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Abstract

This paper presents a three-nodal-line finite strip formulation based on the refined first-order shear deformation
plate theory (RFSDT) for the buckling analysis of both thin and thick plates. The proposed finite strip model
incorporates the effects of transverse shear deformation, which leads to a significant reduction in the critical
buckling stress of plates. Closed-form expressions for the strip stiffness and geometric stiffness matrices are
derived using the principle of minimum total potential energy. These matrices enable more efficient struc-
tural stress analysis while reducing computational cost. The buckling problem is formulated as an eigenvalue
problem obtained from the assembled strip stiffness and geometric stiffness matrices, from which the critical
buckling load factors are determined. The results obtained using the proposed finite strip are validated through
comparisons with exact solutions and previously published studies. Furthermore, based on an extensive para-
metric study, practical formulas are proposed for predicting the critical buckling stress of isotropic simply
supported plates subjected to uniaxial compression and in-plane bending. The proposed formulas exhibit high
reliability, as indicated by low coefficients of variation and high coefficients of determination.
Keywords: finite strip method; buckling analysis; thin plates; thick plates; refined first-order shear deformation
plate theory.
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1. Introduction
The semi-analytical finite strip method (SAFSM) originally developed by Cheung [1]. This

method employs harmonic functions in the longitudinal axis and polynomial functions in the trans-
verse axis. Compared with the finite element method (FEM), the SAFSM requires fewer elements,
thereby declining the structural analysis time. Hancock [2] proposed a signature curve to represent
local and distortional buckling, thereby assisting engineers in gaining a clearer understanding of the
buckling characteristics of cross-sections. SAFSM has been widely employed for the analysis of
structural behavior, including bending [3], buckling [4], post-buckling [5], and vibration [6]. Sub-
sequently, this method has also been utilized to investigate the buckling behavior of non-coplanar
structures [7] and bridge structures [8]. THIN-WALL program [9] and CUFSM program [10] were
developed based on SAFSM, which is formulated on classical plate theory (CPT), to analyze the
buckling behavior of sections. Hancock and Pham employed the SAFSM to investigate the shear
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loading [11] and localized loading [12]. A number of studies have successfully incorporated first-
and higher-order shear deformation plate theories into the SAFSM to highlight the influence of trans-
verse shear deformation components on the critical buckling stress of moderately thick plates [13], as
well as on the behavior of a channel section with intermediate stiffeners in the web [14]. In addition,
the behavior of composite plates has also been examined within the framework of the SAFSM by
several authors [15–18]. Bui and Chiem explored buckling behavior of thin- and thick-walled open
sections [19] and circular hollow sections [20] using higher-order shear deformation plate theories
(HSDT). In their publication, classification thin and thick walled members is proposed based on the
b/t and D/t for several engineering fields according to local buckling criteria. In addition, formula
for determining the critical buckling stress of thin- and thick-walled tubes are also provided.

The refined first-order shear deformation plate theory (RFSDT) is established based on the as-
sumption that the displacement field can be decomposed into bending and shear components [21].
This theory has been widely used in the analysis of plate structures [22–25]. Numerous researchers
have incorporated the RFSDT into the semi-analytical finite strip method (SAFSM) to investigate the
bending behavior of composite plates [26], buckling behavior [27], and the buckling and vibration of
nanoplates [28]. In most of these studies, the displacement field is divided into bending and shear
parts, and a third-order polynomial function is adopted for the shear component in order to satisfy the
shear stress-free boundary conditions on the top and bottom surfaces of the plate [29]. The RFSDT
has also been successfully employed to analyze the static response and free vibration of composite
plates [30].

The critical buckling stress of simply supported plates subjected to uniaxial compression and
in-plane bending admits exact solution for thin plates [31], 3D elastic [32], Navier solution based
on TSDT [33], FEM [34], differential quadrature solution [35], Navier and Levy solutions found on
TSDT [36]. Several researchers have proposed formulas for determining the critical buckling stress
of thin-walled sections [37–40]. However, although numerous formulas have been developed for pre-
dicting the critical buckling stress of plates and structural sections, approximate formulas applicable
to thick plates have not yet been established.

