properties into the finite element
Eqs. (6), (10), and (18). This yields the final, design-dependent elemental matrices used for the
optimization process:

Ke
th

(
α
)
=

∫
Ωe

BeT
th Dint

th
(
α
)

Be
th dxdy

Ke (
α
)
=

∫
Ωe

BeT Dint (α) Be dxdy

Fe
ϵ

(
α
)
= γint (α) Ce

(
Te − Tre f 1e

) (37)

3.2. Problem statement
This problem is formulated as a mathematical optimization problem. The objective is to find the

material distribution (via the variables α1 and α2) that minimizes the structural compliance. The goal
is to minimize the objective function C [48]:

C = (Fϵ + Ft −HP)T U (38)

where Ft is the global fixed traction load vector; H is the global pressure-to-force conversion matrix;
and U is the global displacement vector.

The design must satisfy the following thermal, pressure, and mechanical equilibrium equations
for the system:

KthT = Fth(
Kp +KDp

)
P = 0

KU = Fϵ + Ft −HP

(39)

The optimization process is subject to constraints on the total allowable volume of each material.
Specifically, the total volumes of k-th material must not exceed the prescribed limits V f

k [19]:

hk
2
(
α
)
=

∑
e

ve
[
1 − αe

m−k+1
(
1 − δ(m−1)(m−k)

)] m−k∏
j=1

αe
j − V f

k

∑
e

ve ≤ 0,∀k = 1,m − 1 (40)
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where ve is the volume of a polygonal element.

4. Sensitivity analysis
To address the optimization problem, this study employs a gradient-based method, the Method

of Moving Asymptotes (MMA [49]). A core requirement of MMA is the availability of sensitivity
analyses (derivatives) of the objective function (C) and the constraint functions (hk

2). First, the sensi-
tivities with respect to the original design variables (ψ) are calculated from the filtered variables (α)
via the chain rule:

∂χ

∂ψ
j
i

=
∑

c

∂χ

∂αe
i

∂αe
i

∂ψ
j
i

(41)

where χ is an arbitrary function (C or hk
2). The following subsections will elaborate on the calculation

of the derivative ∂χ/∂αe
i for each case.

4.1. Sensitivity for the compliance
To find the derivative of the compliance (C), we utilize the adjoint method [48]. First, an aug-

mented Lagrangian function is constructed by combining the compliance (C) with three adjoint vec-
tors (Λth,Λm,Λp) and the equilibrium Eq. (39):

C = (Fϵ + Ft −HP)T U + ΛT
th (KthT − Fth)

+ ΛT
m (KU − Fϵ − Ft +HP) + ΛT

p

(
Kp +KDp

)
P

(42)

Taking the total derivative of C with respect to the filtered variable αe
i , we obtain Eq. (43). This

expression contains the terms ∂U/∂αe
i , ∂T/∂αe

i and ∂P/∂αe
i , which are components that are very

difficult to compute:

∂C
∂αe

i
=
∂FϵT

∂αe
i

U + ΛT
th
∂Kth

∂αe
i

T + ΛT
m

(
∂K
∂αe

i
U −

∂Fϵ
∂αe

i

)
+ ΛT

p

(
∂Kp

∂αe
i
+
∂KDp

∂αe
i

)
P +

[
(Fϵ + Ft −HP)T + ΛT

mK
] ∂U
∂αe

i

+

(
UT ∂Fϵ

∂T
+ ΛT

thKth − Λ
T
m
∂Fϵ
∂T

)
∂T
∂αe

i

+
[
ΛT

mH + ΛT
p

(
Kp +KDp

)
− UT H

] ∂P
∂αe

i

(43)

The key to the adjoint method is to strategically choose the vectors Λ such that these computa-
tionally expensive terms vanish. The adjoint vectors are selected as follows:

ΛT
th = −2UT ∂Fϵ

∂T
K−1

th

Λm = −U

ΛT
p = 2UT H

(
Kp +KDp

)−1

(44)

Upon applying these adjoint vectors to Eq. (43), the expression for the derivative of the com-
pliance C is significantly simplified, depending only on known variables and the derivative of the
elemental matrix:

∂C
∂αe

i
= −UeT ∂Ke

∂αe
i

Ue + 2UeT ∂Fe
ϵ

∂αe
i
+ ΛeT

th

∂Ke
th

∂αe
i

Te + δ1iΛ
eT
p

∂Ke
p

∂αe
1
+
∂Ke

Dp

∂αe
1

 Pe (45)
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where δ1i is the Kronecker delta; Λe
th and Λe

p stand for the e-th elemental vectors corresponding to
global adjoints Λth and Λp, respectively.

