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Abstract

The presence of steel fiber in plain concrete improves significantly the stiffness as well as the ductility of the
material. However, the mechanical behavior in the post-cracking stage of steel fiber-reinforced concrete depends
on many factors. Among them, the orientation of the fibers is an important factor that is difficult to quantify.
This paper presents a theoretical study that describes the fiber bridging mechanism under tensile stress using a
closed-form analytical function. This proposed analytical model allows estimating the stress at a crack opening
where the fiber orientation is represented by a Gaussian-like periodic distribution function. The relevance of
the proposed model is validated through several numerical analyses with both pre-defined values of different
material properties and geometrical parameters of the fibers and the experimental parameters of the two direct
tensile tests reported in the literature. The model shows an overall reasonable estimation and presents a lot of
potential for further development.

Keywords: steel-fiber-reinforced concrete (SFRC); fiber orientation; pullout mechanism; micromechanics; nu-
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1. Introduction

The concept of enhancing the ductility of concrete by incorporating steel fibers has garnered
significant interest in both the scientific community and industrial production. Over the past three
decades, the steel fiber-reinforced concrete (SFRC) has expressed its benefits from numerous studies
and practical applications [1-4].

In general, when a crack forms, the steel fibers located in the crack zone absorb a portion or all the
stress and then redistribute the internal forces through a process known as pull-out process, resulting
in a reduction of the development of the crack in terms of both size and speed. Experimental studies
[5, 6] have shown that with a suitable and well-distributed volume, steel fibers can partially or fully
replace conventional steel reinforcement in reinforced concrete structures. This not only provides
economic benefits by saving time and labor in the production of steel reinforcement but is also a
prerequisite for manufacturing structural elements using 3D printing technology.

The functionality of steel fibers in SFRC is influenced by various factors such as the geometry
of the fibers as well as their distribution and orientation within the structure. While the shape, the
quantity, and the distribution of fibers can be controlled by formula selection and/or manufacturing
methods [7] the orientation of fibers within concrete is a difficult-to-control factor both before and
after casting. The orientation of steel fibers has a significant impact on the post-cracking behavior
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of SFRC. For instance, experimental results in [8, 9] demonstrated that concrete specimens with a
majority of steel fibers oriented along the principal tensile stress direction increase the post-cracking
strength. This allows the specimens to withstand considerable stress at high deformation levels. In
contrast, when most steel fibers are oriented perpendicular to the principal tensile stress direction, the
strength of the material is not strengthened, and brittle failure may occur. Many studies (e.g. [10-12])
have indicated that when the average angle of the fiber with respect to the pulling axis, ¢y, is relatively
large (¢9 — 90°), the pulling force can cause local cracking of the concrete around the fiber or break
the fiber before the entire fiber is pulled out. On the other hand, when ¢y is relatively small (¢y — 0°),
the fiber pulled-out process can be prolonged, helping to release more energy and produce significant
stresses at high level of crack opening.

Regarding the pull-out mechanism of individual fibers, several models have so far been proposed.
For instance, Naaman et al. [13] assumed that the initial bond stress between steel fibers and hardened
concrete matrix is an empirical constant, and the pulling force of straight fibers parallel to the tension
force is determined by the equation of force balance. This model was later developed by Alwan et al.
[14] for hooked-end fibers, where the steel fibers are assumed to reach the plastic state after surpassing
the debonding stage, and the bending points at the hooks is simulated as a frictional pulley system,
from which the generated force due to straightening of the hook can be calculated. Lin et al. [15]
proposed an analytical model that takes into account the elastic deformation of straight fibers during
the debonding process. This model was further supplemented by the effect of inclined fiber bending
at the crack by Zhang et al. [16], and the local concrete crushing effect due to the reaction force at
the bending point in [17, 18]. Although this model was only applied to synthetic fibers, it has great
potential for further development and application to steel fibers.

So far, numerical studies on the influence of fiber orientation on the post-cracking behavior of
fiber-reinforced concrete are still quite limited. For this subject, two main directions can be mentioned:
the micromechanical model and the explicit discontinuous model. In the explicit discontinuous model
[19, 20], fibers are simulated with specific orientations by special discrete elements. These elements
are added to the mesh following the probability distribution function and activated when the stress
reaches a critical value. Although these models can provide relatively accurate results and predict the
location and the development of cracks, they are highly sensitive to the mesh size and require a very
high computation time, especially for complex structures or loads. The micromechanical models [21—
24] consider the influence of fiber orientation as a factor that reduces the tensile strength of individual
fiber. Although this method may not accurately reflect all physical mechanisms, it has proven highly
effective in finite element analysis applications.