As mentioned above, most existing SAFSM formulations have employed refined higher-order
shear deformation theories, whereas the incorporation of the refined first-order shear deformation
theory (RFSDT) has not yet been fully addressed. In addition, to the best of the authors’ knowledge,
closed-form solutions for the stiffness matrices have not been provided in previous publications. For
the purpose of improving computational efficiency and facilitating practical implementation in struc-
tural analysis, closed-form solutions can significantly reduce computational cost and resource require-
ments. In this study, explicit closed-form stiffness matrices within the SAFSM framework based on
the RFSDT are developed to analyze the buckling behavior of both thin and thick plates subjected to
uniaxial compression and in-plane bending. The influence of plate thickness on the critical buckling
stress is also highlighted through a series of numerical investigations. Furthermore, based on a para-
metric study, practical formulas are proposed for predicting the critical buckling stress of isotropic
simply supported plates under uniaxial compression and in-plane bending.

2. Finite strip solution
2.1. Displacement–strain relation

The displacement field based on the refined first-order shear deformation plate theory (RFSDT)
is expressed as follows:
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u (x, y, z) = u0 (x, y) + zθy (x, y)

v (x, y, z) = v0 (x, y) + zθx (x, y)

w (x, y, z) = w (x, y)
(1)

where u, v, w, θy, θx are five displacement components defined on the mid-plane of the plate. Based
on the concept of decomposing the transverse deflection into two components, the total deflection
is expressed as the sum of the bending deflection wb and the shear deflection ws. In addition, by
incorporating the assumptions regarding the differential relationship between the rotations and the

bending deflection, θy = −
∂wb

∂x
, θx = −

∂wb

∂y
, the displacement field of RFSDT [30] can be rewritten

as follows:
u (x, y, z) = u0 (x, y) − z

∂wb

∂x

v (x, y, z) = v0 (x, y) − z
∂wb

∂y
w (x, y, z) = wb (x, y) + ws (x, y)

(2)

It can be observed that Eq. (2) involves only four unknown displacement components u0, v0,wb,ws

(see Fig. 1(a)). Accordingly, the strain field based on the RFSDT can be expressed in terms of these
four unknown displacements as follows:

εx =
∂u0

∂x
− z
∂2wb

∂x2 ; εy =
∂v0

∂y
− z
∂2wb

∂y2

γxy =
∂u0

∂y
+
∂v0

∂x
− 2z
∂2wb

∂x∂y

γxz =
∂ws

∂x
; γyz =

∂ws

∂y

(3)

(a) Displacement field of RFSDT (b) Displacement components of 3 nodal line
FSM

Figure 1. Displacement components of a finite strip

2.2. Formulation of stiffness matrix
a. Interpolation functions

Fig. 1(b) illustrates a three-nodal-line finite strip with nodal lines 1, 2, and 3 of length a and width
b. The displacement components u, v, wb, and ws correspond to the x-, y-, and z-directions, respec-
tively. θb, θs, which are rotations about the y-direction, are represented by double-arrow notation. For
a finite strip with simply supported at both ends, the displacement field can be expressed as follows:
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u =
r∑

m=1

k∑
i=1

Nuium
i sin (mπy/a) ; v =

r∑
m=1

k∑
i=1

Nvivm
i cos (mπy/a)

wb =

r∑
m=1

k∑
i=1

Nwbiwm
bisin (mπy/a) ; θb =

r∑
m=1

k∑
i=1

Nθbiθ
m
bisin (mπy/a)

ws =

r∑
m=1

k∑
i=1

Nwsiw
m
sisin (mπy/a) ; θs =

r∑
m=1

k∑
i=1

Nθsiθ
m
sisin (mπy/a)

(4)

The polynomial functions are adopted in the transverse direction, while trigonometric functions
are selected in the longitudinal direction in order to satisfy the simply supported boundary conditions.
Here, r denotes the number of series terms considered, and k represents the number of transverse
interpolation functions.

For three-nodal-line finite strip, the transverse shape functions for the membrane components can
be used according to Eq. (5), while those for the bending components are defined in accordance with
Eq. (6):

Nu1 = Nv1 = 1 − 3 (x/b) + 2(x/b)2

Nu2 = Nv2 = 4 (x/b) − 4(x/b)2

Nu3 = Nv3 = − (x/b) + 2(x/b)2

(5)