The derivatives of the elemental matrix in Eq. (45) are defined as follows:

∂Ke

∂αe
i
=

∫
Ωe

BeT ∂Dint

∂αe
i

Be dxdy

∂Fe
ϵ

∂αe
i
=
∂γint

∂αe
i

Ce
(
Te − Tre f 1e

)
∂Ke

ρ

∂αe
1
=
∂K
∂αe

1

∫
Ωe

B̂eT B̂e dxdy

∂Ke
Dp

∂αe
1
=
∂D
∂αe

1

∫
Ωe

ϕeTϕe dxdy

∂Ke
th

∂αe
i
=

∫
Ωe

BeT
th

∂Dint
th

∂αe
i

Be
th dxdy

(46)

The derivatives of the interpolation functions (assuming p1 = 3 and p3 = 1) are given by (2 solids
and 1 void):

∂Dint

∂αe
1
= 3

(
αe

1

)2 (
αe

2

)p2
(
D1 − D2

)
+ 3

(
αe

1

)2 (
D2 − ϵcDs

)
∂Dint

∂αe
2
= p2

(
αe

1

)3 (
αe

2

)p2−1 (
D1 − D2

)
∂γint

∂αe
1
= 3

(
αe

1

)2
αe

2

(
γ1 − γ2

)
+ 3

(
αe

1

)2 (
γ2 − ϵcγ

s
)

∂γint

∂αe
2
=

(
αe

1

)3 (
γ1 − γ2

)
∂K
∂αe

1
= − (kv − ks) βk

1 − tanh
(
βk

(
αe

1 − ηk
))2

tanh (βkηk) + tanh (βk (1 − ηk))

∂D
∂αe

1
= hsβh

1 − tanh
(
βh

(
αe

1 − ηh
))2

tanh (βhηh) + tanh (βh (1 − ηh))

∂Dint
th

∂αe
1
= 3

(
αe

1

)2
αe

2

(
D1

th − D2
th

)
+ 3

(
αe

1

)2 (
D2

th − ϵcDs
th

)
∂Dint

th

∂αe
2
=

(
αe

1

)3 (
D1

th − D2
th

)

(47)

A similar logical framework applies to the formulation of problems involving one and three solid
phases.

The detailed expansions of the elemental matrix derivatives with respect to the design variables
are straightforwardly obtained using the chain rule on the generalized SIMP interpolation schemes.
To maintain conciseness, the explicit mathematical formulations of these derivatives are omitted here
but can be found in detail in existing literature [48, 50].
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4.2. Sensitivity for the volume constraints
The calculation of sensitivity for the volume constraints (h1 and h2) is much more straightforward.

Its partial derivatives with respect to the filtered variables αe
1 and αe

2 are defined as follows (2 solids
and 1 void):

∂h1

∂αe
1
= veα

e
2

∂h1

∂αe
2
= veα

e
1

∂h2

∂αe
1
= ve

(
1 − αe

2

)
∂h2

∂αe
2
= −veα

e
1

(48)

The formulation for scenarios with one or three solid materials plus a void follows a parallel logic.

Figure 4. Flowchart of the current method

5. Demonstration examples
This section presents numerical examples to assess the proposed framework’s accuracy, robust-

ness, and applicability for heterogeneous materials under coupled multiphysics conditions. Specifi-
cally, these studies address the stable sensitivity evaluation of FGMs subjected to simultaneous ther-
mal, mechanical, and design-dependent pressure loads.
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The investigations follow a three-stage progression. First, a standard thermo-mechanical problem
validates the formulation against benchmark results by Shishir and Tabarraei [47]. Second, design-
dependent pressure loading is incorporated and benchmarked against studies by Kumar et al. [42]
and Banh et al. [22]. Finally, the framework’s full potential is illustrated through FGM topology
optimization under a fully coupled thermo-mechanical-pressure setting.

To ensure stability, the iterative process terminates when the maximum difference between con-
secutive steps falls below 10−3 for the objective function (||C(k)

− C(k−1)
||∞) and 10−2 for the de-

sign variables (||α(k)
− α(k−1)

||∞) over two iterations, or upon reaching 2500 iterations. Finally, post-
processing techniques are used to extract the FGM geometry.