Based on the micromechanical model proposed in [21], the present study proposes an analytical
function to estimate the tensile stress across the crack. This enables us to develop an effective numer-
ical model that allows representing the post-cracking behavior of steel-fiber reinforced concrete with
consideration to the influence of fiber orientation. For this work, the tension force of a steel fiber in-
clined from the concrete is firstly built based on the combination of the pulley friction model [14] and
the elastic deformation model [15]. Then, the fiber orientation factor is calculated through a statistical
function. The tensile stress at the crack surface is defined as the sum of the normalized tension forces
of all fibers adjusted by the fiber orientation factor. In the present paper, the variations of the proposed
model with different material properties and different geometrical parameters are quantified through
a parametric study. Additionally, the accuracy of the model is evaluated by comparing its results with
the data of two direct tensile tests on SFRC samples collected from the literature.
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2. Definition of analytic model

This study focuses on two common types of steel fibers: straight steel fibers and hooked-end
steel fibers. The former type is normally used in high-performance concrete, while the latter ones are
typically used with conventional concrete in load-bearing structures such as industrial floors, tunnel
linings, and drainage culverts [1, 7].

tensile \‘d f .-

direction
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Figure 1. Schema of a single fiber under a crack opening

crack plane

2.1. Description of the pullout mechanism of individual fiber

To illustrate the pullout mechanism of individual steel fiber, a sketch of a hooked-end steel fiber
with the length Ly, diameters dy, length of two hooks L; and L,, and angle between them ¢ under a
crack opening within a hardened concrete matrix is considered in Fig. 1. It is noted that the straight
fiber does not have hooks (i.e. L; = L, = 0). At the time ¢, there is a crack with a width of w across
the position of the steel fiber. The inclination angle of fiber with respect to the crack normal direction
is ¢ and the distance between the middle of fiber and the crack plane is z. The length of embedded
part of fiber (L) is given by:

2 cos @

(1)

Generally, the pullout mechanism of steel fibers consists of the following three stages: The first
stage is called “debonding stage” (Fig. 2(a)) that the chemical bond between the fiber and the hard-
ened concrete matrix is gradually broken under the tensile force. When all the outer surface of the
embedded part is debonded, the second stage called “straightening stage” begins (see Fig. 2(b)). In
this stage, the parts of the fiber not parallel to the tensile force will bend, while the part that is straight-
ened will slide. The bending force of non-straight part causes the local compressive reaction on the
concrete around the fiber. This force may stretch the fiber beyond the elastic limit. Finally, the fiber
will pull out of the concrete with a friction coefficient smaller than the initial steel/concrete friction
coefficient in the stage called “frictional slipping” (Fig. 2(c)).

Debonding Straightening Frictional slipping
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Figure 2. Pullout mechanism of a single fiber
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In debonding stage, let A be the length of the embedded part that has been pulled out, the bridging
force (Ny) is the sum of the pullout force on fiber (Ny4r) and the reaction force (Ngy,,) of concrete acts
on the outer face of fiber along the length of A:

Ng = Ngf + Nap, (2)
The elastic deformation of steel fiber is equal to the elastic deformation of surrounding concrete:

Odf _ 0am  Nag 1 Nawm 1

Edf = &gm & — = < — 3)
S B T Ewm | A; Ef Ap Em
Ay Ef Vi Ef vy Ey
= Nyr= =L Ny = L =LNy = =N 4
“ELE, dm = V., Nam =1 v B dm 4)

where Ay the cross-sectional area of steel fiber, A,, the sectional area of concrete contributed to tensile
strength, E¢, E,, are respectively the Young modulus of steel fiber and concrete matrix, and vy is the
fiber content.