Nwb1 = Nws1 = 1 − 23(x/b)2 + 66(x/b)3 − 68(x/b)4 + 24(x/b)5

Nθb1 = Nθs1 = x
[
1 − 6 (x/b) + 13(x/b)2 − 12(x/b)3 + 4(x/b)4

]
Nwb2 = Nws2 = 16(x/b)2 − 32(x/b)3 + 16(x/b)4

Nθb2 = Nθs2 = x
[
−8 (x/b) + 32(x/b)2 − 40(x/b)3 + 16(x/b)4

]
Nwb3 = Nws3 = 7(x/b)2 − 34(x/b)3 + 52(x/b)4 − 24(x/b)5

Nθb3 = Nθs3 = x
[
− (x/b) + 5(x/b)2 − 8(x/b)3 + 4(x/b)4

]
(6)

b. Stiffness matrix
The stiffness matrix of the finite strip is derived from the strain energy of the plate:

W =
1
2

∫
Ω

{
εp

}T [
Dp

] {
εp

}
dΩ +

η

2

∫
Ω

{εs}
T [Ds] {εs} dΩ (7)

where η is shear corrective coefficient (η = 5/6). The strain components
{
εp

}
and {εs} are the in-plane

and out-plane strains, respectively. These components are given as follows:{
εp

}T
=

{
εxx εyy γxy

}
(8)

{εs}
T =

{
γxz γyz

}
(9)

The elastic stiffness matrices are represented as follows:

[
Dp

]
=

E
1 − ν2


1 ν 0
ν 1 0

0 0
1 − ν

2

 (10)
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[Ds] =
E

2 (1 + ν)

[
1 0
0 1

]
(11)

The bending and shear strain components in Eqs. (8) and (9) are determined by replacing Eq. (4)
into Eq. (3) {

εp
}
=

r∑
m=1

k∑
i=1

[
Bm

pi

] {
δm

}
(12)

{εs} =

r∑
m=1

k∑
i=1

[
Bm

si

] {
δm

}
(13)

where the matrices
[
Bm

pi

]
and

[
Bm

si

]
are expressed for the i-th transverse term and the m-th longitudinal

series as follows:

[
Bm

pi

]
=


∂Nui

∂x
S 0 −z

∂2Nwbi

∂x2 S −z
∂Nθbi

∂x2 S 0 0

0 −NviξS zNwbiξC zNθbiξC 0 0

NuiξC
∂Nvi

∂x
C −2z

∂Nwbi

∂x
ξC −2z

∂Nθbi

∂x
ξC 0 0

 (14)

[
Bm

si

]
=

0 0 0 0
∂Nwsi

∂x
S
∂Nθsi
∂x

S

0 0 0 0 NwsiξC NθsiξC

 (15)

with S = sin (mπy/a), C = cos (mπy/a) and ξ = mπ/a.
The displacement components of the i-th nodal line and the m-th serie are obtained as follows:{

δmi

}T
=

{
um

i vm
i wm

bi θ
m
bi wm

si θ
m
si

}
(16)

The strip stiffness matrix can be formulated by replacing Eqs. (12) and (13) into Eq. (7). for the
finite strip with simply supported at both ends, the strip stiffness matrix contains r diagonal matrices
and has the following form:

[K]e =


[K]e11 0 ... 0

0 [K]e22 ... 0
... ... ... ...

0 0 ... [K]err

 (17)

with:
[k]emm =

∫
Ω

[
Bm

p

]T [
Dp

] [
Bm

p

]
dΩ + η

∫
Ω

[
Bm

s
]T [Ds]

[
Bm

s
]
dΩ (18)

The closed form of the stiffness matrix are presented in Appendix A.

c. Geometric stiffness matrix
The geometric stiffness matrix is derived from the work done by the in-plane normal stresses

acting on the nonlinear strain components, as follows:

T =
1
2

∫
Ω

[
T1 − (T1 − T2)

x
b

] (∂u∂y
)2

+

(
∂v
∂y

)2

+

(
∂w
∂y

)2 dΩ (19)
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where T1 and T2 denote the in-plane normal stress values at the i-th and j-th nodal lines, respectively.
The geometric stiffness matrix is obtained by substituting Eq. (4) into Eq. (19). For a finite strip with
simply supported at both ends, the geometric stiffness matrix takes the following form:

[K]G =


[K]G11 0 ... 0

0 [K]G22 ... 0
... ... ... ...

0 0 ... [K]Grr

 (20)

with
[k]Gmm =

∫
Ω

[Gm]T [Gm]
[
T1 − (T1 − T2)

x
b

]
dΩ (21)

The closed-form expression of the geometric stiffness matrix is found in Appendix B.

Figure 2. Normal stresses at both ends

The equations for solving the buckling problem of the plate is presented as follows:

[K]e + λ[K]G = 0 (22)

where λ is the critical buckling load factor.