5.1. Example 1

A bi-clamped rectangular beam 60×20 dimensionless units is investigated (Fig. 5). The structure
is subjected to a concentrated mechanical load F = 1 at the bottom edge midpoint (black arrow), a
uniform heat flux q0 = 3 across the top surface (red arrows), and a heat sink Tsink = 0 at the bottom
boundary (green highlight). The domain is discretized into 7500 quadrilateral (Q4) elements with a
filter radius of R = 1.2. Notably, the uppermost element layer is assigned a thermal conductivity 100
times the maximum value.

Figure 5. Geometry, load and boundary conditions of a bi-clamped rectangular beam

The objective is to minimize compliance under a 40% total solid volume constraint. For multi-
material configurations, this volume is equally partitioned (20% each) between the Red and Blue
phases. Heterogeneous properties vary along the y-direction using parameters χ = 20 and θm = π/2.
Detailed material properties are listed in Table 1 and Table 2.

Table 1. Properties of homogeneous materials for Example 1

Material properties Single material (red)
Double materials

1st material (red) 2nd material (blue)

Young’s modulus Er = 1 Er = 2 Eb = 1
Poisson’s ratio vr = 0.3 vr = 0.3 vb = 0.3
Thermal conductivity kr = 1 kr = 2 kb = 1
Thermal expansion coefficient βr = 5 × 10−4 βr = 2 × 10−4 βb = 5 × 10−4

The optimization results between the coarse Q4 mesh [47] and the proposed fine mesh are shown
in Fig. 6 and Fig. 7. Both provide a similar, arch-like topology, providing algorithmic stability. In
the multi-material problem, the proposed approach successfully inhibits intermediate phases and a
sharp boundary is drawn between two solid materials for practical manufacturability. Additionally,
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the two-material structure exhibits a lower degree of compliance compared to the single material
baseline, showing better structural stiffness. Moreover, as the normalized temperature plot indicates,
material is distributed away from the heat source to mitigate thermal expansion stresses, confirming
the framework’s precision in coupled thermo-mechanical problems.

Table 2. Properties of heterogeneous materials properties for Example 1

Material properties

Single material (red) Double material (red and blue)

1st

component
2nd

component

1st material (blue) 2nd

material (red)1st

component
2nd

component

Young’s modulus E1
r = 1 E2

r = 2 E1
b = 1 E2

b = 1.5 Er = 2
Poisson’s ratio v1

r = 0.3 v2
r = 0.3 v1

b = 0.3 v2
b = 0.32 vr = 0.3

Thermal conductivity k1
r = 1 k2

r = 2 k1
b = 1 k2

b = 3 kr = 2
Thermal expansion coefficient β1

r = 5 × 10−4 β2
r = 2 × 10−4 β1

b = 5 × 10−4 β2
b = 3 × 10−4 βr = 2 × 10−4

(a) C = 16.37, 1200 Q4 [47] (b) C = 15.69, 7500 Q4

(c) Plot of normalized temperature

Figure 6. Comparison of optimal topologies for single material with different meshes

Fig. 7 elucidates the impact of the material penalty parameter (p2) on the optimal topology and
material distribution within the multi-material design framework. Observations indicate that the em-
ployment of a linear penalty scheme (p2 = 1) results in an ambiguous material distribution, charac-
terized by a substantial presence of intermediate density regions at the interface between the Red and
Blue phases, which poses significant challenges for fabrication. In contrast, the implementation of
a non-linear penalty (p2 = 3) effectively suppresses intermediate phases, yielding sharp and defini-
tive boundaries between the two solid material phases, thereby ensuring practical manufacturability.
Given these advantages, p2 = 3 is adopted for the subsequent numerical examples.
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(a) C = 8.88, 1200 Q4 [47] (b) C = 9.06, 7500 Q4

(c) Normalized temperature plot (d) Red material

(e) Blue material

Figure 7. Comparison of optimized Topologies for double-material with different meshes

As Fig. 8 and Fig. 9 indicate, the single material design yields the lowest performance due to
limited thermal regulation. While the multi-material configuration improves structural stiffness via
distinct phase separation, the FGM solution provides better structural efficiency. The FGM design
achieves this optimum compromise of stiffness, especially under coupled thermo-mechanical condi-
tions, by employing a smooth thermal gradient and by optimizing the placement of structural materi-
als. The effectiveness and stability of our proposed method is shown in Fig. 10, and both single and
multi material designs converge very quickly within 30 iterations, all under strict volume constraints.
The multi-material configuration has lower compliance than the single material design, achieving
increased structural stiffness and confirming the algorithm’s robustness.
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(a) C = 15.69, 7500 Q4, homogeneous material (b) C = 9.89, 7500 Q4, FG material