Let 7(u) be the bond strength between the fiber and the hardened concrete matrix (shortly called
concrete in the following paragraph) at position u from the crack to bonded zone (u € [0, 4]), the
reaction force of surrounding concrete is expressed as follows:

Pl
Ny = ndy f‘r(u)du (5)
0
Es vg
Setn = Ef I / , this coefficient represents the zone where the pullout process of the fiber can
- vy

be considered as independent. Eq. (5) can now be rewritten as follows:

Ng = ndg(1 +1) fT(u)du (6)

Using the linear expression of 7(u) in terms of relative slip and initial bond strength between the
fiber and concrete (7o) proposed by Lin and Li [15] after several arrangements, the pullout force of a
single fiber in the debonding stage can be given by:

ndy
Nag(w) = —= \JEftods(1 +m) Vw (7

The corresponding width of the crack when all the embedded part is pulled out (1 = L), wy, is
approximated by:
40 + Lt
C ek
The debonding stage is completed on all fiber across the crack when these fibers with embedded
length L = L/2 are all pulled out. The corresponding width of the crack (wg) becomes w* as follows:

®)

(1+mLi7g
* - J 9
w 4E; ©)
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For the hooked-end steel fibers, when the width of the crack opening exceeds the critical value wy,
the straightening stage is triggered. The hooks are pulled straight due to the reaction at the bending
points (see Fig. 2(b)). Assuming that the fiber slips as a rigid body through the bending point with
the friction coefficient u, pulley friction model [14] assumes the increased forces (ANp;2) due to the
straightening of hooks with the length of L, (see Fig. 1) are as follows:

n fydi
ANL] = Q = . . 2
12siny [1 - psin/2)] (10)
ANp, = % (1 — usin %) where f, is the elastic limit of steel

To estimate the pullout force at the straightening stage, Alwan et al. [14] proposed two parabolic
regimes for this stage. The first parabolic starts from (N (wg), wg)) to the peak (Nys(wo)+ANr1), L1/2).
The second one continues from this peak to the point of (Ny(wo) + ANo, L1 + Lo) (see Fig. 3). From
this assumption, the straightening functions N,, and N,, can be expressed by the following equations:

2
w—w w=w L
Nrew) = =Q| ——=| +20| — |+ nd(1 + proL;  Vw e (wo,—l] (11)
T A :
2
. w—L L
Ny = -2 (1 + usin f) L) + Q+nds(1 +mroL; Ywe (—1,L1 + Lg] (12)
2 2 L 2
N 4
N @
Na(wo) + AN : ,', . 2m quadratic
i i _________ Na(wo) + ANy
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Na(wo) !
debonding straightening frictionahglipping
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Figure 3. Pullout function at each stage (modified from [14])

When all the hooks of the fiber are straightened, the stress in the fiber has been relatively high
and it may exceed the elastic limit f,, the fiber undergoes the frictional slipping stage. Based on the
method described in [15], the pullout force at this stage can be estimated as follows:

Now) = |rdp(1 + pyroL + % (1 — usin f)

(1 w—L -1,
2

L

)VWE(L1+L2,Lf'/2] (13)

2.2. Description of the distribution of fiber orientation

The fiber orientation is represented on spherical coordinate (r, ¢, #) with the principal axis 7 par-
allel with the normal of the crack plane (see Fig. 4). The relationship between the spherical coordinate
and Descartes coordinate is presented by the following equation:
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r= x> +y?+ 22

X =rcosgcosf z
y=rsingsing & gozarccos(—]
VX2 +y? + 22

Z="rcosy Y
6= arctan(—)
X

Due to the symmetric nature of the fiber to
the crack plane, the distribution of fiber orienta-
tions can be considered on one-eighth of a sphere
(¢, 0) € [0, /2] X [0, 27]. In spherical coordinates,
the distribution function p,(¢, #) can be expressed
following Gaussian-like probability density func-
tion of ¢ with period 7 as follows [25]:

Py(p,6) = cosh (kg cos o) (15)

where k, represents the dispersion of the distri-
bution. The higher value of k, implies the higher
quantity of fiber oriented toward the average ori-
entation. Let ¢ be average orientation or refer-
ence orientation. Using the relationship between

coordinates

(14)

Z (tensile direction)