3. Convergence study
To verify the reliability of the proposed finite strip formulation, buckling analyses are performed

for a square steel plate with all four edges simply supported and subjected to uniaxial compression
and in-plane bending. The plate has a side length of 300 mm and a thickness of 3 mm. The material
properties are taken as an elastic modulus of 210 GPa and a Poisson’s ratio of 0.3. Table 1 presents the
convergence study of the proposed finite strip model for the plate discretized using different numbers
of strips, namely 1, 2, 3, 4, and 5 strips. It is observed that, for the plate subjected to in-plane
bending, at least two strips are required to achieve convergence, whereas for the plate under uniaxial
compression, a single strip is sufficient to satisfy the convergence criterion. The proposed model
demonstrates faster convergence than those results in Ref. [26] (8 strips) and Ref. [13] (5 strips).
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Table 1. Convergence study for buckling analysis of square plate: critical stress σcr (N/mm2)

Number of strips

1 2 3 4 5

Compression 75.877 75.865 75.865 75.865 75.865
Bending 22.834 22.386 22.383 22.382 22.382

4. Formulas for determining the critical buckling stress of plates
4.1. Exact solution for thin plates

A simply supported rectangular plate with edge lengths a and b is considered under two loading
conditions: uniaxial compression (Fig. 3(a)) and in-plane bending (Fig. 3(b)). According to the exact
solution for thin plates [31], the critical buckling stress is determined by the following expression:

σcr = kσ
π2E

12
(
1 − ν2

) ( t
b

)2
(23)

where E is elastic modulus, ν is Poisson’s ratio, b is the width of plate and t is its thickness. kσ is crit-
ical buckling coefficient. According to Ref. [41], the square plate (a = b) under uniaxial compression
exhibits the minimum critical buckling stress corresponding to the buckling coefficient kσ = 4.0. For
the in-plane bending, the rectangular plate with an aspect ratio of a = 2b/3, with the corresponding
critical buckling coefficient kσ = 23.9.

(a) Uniaxial compression (b) In-plane bending

Figure 3. Simply supported under uniaxial compression and in-plane bending

4.2. Critical buckling stress of thin and thick plates

In this sub-section, buckling analyses are conducted for a series of plates with different boundary
conditions, including simply supported four edges, simply supported three edges and the remaining
edge free, and two simply supported edges and the remaining edges clamped and free, respectively.
The obtained results are compared with the exact solution for thin plates and with those reported in a
previous publication.

Table 2 shows the buckling analysis results for both thin and thick plates under both uniaxial
compression and in-plane bending with t/b ratios of 0.001, 0.005, 0.1, and 0.2, respectively. The
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results obtained from the proposed finite strip are similar with the exact thin plate solution and with
those reported in Ref. [13]. However, as the thickness of plate rises, the influence of shear deformation
becomes significant, leading to a noticeable reduction in the critical buckling coefficient. Specifically,
when the t/b ratio increases to 0.2, the discrepancy reaches approximately 28.0%. Clearly, the thin-
plate results tend to overestimate the critical buckling stress of thick plate.

Table 2. Buckling coefficient of simply supported square plates

t/b

0.001 0.05 0.1 0.2

Uniaxial compression
Thin plate [41] 4.000 4.000 4.000 4.000
SAFSM [13] 3.999 3.929 3.737 3.126
FEM [34] 4.000 3.911 3.741 3.150
3D elastic [32] 4.000 3.911 3.741 3.150
Analytical [33] – 3.944 3.786 3.264
Differential quadrature [35] – 3.931 3.741 3.153
Present 4.001 3.929 3.732 3.126

In-plane bending
Thin plate [41] 23.9 23.9 23.9 23.9
Present 23.886 23.875 20.212 14.149

Tables 3 and 4 present the buckling coefficients of plates subjected to uniaxial compression with
various boundary conditions. The results indicate good agreement for thin plates, while the discrep-
ancy increases as the plate thickness goes up.

