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Abstract

The motion equation of a one-degree-of-freedom system when subjected to earthquakes is usually not solved by
analytic methods. This problem can only be solved through the time step method, when integrating differential
equations. This paper is devoted to presenting a numerical solution for a seismic analysis problem of a highway
bridge pier with high damping rubber bearings under earthquakes. Based on time-stepping Newmark’s method,
a numerical solution is developed to predict the seismic responses of the piers. The iteration Newton-Raphson
method is also applied in the problem for static analysis of this nonlinear system. The ground acceleration in
the analysis is the type- II earthquake in JRA 2004 (Japan Road Association). Further-more, high damping
rubber bearings are modeled by the two models: the bilinear design model and the rheology model proposed by
authors. After that, the stress responses and the displacement responses of the pier are obtained by a program
that is implemented in Matlab software. The comparison results obtained from the two models show that the
seismic responses of the pier strongly depend on the modeling of the rubber bearings. This is the important note
for engineers to design the earthquake resistance of bridges with high damping rubber bearings. The solution
is also a useful tool for engineers to predict the seismic responses of bridge piers in the design procedure.
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ings.
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1. Introduction

An analytical solution of the motion equation for practical problems such as predicting the re-
sponses of houses or bridges under earthquakes is not possible because the excitation – ground ac-
celeration is complex to be analytically defined and is represented only numerically [1]. The only
practical approach for such systems involves numerical time-stepping methods such as the Central
difference method; Newmark’s method. These numerical methods are very useful for predicting the
dynamic response of nonlinear systems in engineering design practice.

Bridges are vital infrastructures, especially in emergencies like earthquakes. They are transporta-
tion lifelines of society for evacuation and aid when disasters occur. However, there were a lot of
bridge structures that collapsed in earthquakes in Kobe, Japan (1995) and Northridge, USA (1994)
[2]. Therefore, it is especially important to ensure the safety of bridges in the event of an earthquake.
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Recently, the base isolator has become a technique solution of construction in highly seismic ar-
eas [3]. Among many types of isolators, laminated rubber bearings are very popular in the world.
The laminated rubber bearings are three types: lead rubber bearings; nature rubber bearings; and
high damping rubber bearings (HDRB). HDRB are used widely in Japan due to their large strength
and high damping. Although HRDB has been used for several decades, the design analysis of struc-
tures with HDRB is still a complicated problem because the mechanical behavior of HDRB is quite
complex.

In this paper, a numerical solution based on Newmark’s method is developed to predict the seismic
responses of the bridge piers using HDRB under the type- II earthquake in JRA 2004 [4]. The Newton-
Raphson method is also employed in this calculation for static analysis of the nonlinear system. There
are some algorithms that are proposed and implemented in Matlab software [5]. Two models are used
for HDRB for the purpose of comparison. The comparison results show that the seismic responses of
bridges strongly depend on the modeling of HDRB. This is the important note for engineers to design
bridge structures with HDRB.

2. A seismic analysis problem of a bridge pier used HDRB under earthquakes

A multi-span continuous bridge in [6] is used in this analysis. The bridge is the continuous re-
inforced concrete (RC) deck-steel girder bridge isolated by HDRB provided at top of the RC piers.
The isolated bearings are positioned between the steel girders and top of the piers. The geometric
dimensions of HDRB in the prototype bridge are given in Table 1.

Table 1. Properties of HDRB

Particulars Specifications

Cross-section (mm2) 650 × 650
The rubber layer number 6
A rubber layer thickness (mm) 13.54
A steel layer thickness (mm) 2.3
Shear Modulus (Mpa) 1.2

In this analysis, the bridge superstructure is considered a horizontal rigid diaphragm, all the isola-
tors experience the same displacement and therefore can be lumped into a single equivalent isolation

Figure 1. The model of the single degree of freedom system for the bridge’s pier
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unit, the superstructure of bridge is simulated as a mass, m, the vertical displacement of mass is elim-
inated. Then the bridge pier can be simply modeled as a single degree of freedom system (SDOF).
The rubber bearing is assumed to be rigidly bonded to the substructure of bridges. The link between
the superstructure and the mass m is HDRB as Fig. 1. In this paper, HDRB is modeled by the bilinear
model in [4, 7] and the rheology model proposed by authors [8]. The comparison results will show
the modeling effect of HDRB on the prediction of seismic responses of the bridge piers.

In seismic design guides and specifications [4, 7], the elasto-plastic bilinear model is commonly
used for modeling isolation bearings in nonlinear dynamic analyses. The correct modeling of the
bridge is very necessary to predict the seismic responses of the bridges with HDRB. In particular, the
modeling of HDRB is very important for the bridges used. The bilinear model is shown in Fig. 2.