(c) Plot of normalized temperature (d) Plot of normalized temperature

Figure 8. Comparison of optimal topologies for single material with FGM case

(a) C = 9.06, 7500 Q4, homogeneous material (b) C = 8.11, 7500 Q4, homogeneous and FG
materials

(c) Plot of normalized temperature (d) Plot of normalized temperature

Figure 9. Comparison of optimal topologies for double materials with FGM case

(a) Single homogeneous material (b) Double homogeneous materials
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(c) Single FG material (d) Double homogeneous and FG materials

Figure 10. Evolution of compliances of optimal structures with various amounts of materials and volumes

5.2. Example 2

An arch structure subjected to design-dependent pressure loads is investigated using a mesh of
5000 quadrilateral (Q4) elements. The rectangular design domain (100 m × 50 m) with unit thickness
is subjected to a full pressure boundary condition P1 = 1 (cyan arrows) on the top and lateral bound-
aries, while a zero-pressure condition P0 = 0 (orange highlight) is maintained at the bottom. Detailed
displacement boundary conditions are shown in Fig. 11.

Figure 11. Geometry, load and boundary conditions of the arch structure

Pressure field parameters are set as {βk, ηk} = {12, 0.1} and {βh, ηh} = {12, 0.3}. The optimization
uses the GMMA solver with a filter radius of R = 1.5 m and a 20% total volume limit. Three
scenarios are investigated using properties from Table 3: single material (20% Red), homogeneous
multi-material (10% Red, 10% Blue), and heterogeneous FGM systems. Beyond the baseline (10%
Blue, 10% Red FGM) in Table 4, the study explores two advanced three-material scenarios using
properties from Table 5: (1) one FGM phase (Red) with two homogeneous phases (Blue, Green); and
(2) two FGM phases (Red, Green) with one homogeneous phase (Blue), with each phase occupying
6.67% volume.

Table 3. Properties of homogeneous materials properties for Example 2

Material properties Single material
Double materials

1st material (red) 2nd material (blue)

Young’s modulus (GPa) Er = 70 Er = 70 Eb = 122.56
Poisson’s ratio vr = 0.3 vr = 0.3 vb = 0.3
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Results in Fig. 12 and Fig. 13 show high consistency with previous studies by Kumar et al. [42]
and Banh et al. [22] for both single and multi material problems. In addition, the switch to a multi
material layout may reduce compliance by about 30%, validating the approach and pointing out that
it will improve structural efficiency compared to single material designs.

(a) C = 105.48 Nm, Q4 [42] (b) C = 107.38 Nm, Q4

Figure 12. Optimal designs of the arch structure with single material

(a) C = 73.80 Nm, PEs [22] (b) C = 75.03 Nm, Q4

Figure 13. Optimal designs of the arch structure with double material

From Fig. 14, FGM gradation direction is found to strongly impact structural performance due
to material rearrangement to reinforce weak areas. Due to this, horizontal gradation (FGM2) is an
asymmetric topology according to load yielding the minimum compliance. FGM1a (increased stiff-
ness upward) with vertical gradation is superior to FGM1b, because it positions stiffer material at the
top of the arch crown to be capable of resisting compressive forces. These findings suggest that the
alignment of the material gradient with the stress state maximizes stiffness in structure.

A comparative analysis shows that FGM solutions consistently outperform the alternatives, tra-
ditional single and multi material methods throughout both Q4 and PEs discretizations [22]. Unlike
uniform (standardized) conventional designs, FGM configurations exploit spatial property differences
to minimize compliance effectively. Consequently, these heterogeneous designs lead to a better over-
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(a) C = 72.77 Nm, Q4, FGM1a (b) C = 73.48 Nm, Q4, FGM1b

(c) C = 72.58 Nm, Q4, FGM2

Figure 14. Optimal designs of the arch structure with double materials case

(a) Double homogeneous materials (b) FGM1a

(c) FGM1b (d) FGM2

Figure 15. Evolution of compliances of optimal structures with various amounts of materials and volumes
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all structural stiffness: they prove that material gradients are necessary to optimize performance under
challenging loading.