Table 3. Buckling coefficient of square plates with two opposite edges simply supported and the remaining
edges simply supported and free, respectively

t/b

0.01 0.1

Thin plate [41] 1.440 1.440
SAFSM [13] 1.432 1.364
Present 1.434 1.379

Table 4. Buckling coefficient of square plates with two opposite edges simply supported and the remaining
edges clamped and free, respectively

t/b

0.01 0.1

Thin plate [41] 1.70 1.70
SAFSM [13] 1.70 1.59
Present 1.70 1.63
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4.3. Influence of thickness on the critical buckling stress of plates

Buckling analyses are conducted for thin and thick isotropic simply supported plates with simply
supported subjected to uniaxial compression and in-plane bending to investigate the influence of
thickness on the critical buckling stress. The geometric dimension of the plate is characterized by a
variable width-to-thickness ratios ranging from 8.0 to 100.

Fig. 4 illustrates the influence of thickness on the critical stress of the plates subjected to uniaxial
compression and in-plane bending. The graph illustrates the relationship between the b/t ratio on

the horizontal axis and the buckling coefficient kσ =
12σcr

(
1 − ν2

)
π2E

(
b
t

)2

on the vertical axis. It can

be observed that a reduction in width-to-thickness ratio leads to a decrease in the critical buckling
coefficient. When the b/t ratio is less than 20, the plate thickness exhibits a pronounced influence
on the critical buckling coefficient. In contrast, when the ratio exceeds 40, the effect of thickness
becomes negligible. In addition, the results increasingly converge to the exact thin plate solution as
the b/t ratio becomes larger.

(a) (b)

Figure 4. Influence of b/t ratios on critical buckling stress of plate

4.4. Approximate formulas for determining the critical buckling stress of plates

To the best of the authors’ knowledge, the buckling behavior of isotropic simply supported plates
subjected to uniaxial compression and in-plane bending has extensively investigated. However, ap-
proximate formulas for determining the critical buckling stress of thick plates under uniaxial com-
pression and in-plane bending have not yet been provided. Therefore, approximate formulas for
calculating the critical buckling stress of both thin and thick isotropic simply supported plates under
uniaxial compression and in-plane bending are proposed to facilitate practical engineering calcula-
tions. Based on the results obtained from the buckling analyses of both thin and thick simply sup-
ported plates subjected to uniaxial compression and in-plane bending, a parametric study is utilized
to propose formulas for determining the critical buckling stress for plates of both thin and thick con-
figurations. From the relationship between the b/t ratios and the buckling coefficient, a formula in
exponential form can be proposed as follows:

kσ = a1 + b1ec1(b/t) (24)

where coefficients a1, b1, and c1 are to be determined.
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A parametric study is performed to determine the coefficients a1, b1, and c1. These coefficients
are found so as to satisfy the conditions of minimal coefficient of variation and maximal coefficient of
determination. For the case of uniaxial compression, a1 = 4.0, b1 = −1.10, and c1 = −0.138, whereas
for the case of in-plane bending, a1 = 23.9, b1 = −10.9, and c1 = −0.112, respectively. Eq. (24)
can be reformulated for the uniaxial compression and in-plane bending, respectively, as Eqs. (25)
and (26):

kσ,c = 4.0 − 1.10e−0.138(b/t) (25)

kσ,b = 23.9 − 10.9e−0.112(b/t) (26)

It should be noted that the proposed formulas are applicable to isotropic simply supported plates
with a 8.0 ≤ b/t ≤ 100. If the plate has a b/t > 100, the exact thin plate solution is applied to
determine the critical buckling stress.

The comparison between the approximate formulas and the proposed finite strip method is pre-
sented in Table 5. It can be observed that when the plate is thin, i.e., when the b/t ratio is large, the
buckling coefficient asymptotically approaches the value predicted by thin plate theory, namely 4.0
for the case of uniaxial compression and 23.9 for in-plane bending. The results obtained from the ap-
proximate formulas exhibit a high level of agreement with those predicted by the proposed finite strip
method, as indicated by mean values (µ) close to unity. Both the plates under uniaxial compression
and in-plane bending show low coefficients of variation (CoV). Specifically, the compressed plate has
a CoV of 0.006 with a corresponding coefficient of determination

(
R2

)
of 0.9979, whereas the plate

under bending presents a CoV of 0.017 and a R2 of 0.9969.

Table 5. Statistical comparison of the approximate formulas with the proposed finite strip method

Uniaxial compression In-plane bending

µ CoV R2 µ CoV R2

Statistics values 1.002 0.006 0.9979 1.006 0.017 0.9969

4.5. Numerical applications

To verify the reliability of the approximate formulas, the critical buckling stress of the simply
supported plates subjected to uniaxial compression and in-plane bending are determined using both
the suggested formulas and the proposed finite strip method.