(a) Force-displacement relation (b) Represented in a rheology model

Figure 2. Bilinear design model

Figure 3. The proposed model in [8]

The previous studies [9–14] have shown that
the mechanical behavior of HDRB is strongly rate
dependent with strain hardening at large levels.
However, the design model in [4, 7] cannot repro-
duce this behavior of HDRB. In order to solve this
limitation of the design model, the authors have
proposed a rheology model of HDRB, which can
reproduce the rate dependency behavior of HDRB
in [8]. The proposed model is presented in Fig. 3.

3. A numerical solution based on time-stepping
Newmark’s method

In this section, the motion equation of the
SDOF system of the pier in Section 2 is solved by
Newmark’s method. For static analysis of the nonlinear SDOF system, the Newton-Raphson method
is developed in this calculation. The resisting force fb of the motion equation is determined by two
models: the bilinear model in [4, 7] and the proposed model in [8].
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3.1. A numerical solution of the motion equation of SDOF system

The motion equation at the mass, m point of the SDOF system as

mü + cu̇ + fb = p (1)

where m is the mass of the upper structure and c is the damping coefficient of the upper structure. fb
is the resisting force of HDRB, p is an external force (earthquake), u is the horizontal displacement at
the top of bearing.

a. Newton-Raphson Iteration
Considering a nonlinear equation to be solved in a static problem

fS (u) = p (2)

The objective is to determine the displacement u due to the external force p, where fS (u) has a
nonlinear force-displacement relation.

Assume that after j cycles of iteration, u( j) is an estimate of the unknown displacement, and we
will develop an iterative procedure. This procedure will provide an improved estimate of u( j+1).

( fS )( j+1) = ( fS )( j) +
∂ fS
∂u

∣∣∣∣∣
u( j)

(
u( j+i) − u( j)

)
+

1
2
∂2 fS
∂u2

∣∣∣∣∣∣
u( j)

(
u( j+i) − u( j)

)2
+ . . . (3)

If u( j) is near to the solution, to make change in u, ∆u( j) = u( j+1)
− u( j), will be very small and the

second and higher order quantities can be ignored, leading to the linearized equation

( fS )( j+1)
≈ ( fS )( j) + k( j)

T ∆u( j) = p (4)

where k( j)
T =

∂ fS
∂u

∣∣∣∣∣
u( j)

is the tangent stiffness at u( j).

A residual force R is defined by the difference between the external force p and f ( j)
S

R( j) = p − f ( j)
S = k( j)

T ∆u( j) (5)

The solution of the linear equation (5) is ∆u( j) and an improved estimated displacement;

u( j+1) = u( j) + ∆u( j) (6)

In order to check the solution in each iteration, and the repeat process will be stopped when the
error’s measure in the solution is smaller than a specified tolerance such as∣∣∣R( j)

∣∣∣ ≤ εR (7)

b. The time-stepping procedure based on Newmark’s method
To develop Newton-Raphson iteration for dynamic analysis. The motion equation at the time i + 1

step (
f̂S

)
i+1

= pi+1 (8)

where (
f̂S

)
i+1

= müi+1 + cu̇i+1 + ( fb)i+1 (9)
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with ui+1, u̇i+1, üi+1 will be determined at time i + 1 step.
The dynamic analysis Eq. (8) has the same form as the static analysis Eq. (2). So, we can apply

the Taylor series expansion for Eq. (8), interpret
(

f̂S
)
i+1

as a function of ui+1 as(
f̂S

)( j+1)

i+1
≈

(
f̂S

)( j)

i+1
+

∂ f̂S
∂ui+1

∆u( j) = pi+1 (10)

where ∆u( j) = u( j+1)
i+1 − u( j)

i+1.
Differentiating Eq. (9) at the known displacement u( j)

i+1 to define the tangent stiffness(
k̂T

)( j)

i+1
=

∂ f̂S
∂ui+1

= m
∂ü
∂ui+1

+ c
∂u̇
∂ui+1

+
∂ fb
∂ui+1

(11)

The difference between the external force pi+1 and
(

f̂S
)( j)

i+1
is defined as the residual force R( j)

i+1

R( j)
i+1 = pi+1 −

(
f̂S

)( j)

i+1
=

(
k̂T

)( j)

i+1
∆u( j) (12)

A family of time-stepping methods are developed Newmark, these methods are based on the
following equations

ui+1 = ui + (∆t) u̇i + (0.5 − β) ∆t2üi + β∆t2üi+1 (13)

u̇i+1 = u̇i + (1 − γ) ∆tüi + (γ∆t) üi+1 (14)