Figure 4. Fiber orientation in spherical

two coordinates (Eq. (14)) and normalizing it with the Jacobian of transformation, the probability

density function (Eq. (15)) is rewritten in Descartes coordinates as follows:

ke

m cosh [kg(cos ( COS gy — sin ¢ sin @ sin goo)] sin ¢

pgo(So’ 0) =

The cumulative value a of p,(¢,6) over one-
eighth of the sphere shows in Fig. 5. The value of
a represents the probability of a fiber having the
orientation ¢ within the set of fibers with the aver-
age orientation ¢( and dispersion k,. As displayed
in Fig. 5: (i) for a given value of ¢y, when k, — 0,
the value of @ — 0.5; and (ii) for a fixed value of
ko, while the value of @ increases when ¢y — 0,
it decreases when ¢y — =+m/2. This observation

is suitable with the reported experimental results
(e.g. [10-12]).
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In this study, for the analytical model, as the
effect of segregation within concrete is neglected,
the distribution of the fibers in the representative

Figure 5. Relationship between the parameters
(kg, o) of the fiber orientation distribution and
the cumulative value of the density function @

volume element can be assumed to be uniform. Therefore, the probability function of the relative
position of the fibers to the crack can be calculated as follows:

p(z) = L_
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2.3. Behavior of SFRC at pre- and post-cracking

Based on the principles of the micromechanical model [21], for this study, the stress of the fiber
at the crack (or the fiber bridging stress, o ¢(w)) can be expressed by the following equation:

2r w/2 L
O'f(W):v_f f f f pw, L)p(z)py(p, 0)dLdpd6 (18)
Af9:0¢:0 0

Applying the limitation conditions for the variables in Eq. (18), the bridging stress of the fiber
o r(w) for two types of the fibers are expressed as follows:

For hooked-end fiber: with z = = Erds
- For hooked-end fiber: with z; = > 4(1+77)TOW

(i) Yw € [0, w"]:

8v
orn=—| [ [ [ Natwzowag.odedgas
I 20020 2o
O 09
+ f f Nre(W, 2, 0)py (e, O)dzdpd
6=0 =0 =24
(ii) Yw € (w*, Ly /2]
L .
g 2 72 (Tf‘ )COS“’
-
o= — Nye(w. 2, @)p, (. O)dzdipdd (20)
I 20020 o
(111) Yw € (L] /2, L + Ls]:
2 7)2 (%—w)cosgo
8vyr
ndef
0=0 =0  z=0
(iv) Yw € (L1 + Lo, Ly/2];
2 7)2 (L—iffw)cowp
8vy
ap(w) = zf f Ne(w, 2, )Py (¢, O)dzddl (22)
nd Lf
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(i) Yw € [0, w"]:

(%—w)cosga (23)

(ii) Yw € (w*, Ly/2]:

o n/2 2 -w coscp

8
(W) = —f f f f NeOw, 2, )o@, O)dzdidd (24)

nd>L
P 620020 o

Prior to cracking, concrete shows a linear elastic behavior. Therefore, the stress of hardened con-
crete matrix in the pre-cracking can be expressed as follows:

Al
o.=Enen = Eml_ (25)
(&
where E,, and g, are the elastic modulus and the deformation of the cement matrix, respectively; Al
is the elongation; and [, is called the characteristic length.
Finally, the constitutive behavior of SFRC is expressed through the combination of the stress of

the hardened concrete matrix and the fiber bridging stress as follows:

o(w) = ocH(fi = 0c) + 0 (W) (26)
where f; is the tensile strength of the hardened concrete matrix, and H is the step-function defined as
follows:

1 Vx>0
H) = { 0 Vx<0 @7

3. Model appraisal
3.1. Parametric study

In this section, the variations of the constitutive model (Eq. (26)) with several parameters are in-
vestigated by using numerical programming in Python 3. For this work, three geometrical parameters
of the fibers including the length of the fiber (L), the diameter of the fiber (dy), and the dispersion
coefficient of the density function (k,), and one parameter of the material properties, the initial bond-
ing stress (7o) are examined. To investigate the influences of these four parameters on the constitutive
model, for a given category of Ly or dy or 7¢, three values including the reference value shown in
Table 1 and two values equal to 20% of the reference value were examined. In this study three values
k, = 0.1;8; 100 were considered. k, = 8 represents the coefficient of fiber orientation correspond-
ing @ = 0.75 (see Fig. 5). This reference ko-value is frequently observed in experimental works (e.g.
[26, 27]). kg = 100 implies that all fibers are oriented toward the average direction (¢g), while k, = 0.1
means the isotropic orientation. The reference values of all the input parameters used in this study are
summarized in Table 1. Noted that except for the four parameters Ly, dy, 79, and kg, all the remaining
parameters in Table 1 are kept unchanged for any analysis in this study.
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For a given parameter, both hooked-end and
straight fibers are considered (note that the lengths
and angles of the hooks are null for straight fibers)
The influences of the four examined parameters
on the relationship between o and w are presented
in Fig. 6 to Fig. 9. Each figure contains a smaller
figure at the top right conner that presents the vari-
ation of the curves up to the crack size of 0.3mm.
Overall, all the four examined parameters signifi-
cantly influence the model, however, the variation
of the proposed model is relatively proportional.
From the results shown in Fig. 6 to Fig. 9, some
conclusions can be drawn:

(i) The cohesive stress of SFRC increases with
increasing the fiber length (L;) and the initial
bond strength (1) as well as the dispersion coeffi-
cient (k,). These variations are consistent with the
experimental results reported in [9, 28, 29].

(i1)) The cohesive stress of SFRC decreases
with increasing the diameter of the fiber (dy).

Table 1. Input parameters for reference simulation

Ly (mm)
L; (mm)
L, (mm)
dy (mm)
Ey (MPa)
fy (MPa)
E,, (MPa)
f; (MPa)
Ve

u

Y (rad)
%o (rad)

60.0
2.9
2.1

0.75

210000
1500
35000
3.5
0.005
0.15
/4
/6
8.0

(ii1) In straightening stage, the cohesive stress of SFRC used hooked-end fibers decreases with
increasing the fiber length (L) (see Fig. 7(a)). Meanwhile, an opposite behavior is observed for SFRC
used straight steel fibers (see Fig. 7(b)). This can be explained by the fact that in the straightening
stage, the second quadratic function is used for the hooked-end fibers (see Fig. 3), while it is not used

for the straight fibers.

Overall, it can be concluded that the proposed model behaves in a stable way with different values

of the examined parameters
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(b) Straight fibers

Figure 6. Influence of fiber diameter d; on the relationship between o~ and w
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Figure 8. Influence of initial bond strength 7( on the relationship between o and w
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3.2. Model validation with experimental results

In order to verify the proposed model in practical situations, the numerical prediction is performed
with the reported data of two uniaxial tensile tests on: (i) notched cylinder fabricated from regu-
lar SFRC [30]; and (ii) high-performance fiber reinforced concrete (HPFRC) with the pre-oriented
straight fibers 8]

a. Regular SFRC with hooked-end fibers

Mudadu et al. [30] performed a series of direct tensile tests on notched cylinders with the diameter
of 80 mm and the height of 160 mm. The cross-sectional area at the middle height of the cylinder is
reduced by 10% to assure the cracks position (notched section). To measure the crack width (i.e.,
relative displacement between the two considered points symmetrically arranged around the notched
section), three LVDTs (Linear Variable Differential Transformer) with a band of 40 mm are placed
around the notched section (see Fig. 10).

The concrete used for this tensile test has the Young modulus E,, = 34 GPa and the compressive
strength f.,, = 55 MPa. The tensile strength of hardened concrete matrix can be estimated following
the empirical equation recommended in Eurocode 2 as: f; = 0.3 % fczn/f = 4.34 (MPa). The initial bond
strength can be chosen as equal to the tensile strength of hardened concrete matrix 79 = f;.

LVDT2, 52
- -

o) Clip-Gauge

LVDT3, 83

Clip-Gauge

Figure 10. Illustration of testing setup for the direct tensile experiments [30] performed
on notched SFRC cylinders (modified from [30])

The geometrical properties of the fiber are: Ly = 35 mm, L; = L, = 1.5 mm, and dy = 0.55 mm.
The elastic limit of steel fiber f, = 1345 MPa. The characteristic length is chosen as the band width
of LVDT /. = 40 mm. Three fiber contents vy = 0.3%, vy = 0.5%, and vy = 1.0% were tested. For a
given of vy, the corresponding spatial properties of the fibers @, ¢o, and k, are summarized in Table 2.