For the uniaxial compression, a square isotropic simply supported plate with side length b =
100 mm and thickness t = 10 mm is analyzed. For the in-plane bending, a rectangular plate with
dimensions a = 60 mm, b = 90 mm, and t = 10 mm is examined. The plates are assumed to have
Young’s modulus of E = 210 GPa and a Poisson’s ratio of v = 0.3. To determine the critical buckling
stress using the approximate formulas, the procedure is conducted through the following steps:

In the first step, the buckling coefficient is determined using Eq. (25) for the plate under uniaxial
compression and Eq. (26) for the plate subjected to in-plane bending. Subsequently, Eq. (23) is
employed to calculate the critical buckling stress. Table 6 presents the calculation steps and the
resulting critical buckling stresses of plates. The results demonstrate that the proposed formulas for
determining the critical buckling stress of simply supported plates subjected to uniaxial compression
and in-plane bending are highly reliable, with small discrepancy of only 2.0% for the in-plane bending
case and 0.23% for the uniaxial compression situation.
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Table 6. Critical buckling stress of plates under uniaxial compression and in-plane bending

Uniaxial compression In-plane bending

Buckling coefficient
kσ,c = 4.0 − 1.10e−0.138(100/10)

kσ,c = 3.7232

kσ,b = 23.9 − 10.9e−0.112(90/10)

kσ,b = 19.922

σcr, approximate formula
σcr,c = kσ

π2210000
12(1 − 0.32)

(
10

100

)2

σcr,c = 7066.8 MPa

σcr,b = kσ
π2210000

12(1 − 0.32)

(
10
90

)2

σcr,b = 46681.4 MPa
σcr, proposed FSM σcr,c = 7083.3 MPa σcr,b = 45759.1 MPa

Discrepancies 0.23% 2.00%

5. Conclusions
This paper further enhances the finite strip formulation based on the refined first-order shear

deformation plate theory (RFSDT). The proposed model accounts for transverse shear deformation
through the plate thickness and is capable of predicting the critical buckling stress of both thin and
thick plates in close agreement with previously published results. In addition, the proposed finite strip
exhibits very rapid convergence, as the convergence condition can be achieved even when the plate is
discretized into a single strip. Explicit closed-form stiffness matrices are derived to improve compu-
tational efficiency and reduce resource requirements. Moreover, practical formulas for determining
the critical buckling stress of simply supported plates under in-plane compression and bending are
proposed through a parametric study. These formulas explicitly account for the influence of plate
thickness on the critical buckling stress and demonstrate high reliability, as evidenced by low coeffi-
cients of variation and high coefficients of determination.
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T1b3t3n4

27720a3 −
tn2T1b3

2310a
; kg4−11 =

b2tn2 (7T1 + 4T2)
3465a

; kg4−12 = −
T1b3tn2

2310a
;

kg4−15 =
b2t3n4 (12T1 + 17T2)

332640a3 +
b2tn2 (36T1 + 51T2)

83160a
+

t3n2 (176T1 − 77T2)
166320a

; kg4−16 = −
(T1 + T2) btn2

110880a

[
6b2 +

b2t2n2

2a2 +
55t2

3

]
;

kg4−17 =
b2tn2 (12T1 + 17T2)

27720a
; kg4−18 = −

b3tn2 (T1 + T2)
18480a

; kg55 =
btn2 (469T1 + 54T2)

6930a
; kg56 =

b2tn2 (97T1 + 17T2)
27720a

;

kg59 =
btn2 (15T1 + 7T2)

693a
; kg5−10 = −

b2tn2 (37T1 + 3T2)
6930a

; kg5−11 =
btn2 (15T1 + 7T2)

693a
; kg5−12 = −

b2tn2 (37T1 + 3T2)
6930a

;

kg5−15 =
131btn2 (T1 + T2)

27720a
; kg5−16 = −

b2tn2 (17T1 + 12T2)
27720a

; kg5−17 =
131btn2 (T1 + T2)

27720a
; kg5−18 = −

b2tn2 (17T1 + 12T2)
27720a

;

kg66 =
b3tn2 (13T1 + 3T2)

55440a
; kg69 =

b2tn2 (7T1 + 4T2)
3465a

; kg6−10 = −
T1b3tn2

2310a
; kg6−11 =

b2tn2 (7T1 + 4T2)
3465a

; kg6−12 = −
T1b3tn2

2310a
;

kg6−15 =
b2tn2 (12T1 + 17T2)