From Eq. (13), üi+1 can be expressed in terms of ui+1

üi+1 =
1

β∆t2 (ui+1 − ui) −
1
β∆t

u̇i −

(
1

2β
− 1

)
üi (15)

Substitute Eq. (15) into Eq. (14), u̇i+1 can be expressed in terms of ui+1

u̇i+1 =
γ

β∆t
(ui+1 − ui) +

(
1 −

γ

β

)
u̇i + ∆t

(
1 −

γ

2β

)
üi (16)

To differentiate Eq. (15) and (16) 
∂ü
∂ui+1

=
1

β∆t2

∂u̇
∂ui+1

=
γ

β∆t

(17)

Substitute Eq. (17) into Eq. (11) to obtain the tangent stiffness
(
k̂T

)( j)

i+1(
k̂T

)( j)

i+1
=

1
β∆t2 m +

γ

β∆t
c + (kT )( j)

i+1 (18)

where (kT )( j)
i+1 is the bearing’s stiffness.

Substitute Eq. (15) and (16) into Eq. (9) then substitute
(

f̂S
)( j)

i+1
into Eq. (12) to obtain the residual

force R( j)
i+1.

R( j)
i+1 = pi+1 − ( fb)( j)

i+1 −

(
1

β∆t2 m +
γ

β∆t
c
) (

u( j)
i+1 − ui

)
+

[
1
β∆t

m +

(
γ

β
− 1

)
c
]

u̇i

+

[(
1

2β
− 1

)
m + ∆t

(
γ

2β
− 1

)
c
]

üi

(19)
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The bearing force ( fb)( j)
i+1 and bearing stiffness(kT )( j)

i+1 can be obtained by the above two models.
The seismic analysis based on time-stepping calculation procedure is described in Fig. 4.

Figure 4. The chart to calculate the dynamic response of a SDOF system

c. The resisting force determined from models

• Bilinear model

The bearing force of ( fb)( j)
i+1 is calculated by using the bilinear model in [4, 7].

The design model of the bearings is represented in a rheology model in Fig. 4.

fb = Fep + Fee (20)
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where Fep and Fee are shown in Fig. 4(b).
The second branch in the Fig. 4 presents the elastic force Fee

Fee = Kbu (21)

where Kb is the stiffness of spring B.
The first branch in Fig. 4 shows the elasto-plastic force Fep

+ Spring A is linear:
Fep = Kaua (22)

where Ka is the stiffness of spring A.
+ If Fep equals the yield force Qy, the slider S will be activated and start to slide u̇s , 0 if

∣∣∣Fep
∣∣∣ = Qy

u̇s = 0 if
∣∣∣Fep

∣∣∣ < Qy
(23)

where Qy is yield force.

Figure 5. The force and displacement relation in
the first branch

To find the solution of Fep in the first branch,
we will use a predicted calculation:

+ The Fep and displacement relation is pre-
sented in Fig. 5.

+ To increase the displacement ∆ui+1 as

∆ui+1 = ui+1 − ui (24)

+ The increment of Fep in the bilinear
model as

∆Fep,i+1 = Ka∆ui+1 (25)

⇒ Fep,i+1 = Fep,i + ∆Fep,i+1 (26)

+ If
∣∣∣Fep,i+1

∣∣∣ ≥ Qy as in Fig. 6(b)

Fep,i+1 = Qysign (∆ui+1) (27)

and
(kT )i+1 = Kb if Fep,i+1∆ui+1 > 0 (28)

(kT )i+1 = Ka + Kb if Fep,i+1∆ui+1 < 0 (29)

+ If
∣∣∣Fep,i+1

∣∣∣ < Qy as in Fig. 6(c)
Fep,i+1 = Fep,i+1 (30)

and
(kT )i+1 = Ka + Kb (31)

The flow chart describes to calculate the bearing force ( fb)i+1 and determine the tangent stiffness
of the bearing (kT )i+1 at time i+1 step in Fig. 7.