Table 2. The volume fraction and the corresponding spatial properties of the fibers used in tensile tests of [30]

vy a ©o (rad) kg
0.003 0.72 0.258 8.2
0.005 0.69 0.244 8.0
0.010 0.71 0.256 8.1

As shown in Fig. 11, the numerical model shows a reasonable estimation with the experimental
results of [30], especially for the low fiber content. However, for the highest fiber content (v = 1.0%)
the numerical model overestimates the bridging stress compared with the tested observation (see
Fig. 11). This can be explained by the hypothesis of the present model that all fibers work inde-
pendently until they are completely pulled out. Nevertheless, fibers that are close to each other have
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certain interactions and become significant as the 5
. . .. . — Exp.v=03%
fiber content increases. This interaction can cause Exm. 2l=0.5%
. — Exp.v=0.5%
local damage to the hardened concrete matrix and 4 i

— Exp.v=1.0%

----- Num. v,=0.3%
N Num. v,=0.5%
 SUR R Num. v,=1.0%

the fibers can be pulled out before completing the
sliding process.

b. High-performance fiber reinforced concrete
with the pre-oriented straight fibers

In this section, a series of tensile tests on
prisms fabricated from high-performance fiber
reinforced concrete (HPFRC) using pre-oriented
straight fibers of Bayard [8] is analyzed. To orient
the fibers in the concrete sample, the author used

several thin shells that were placed into the mold Figure 11. Comparison of numerical prediction
with a distance of 20 mm. These shells were then with experimental observations of direct tensile
removed when finishing the casting process. The test on notched SFRC cylinder reported in [30]

material properties and the geometrical parame-
ters of the fibers used for these tests are listed in Table 3.

Table 3. Material properties and geometrical parameters of the fibers used in the direct tensile tests of [§]

Ly (mm) dy(mm) E;(MPa) f, (MPa) vy E, MPa) f; MPa) 71y (MPa)
13.0 0.20 210000 1800 0.027 45000 7.0 7.0

For the casting process described above, the dispersion of fiber orientation can be assumed as
small. Hence, it can be assumed k, = 8.0 that is an average value frequently observed in reported
experiments (see section 3.1) and this value was applied for all numerical simulations in the present
study.

14 14 14 14
12 12 12 N 12 &
o= (P oo =450\ =00
=0 =45 0=90°|=
10 4 10 10 PRI 10 e =
% =
= 8 = 8 = 8 = 8 T
& & & &
2 2 2 =
e 6 e 6 o 6 e 6
4 4 4 4
2 2 2 2
0 0 0 0
0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10 0 2 4 6 8 10

&(%/e0) £(%/ec) £(%/e) £(%/e0)
(@) (b) (©) (d)

Figure 12. Comparisons of numerical prediction (blue curve) with experimental results (set of red curves) of
direct tensile tests on HPFRC with the pre-oriented straight fibers performed in [8]

As displayed in Fig. 12, the proposed prediction model presents a good agreement with the ex-
perimental results. However, for the proposed model, the strain hardening stage seems to be slightly
underestimated compared with the experimental results. In other words, the model does not allow
for accurate estimation of the nonlinear hardening behavior of materials at small deformation. This
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can be explained by the fact that the HPFRC samples were not notched. Hence, the microcracks
can be distributed throughout the samples. It then causes a long strain-hardening stage and leads to
the formation of numerous macrocrack. Meanwhile, the present numerical model considers only one
macrocrack perpendicular to the direction of the applied load (see Fig. 2). However, all simulated
curves fall within the range of the experimental results, and the critical post-cracking stress can be
estimated quite accurately by the present numerical model.

4. Conclusions

In this paper, a numerical model is developed to predict the cohesive stress at post-cracking stage
of steel fiber reinforced concrete considering the fiber orientation. In this model, the fiber bridging
stress is introduced as an analytical function of material properties. The combination of the “pulley
friction” model and the “elastic hardening” model introduced in this paper allows to present the work
of both straight fiber and hooked-end fiber. The distribution of fiber orientation is represented through
a new Gaussian-like -periodic density function

Parameter studies performed in the present work show that the proposed model provides quite
consistent results with experimental observations. Simulations on two cases of direct tensile tests also
show a reasonably good estimation of the model for the cohesive stress after cracking. The proposed
distribution function of fibers orientation has proven to be effective in representing the uneven distri-
bution of fibers orientation. However, the model has a certain deviation in the case of hooked fibers
and with a relatively high fiber content, that requires a further study on the effect of the interaction of
the fibers within the hardened concrete matrix.

Although there are still some limitations, the proposed model has a lot of potential for develop-
ment. For instance, the bridging stress function can be directly used for cohesive elements in local
finite element models, or used as a function to calculate energy released rate in global finite element
models when cracking occurs.
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