From the variation between Fig. 16 two, the structural efficiency is higher for FGM3a. Moreover,
there is also a comparison of Q4 mesh and a 10,000 PEs mesh for FGM3a that confirms that PEs
are more accurate and performance improving. The enhanced flexibility of the PEs mesh mitigates
numerical instabilities and ensures a more continuous material distribution. Consequently, PEs are
adopted as the standard discretization method for the remainder of this study.

(a) C = 72.29 Nm, Q4, FGM3a (b) C = 75.57 Nm, Q4, FGM3b

(c) C = 72.18 Nm, PEs, FGM3a

Figure 16. Optimal designs of the arch structure with triple materials case

Table 4. Properties of double materials for Example 2

FG materials
Properties

Young’s
modulus (GPa)

Poisson’s
ratio

FGM1a
{θm, χ} = {π/2, Ly}

Blue material: Ti-6Al-4V Eb = 122.56

v = 0.3

FG-Red material:
Vitual material

1st component:
Aluminium

E1
r = 70

2nd component:
vitual material

E2
r = 80

FGM1b
{θm, χ} = {π/2, Ly}

Blue material: Ti-6Al-4V Eb = 122.56

FG-Red material:
Vitual material

1st component:
vitual material

E1
r = 80

2nd component:
Aluminium

E2
r = 70
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FG materials
Properties

Young’s
modulus (GPa)

Poisson’s
ratio

FGM2
{θm, χ} = {0, Lx}

Blue material: Ti-6Al-4V Eb = 122.56

FG-Red material:
Vitual material

1st component:
Aluminium

E1
r = 70

2nd component:
vitual material

E2
r = 80

(a) FGM3a (Q4) (b) FGM3b (Q4)

(c) FGM3a (PEs)

Figure 17. Evolution of compliances of optimal structures with various amounts of materials and volumes

Table 5. Properties of triple materials for Example 2

FG materials
Properties

Young’s
modulus (GPa)

Poisson’s
ratio

FGM3a
{θm, χ} = {π/2, Ly}

FG-Red material:
Vitual material

1st component:
Aluminium

E1
r = 70

v = 0.3
2nd component:
Vitual material

E2
r = 80
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FG materials
Properties

Young’s
modulus (GPa)

Poisson’s
ratio

Blue material: vitual material Eb = 100

Green material: Ti-6Al-4V Eg = 122.56

FGM3b
{θm, χ} = {π/2, Ly}

FG-Red material:
Vitual material

1st component:
Aluminium

E1
r = 70

2nd component:
Vitual material

E2
r = 80

Blue material: vitual material Eb = 100

FG-Green material:
Vitual material

1st component:
Vitual material

E1
g = 110

2nd component:
Ti-6Al-4V

E2
g = 122.56

5.3. Example 3
This example investigates the topology optimization of a 2D closed planar container, simulating

the cross-section of a pressurized water pipeline (Fig. 18). The structure is subjected to an internal
pressure load pc = 1 kPa (cyan arrows), while external boundaries maintain a zero-pressure condition
(orange outline). Thermally, uniform heat fluxes q0 = 10−3 W/m2 (red arrows) are applied to the top
and bottom edges, with a zero-temperature sink (green highlight) at the inner edges. To enhance heat
dissipation, the bottommost element layer is assigned a thermal conductivity 100 times the standard
value, with a reference temperature Tsink = 0.

Pressure field parameters are set as ηk = ηh = 0.2, βk = 18, and βh = 8. Exploiting symmetry, an
L-shaped quarter domain is modeled using 8000 unstructured PEs with symmetric boundary condi-
tions (Fig. 18(c)). The domain is 1 m thick, with edges measuring 160 m (left), 200 m (bottom), 80
m (top), and 80 m (right). The objective is to minimize compliance under mixed thermo-mechanical-
pressure loading, using a 3 m filter radius and a 20% total volume limit. For multi-material configu-
rations, this volume is equally partitioned: 10% per phase for two-material systems, and 6.67% per
phase for three-material systems. Heterogeneous properties vary along the y-direction using parame-
ters χ = 160 and θm = π/2. Detailed material properties are listed in Table 6 and Table 7.

The methodology is validated against Banh et al. [48, 50] for single and two material models
(Fig. 19 and Fig. 20). Minimal compliance deviation and high geometric consistency between the
reference (5000 PEs) and current (8000 PEs) simulations confirm the framework’s mesh indepen-
dence. Extending the algorithm to three-material and hybrid FGM configurations (Fig. 21) reveals
that heterogeneous designs thermo-mechanically outperform homogeneous counterparts. Rather than
concentrating material at the corners, heterogeneous configurations form vertical struts that enhance
stiffness. This design also enhances heat transfer by producing a broader, uniform low-temperature
central region that mitigates the localized heat accumulation seen in homogeneous designs.