In this analysis, the parameters of the bilinear model are determined in Nguyen et al. [15] for the
room temperature case.
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(a) (b) (c)

Figure 6. The method to predict the value of Fep at step i + 1

Figure 7. The flow chart describes to calculate the bearing force at the time i + 1 step

• Rheology model

In order to improve the bilinear model in producing the rate-dependent behavior of HDRB, the
authors propose a rheology model in [8] as Fig. 3. The rheology model is used to determine the
resisting force (bearing force) in this part;

* Representation of rate-independent equilibrium stresses in the first and second branches
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- Spring A1 is defined as
τep = C(EQ)

1 γa1 (32)

- Slider S 1 is defined as  γ̇s1 , 0 for
∣∣∣τep

∣∣∣ = τ(EQ)
cr

γ̇s1 = 0 for
∣∣∣τep

∣∣∣ < τ(EQ)
cr

(33)

- Spring B1 is defined as
τee = C(EQ)

2 γ + C(EQ)
3 |γ|msgn(γ) (34)

sgn(x) =


+1 : x > 0
0 : x = 0
−1 : x < 0

(35)

- Solution of τep in the first branch is obtained by a predicted calculation

∆γi+1 = γi+1 − γi ⇒ ∆τep,i+1 = C(EQ)
1 ∆γi+1 ⇒ τep,i+1 = τep,i + ∆τep,i+1 (36)

If ∣∣∣τep,i+1
∣∣∣ ≥ τ(EQ)

cr ⇒ ∆τep,i+1 = τ
(EQ)
cr sign (∆γi+1) − τep,i; ∆γa1,i+1 = ∆τep,i+1/C

(EQ)
1 (37)

Else
⇒ ∆τep,i+1 = ∆τep,i+1; ∆γa1,i+1 = ∆γi+1 (38)

End
τep,i+1 = τep,i + ∆τep,i+1 (39)

γa1,i+1 = γa1,i + ∆γa1,i+1 (40)

* Representation of rate-dependent overstressed in the third branch
- Spring A2 is defined as

τa = C(OE)
1 γa2 (41)

- Element S 2 is defined as  γ̇s2 , 0 for |τa| = τ(OE)
cr

γ̇s2 = 0 for |τa| < τ
(OE)
cr

(42)

- Spring B2 is defined as
τb = C(OE)

2 γb (43)

- The stress of D is presented:
τoe = a|γ̇d |

nsgn (γ̇d) (44)

- Solution of τoe in the third branch
+ To apply Euler’s formula for differential equation (39), the expression for γd,i+1 can be ob-

tained as

γd,i+1 = γd,i + ∆t

∣∣∣τoe,i
∣∣∣1/n

a1/n sign
(
τoe,i

)
(45)

⇒ γb,i+1 = γi+1 − γd,i+1 (46)

+ τb,i+1 in spring B2 is calculated by Eq. (38) from γb,i+1
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+ τa,i+1 in spring A2 can be obtained by the predicted calculation that is the same calculation of
τep,i+1 in the first branch.

∆γb,i+1 = γb,i+1 − γb,i ⇒ ∆τa,i+1 = C(OE)
1 ∆γb,i+1 ⇒ τa,i+1 = τa,i + ∆τa,i+1 (47)

If ∣∣∣τa,i+1
∣∣∣ ≥ τ(OE)

cr ⇒ ∆τa,i+1 = τ(OE)
cr sign

(
∆γb,i+1

)
− τa,i; ∆γa2,i+1 = ∆τa,i+1/C

(OE)
1 (48)

Else
⇒ ∆τa,i+1 = ∆τa,i+1; ∆γa2,i+1 = ∆γb,i+1 (49)

End
τa,i+1 = τa,i + ∆τa,i+1; γa2,i+1 = γa2,i + ∆γa2,i+1 (50)

+ τoe,i+1 is the sum of τa,i+1 and τb,i+1

τoe,i+1 = τa,i+1 + τb,i+1 (51)

* The bearing force and tangent stiffness of the bearing at time i + 1
- Total bearing stress:

τi+1 = τep,i+1 + τee,i+1 + τoe,i+1 (52)

- To differentiate Eq. (44) at γi+1

∂τi+1

∂γi+1
=
∂τep,i+1

∂γi+1
+
∂τee,i+1

∂γi+1
+
∂τoe,i+1

∂γi+1
(53)

From Eq. (33)
∂τee,i+1

∂γi+1
= C(OE)

2 + C(OE)
3 m|γ|m−1sign (γ) (54)

∂τeo,i+1

∂γi+1
≈

∆τep,i+1

∆γi+1
∂τoe,i+1

∂γi+1
≈

∆τoe,i+1

∆γi+1

(55)

With ∆τep,i+1 = τep,i+1 − τep,i; ∆τoe,i+1 = τoe,i+1 − τoe,i; ∆γi+1 = γi+1 − γi

- To differentiate Eq. (44) at γ̇i+1

∂τi+1

∂γ̇i+1
=
∂τep,i+1

∂γ̇i+1
+
∂τee,i+1

∂γ̇i+1
+
∂τoe,i+1

∂γ̇i+1
=
∂τoe,i+1

∂γ̇i+1
(56)