27720a
; kg6−16 = −

b3tn2 (T1 + T2)
18480a

; kg6−17 =
b2tn2 (12T1 + 17T2)

27720a
; kg6−18 = −

b3tn2 (T1 + T2)
18480a

;

kg6−18 = −
b3tn2 (T1 + T2)

18480a
; kg77 =

2btn2 (T1 + T2)
15a

; kg7−13 =
T2btn2

30a
; kg88 =

2btn2 (T1 + T2)
15a

; kg8−14 =
T2btn2

30a
;

kg99 =
(T1 + T2)

945a

 8bt3n4

a2 +
4tn2

(
24b2 + 24t2

)
b

 ; kg9−10 = −
4 (T1 − T2) tn2

10395a

[
12b2 + 22t2 +

b2t2n2

a2

]
; kg9−11 =

32btn2 (T1 + T2)
315a

;

kg9−12 = −
16b2tn2 (T1 − T2)

3465a
; kg9−15 =

b2tn2 (21T1 + 45T2)
2079ab

−
t3n2 (198T1 + 858T2)

10395ab
+

b2t3n4 (7T1 + 15T2)
8316a3b

;

kg9−16 = −
b2t3n4 (4T1 + 7T2)

41580a3 −
b2tn2 (12T1 + 21T2)

10395a
+

t3n2 (11T1 + 22T2)
10395a

; kg9−17 =
btn2 (7T1 + 15T2)

693a
;

kg9−18 = −
b2tn2 (4T1 + 7T2)

3465a
; kg10−10 =

2btn2 (T1 + T2)
10395a

[
12b2 + 44t2 +

b2t2n2

a2

]
; kg10−11 = −

16b2tn2 (T1 − T2)
3465a

;

kg10−12 =
8b3tn2 (T1 + T2)

3465a
; kg10−15 =

b2t3n4 (3T1 + 37T2)
83160a3 +

b2tn2 (9T1 + 111T2)
20790a

−
t3n2 (77T1 + 253T2)

20790a
;
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kg10−16 = −
btn2

(
18T2b2 + 33T2t2 − 11T1t2

)
41580a

−
T2b3t3n4

27720a3 ; kg10−17 =
b2tn2 (3T1 + 37T2)

6930a
; kg10−18 = −

T2b3tn2

2310a
;

kg11−11 =
32btn2 (T1 + T2)

315a
; kg11−12 = −

16b2tn2 (T1 − T2)
3465a

; kg11−15 =
btn2 (7T1 + 15T2)

693a
; kg11−16 = −

b2tn2 (4T1 + 7T2)
3465a

;

kg11−17 =
btn2 (7T1 + 15T2)

693a
; kg11−18 = −

b2tn2 (4T1 + 7T2)
3465a

; kg12−12 =
8b3tn2 (T1 + T2)

3465a
; kg12−15 =

b2tn2 (3T1 + 37T2)
6930a

;

kg12−16 = −
T2b3tn2

2310a
; kg12−17 =

b2tn2 (3T1 + 37T2)
6930a

; kg12−18 = −
T2b3tn2

2310a
; kg13−13 =

btn2 (T1 + 7T2)
120a

;

kg14−14 =
btn2 (T1 + 7T2)

120a
; kg15−15 =

btn2 (162T1 + 1407T2)
20790a

+
t3n2 (1947T1 + 7227T2)

83160ab
+

bt3n4 (54T1 + 469T2)
83160a3 ;

kg15−16 = −
b2t3n4 (17T1 + 97T2)

332640a3 −
b2tn2 (51T1 + 291T2)

83160a
−

t3n2 (253T1 + 176T2)
166320a

; kg15−17 =
btn2 (54T1 + 469T2)

6930a
;

kg15−18 = −
b2tn2 (17T1 + 97T2)

27720a
; kg16−16 =

b3t3n4 (3T1 + 13T2)
665280a3 +

b3tn2 (3T1 + 13T2)
55440a

+
bt3n2 (33T1 + 275T2)

166320a
;

kg16−17 = −
b2tn2 (17T1 + 97T2)

27720a
; kg16−18 =

b3tn2 (3T1 + 13T2)
55440a

; kg17−17 =
btn2 (54T1 + 469T2)

6930a
;

kg17−18 = −
b2tn2 (17T1 + 97T2)

27720a
; kg18−18 =

b3tn2 (3T1 + 13T2)
55440a

with n = πm.
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