Finally, Fig. 22 presents each case’s compliance and volume fraction convergence histories. These
plots validate the stability of algorithms and confirm our proposed method for multi-material and
heterogeneous structures optimized under coupled thermo-mechanical-pressure loading.
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(a) Zero and initial pressure distribution (b) Heat flux and boundary temperature

(c) A quarter of the original model with additional simple supports along symmetry planes

Figure 18. Geometry, load, and boundary conditions of a closed planar structure subjected to an internal
pressure load

Table 6. Properties of homogeneous materials for example 3

Material properties Single material (red)
Double materials

1st material (red) 2nd material (blue)

Young’s modulus (GPa) Er = 70 Er = 70 Eb = 122.56
Poisson’s ratio vr = 0.3 vr = 0.3 vb = 0.3
Thermal conductivity (W/(m.K)) kr = 160 kr = 160 kb = 15
Thermal expansion coefficient βr = 22 × 10−6 βr = 22 × 10−6 βb = 9 × 10−6

Table 7. Properties of triple materials for example 3

Materials

Properties

Young’s
modulus

(GPa)

Poisson’s
ratio

Thermal
conductivity
(W/(m.K))

Thermal
expansion
coefficient

(×10−6K−1)

Homogeneous
material

1st red material: Al Er = 70 vr = 0.3 κr = 160 βr = 23

2nd blue material: Ti-6Al-4V Eb = 122.56 vb = 0.3 κb = 15 βb = 9

3rd green material: SUS304 Eg = 201 vg = 0.32 κg = 20 βg = 17

Heterogenous
material

1st FG-red
material:

1st component:
Vitual Material E1

r = 140 v2
r = 0.3 κ2

r = 150 β2
r = 2

2nd component:
Al

E2
r = 70 v2

r = 0.3 κ2
r = 160 β2

r = 23
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Materials

Properties

Young’s
modulus

(GPa)

Poisson’s
ratio

Thermal
conductivity
(W/(m.K))

Thermal
expansion
coefficient

(×10−6K−1)

2nd FG-blue
material:

1st component:
Vitual Material E1

b = 200 v1
b = 0.3 κ1

b = 20 β1
b = 1

2nd component:
Ti-6Al-4V

E2
b = 122.56 v2

b = 0.3 κ2
b = 15 β2

b = 9

3rd green
material:

SUS304 Eg = 201 vg = 0.32 κg = 20 βg = 17

(a) C = 8.09 Nm, 5000 PEs [48] (b) C = 7.76 Nm, 8000 PEs

Figure 19. Optimal designs of closed planar structure with single material

(a) C = 4.27 Nm, 5000 PEs [50] (b) C = 4.28 Nm, 8000 PEs

Figure 20. Optimal designs of closed planar structure with double materials
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(a) C = 3.62 Nm, 8000 PEs, homogeneous
materials

(b) C = 2.09 Nm, 8000 PEs, heterogeneous
materials

(c) Plot of normalized temperature (d) Plot of normalized temperature

Figure 21. Optimal designs of closed planar structure with triple materials

(a) Single homogeneous material (b) Double heterogeneous materials

(c) Case 1: triple homogeneous materials (d) Case 2: triple heterogeneous materials

Figure 22. Evolution of compliances of optimal structures with various amounts of materials and volumes
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6. Conclusions
This study has developed a unified topology optimization framework for heterogeneous structures

with functionally graded materials under triply coupled thermal-mechanical-pressure multiphysics
loading. The primary contribution lies in the consistent integration of heterogeneous material interpo-
lation, design-dependent pressure modeling, and thermoelastic analysis within a single computational
framework, enabling a systematic and robust treatment of complex multiphysics interactions in multi
material structural design. The proposed framework is validated through a series of numerical exam-
ples, which confirm its accuracy, robustness, and numerical stability against established benchmark
studies. The results demonstrate that functionally graded designs offer clear advantages over discrete
material layouts in multiphysics environments, as continuous material transitions enable improved
alignment with combined thermal and mechanical load paths. Future work will focus on extending
the framework to three-dimensional applications and incorporating additional design considerations,
including buckling, stress, and dynamic constraints, to address more realistic engineering problems.
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