Because τep and τee are rate-independent.
From

γd = γ − γb ⇒ γ̇d = γ̇ − γ̇b (57)

- Substitute Eq. (48) into Eq. (39) and differentiate Eq. (39)

∂τi+1

∂γ̇i+1
=
∂τoe,i+1

∂γ̇i+1
= a

∂ (|γ̇ − γ̇b|
n)

∂ (γ̇)
sign (γ̇ − γ̇b) + a|γ̇ − γ̇b|

n ∂ (sign (γ̇ − γ̇b))
∂ (γ̇)

= an|γ̇ − γ̇b|
n−1sign (γ̇ − γ̇b) + a|γ̇ − γ̇b|

n2dirac (γ̇ − γ̇b)
(58)
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Figure 8. The flow chart describes to calculate the bearing force and the bearing stiffness at time i + 1

⇒
∂τi+1

∂γ̇i+1
= na|γ̇d |

n−1sign (γ̇d) + a|γ̇d |
n2dirac (γ̇d) (59)

- The bearing force at time i + 1
fb,i+1 = Abτi+1 (60)

where Ab is the cross-section of the bearing
- The tangent stiffness at time i + 1

(kT1)i+1 =
∂ fb,i+1

∂ui+1
=
∂ (Abτi+1)
∂ (Hγi+1)

=
Ab∂τi+1

H∂γi+1
(61)

(kT2)i+1 =
∂ fb,i+1

∂u̇i+1
=
∂ (Abτi+1)
∂ (Hγ̇i+1)

=
Ab∂τi+1

H∂γ̇i+1
(62)

54



Dung, N. A. / Journal of Science and Technology in Civil Engineering

where H is the total rubber thickness
- Substitute Eq. (46) into Eq. (51a)

(kT1)i+1 =
Ab

H

[
∆τep,i+1

∆γi+1
+

∆τoe,i+1

∆γi+1
+ C(OE)

2 + C(OE)
3 m|γ|m−1sign (γ)

]
(63)

- Substitute Eq. (49b) into Eq. (51b)

(kT2)i+1 =
Ab

H

[
na|γ̇d |

n−1sign (γ̇d) + a|γ̇d |
n2dirac (γ̇d)

]
(64)

The flow chart describes the bearing force and the tangent stiffness of bearings by the rheology
model in Fig. 9. The rheology model parameters in this paper are the same as the parameters of the
model in [8] at 23 °C.

Based on the flow chart in Figs. 4, 7, 8, a program is developed and an algorithm is implemented
in Matlab software [5]. The seismic responses at the top of the bearing are obtained by this program.

d. Input data of the dynamics analysis
The bridge and bearings used in this analysis are similar to [6]. However, the rubber bearings are

HDRB, the bearings in [6] are nature rubber bearings and lead rubber bearings. The area of HDRB
is Ab of 0.65 × 0.65 m2. Total rubber thickness is H of 6 × 0.01354 = 0.08124 m. The steel girders,
covered asphalt, reinforced concrete slab, and rail are superstructures. The mass of the structure is
calculated for P1 pier with a span of 35.0 meters, M = 196928 (kg). The viscous damping of the
structure is h of 5%. The natural period is T of 2 sec for the type II earthquake [4]. The structure’s

damping coefficient, C = 2hMω = 2hM
2π
T

(N.s/m). Time integration step: ∆t = 0.01 (s); γ = 1/2,
and β = 1/6. The tolerance of residual force is εR of 0.001 × Qy (N). Earthquake ground motion in
Fig. 9.

Figure 9. The type-II earthquake

3.2. The seismic responses at the top of the bearings obtained from the solution

The difference is very clear in Figs. 10 and 11. It means that the bridge’s seismic responses
strongly depend on the modeling approach of HDRB used in the bridge. Therefore, the engineers
have to be careful to choose the model for HDRB in the practice design.
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Figure 10. Displacement responses Figure 11. Stress-strain responses

4. Conclusions

A numerical solution has been successfully developed for determining the seismic hysteresis loops
of HDRB at the top of the bridge pier. The motion equation of the nonlinear SDOF system of the
piers is solved by Newmark’s method. The iteration Newton-Raphson method is also employed in
this calculation for static analysis of the nonlinear system. HDRB of the pier is modeled by the two
models: the bilinear design model and the proposed rheology model. After that, the comparing results
obtained from the two models show that the seismic hysteresis loops strongly depend on the modeling
of HDRB. This is the important note for engineers to design the earthquake resistance of bridges using
HDRB.
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