
Journal of Science and Technology in Civil Engineering, HUCE (NUCE), 2022, 16 (3): 18–28

NAVIER SOLUTION FOR STATIC AND FREE VIBRATION
ANALYSIS OF SANDWICH PLATE WITH AUXETIC

HONEYCOMB CORE RESTING ON PASTERNAK
ELASTIC FOUNDATION

Nguyen Tat Thanga, Nguyen Van Longa,∗, Tran Minh Tua, Nguyen Hoang Namb, Mai Chau Anha

aFaculty of Civil and Industrial Construction, Hanoi University of Civil Engineering,
55 Giai Phong road, Hai Ba Trung district, Hanoi, Vietnam

bKey Research Group of Mechanics of Advanced Materials and Structures (MAMS), Hanoi University
of Civil Engineering, 55 Giai Phong road, Hai Ba Trung district, Hanoi, Vietnam

Article history:
Received 04/4/2022, Revised 16/5/2022, Accepted 20/5/2022

Abstract

This study investigates the bending behaviour and free vibration response of a rectangular sandwich plate with
auxetic honeycomb core and functionally graded material (FGM) face sheets. Governing equations are estab-
lished from Hamilton’s principle in the framework of the first-order deformation theory (FSDT). The Navier
solution has been utilized to determine the deflection and the natural frequency of the simply supported sand-
wich plate. The reliability and accuracy of the proposed model have been validated via verification studies. The
numerical investigations are conducted to investigate the influence of geometric parameters of auxetic material,
volume fraction index of FGM, the thickness ratio of layers, and elastic foundation stiffness on deflection and
fundamental frequency of the FG-Auxetic sandwich plate.

Keywords: bending analysis; free vibration; sandwich plate; auxetic material; functionally graded material
(FGM).
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1. Introduction

Sandwich shells/plates are multi-layered structures composed of two thin outer skins of strong
and stiff material separated by a thick core made from a low-density material [1]. Due to possess-
ing many outstanding properties, such as high strength and stiffness-to-weight ratios, lightweight, and
excellent absorption capacity in comparison with equivalent solid plates, sandwich plates are success-
fully utilized in aerospace, defense, civil, transportation, marine, and many mechanical engineering
applications. By choosing the appropriate material and layer thickness ratio, the designer can get the
desired sandwich structures, serving different purposes. The thin face sheets play important roles as
not only the main bearing function but also a protective surface layer from the impact of the envi-
ronment. The core materials of sandwich structures are commonly based on porous, lightweight foam
such as metal foam, polystyrene foam or honeycomb form which possess superior energy absorption
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capability [2]. These types of sandwich plates are commonly employed in constructing soundproof-
ing, heat insulation walls and floors. Therefore, many studies on the kinetic and static behavior of
sandwich structures with skin layers and a core made from different materials are conducted [3–10].

Auxetic materials are a class of advanced materials that exhibit numerous enhanced characteris-
tics, both physical and mechanical [11]. Due to their superior material properties compared to conven-
tional solid materials such as durability, lightweight, high stiffness and strength-to-weight ratio, good
energy-absorption capacity, etc., they are widely used in various industrial branches. In particular,
honeycombs are typical auxetic materials/structures that have many configurations such as triangular,
square, circular, hexagonal, re-entrant, chiral, . . . Sandwich plates with honeycomb core have potential
application in aerospace, civil, and defense, thus studies on their mechanical behavior are attracted
significant interest from scientists.

Whal et al. [12] examined shear stress distribution in sandwich plates with an aluminium honey-
comb core by using an analytical solution, finite element (FE) method and experimental validation.
Streck et al. [13] studied the dynamic response of a sandwich panel with the auxetic core. Ruzzene
et al. [14] analyzed vibration of and wave propagation in a sandwich plate with the cellular core by
using the FE model. Based on the equivalent model in combination with 3D FEM, Wang et al. [15]
presented free vibration response of sandwich plates with a hierarchical sandwich core in the form of
a square honeycomb. In the framework of FSDT and FEM, Tran et al. [16] investigated the dynamic
analysis of auxetic honeycomb core sandwich composite plates placing on an elastic foundation. Nam
et al. [17] presented free vibration response, buckling analysis and dynamic instability of auxetic
honeycomb plates using graphene platelets as reinforcement to skin layers. Mazaev and Shitikova
[18] investigated the stressed state of sandwich plates with tetrarchical honeycomb core under static
bending. The nonlinear vibrational characteristic of an auxetic laminated plate under blast loading is
reported by Dat et al. [19] using an analytical approach. Quoc et al. [20] studied free vibration and
dynamic response of sandwich plates with isotropic face sheets and auxetic core.

From the above comprehensive literature review, this paper proposes a model of the sandwich
plate with FG face sheets and auxetic honeycomb core (re-entrant) applying for static and free vibra-
tion analysis for the first time. Following the FSDT, the Navier solution is utilized to predict deflection
and natural frequencies of simply supported rectangular sandwich plates. The influence of face-sheet
volume fraction index, geometric parameters of auxetic core, elastic foundation coefficients, layer’s
thickness ratios on deflection, and fundamental natural frequency is investigated in detail.

2. Theoretical formulations

2.1. The FG-Auxetic sandwich plate

In this study, a sandwich plate with an auxetic core and two FGM face sheets is considered.
The plate total thickness is h, the width and length are a and b, respectively. The plate is rested on
the Pasternak elastic foundation (Fig. 1) with the Winkler stiffness of Kw and the shear stiffness of
Ksi (i = x, y).

The thickness of face sheets and core layers are (z2−z1) = (z4−z3) = hF , and (z3−z2) = hC , respec-
tively. The FGM face sheets are made of two constituents: ceramic and metal, the effective material
characteristics are adopted to vary along with thickness direction according to a simple power law.
The core layer is made of a negative Poisson ratio material called auxetic honeycomb. The mechanical
properties of the sandwich plate are defined as follows:
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(a) The FG-auxetic sandwich plate
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a. The top FGM face sheet (T): z3 ≤ z ≤ z4

ET (z) = Em + (Ec − Em)
(

z − z3

z4 − z3

)p

; ρT (z) = ρm + (ρc − ρm)
(

z − z3

z4 − z3

)p

(1)

b. The bottom FGM face sheet (B): z1 ≤ z ≤ z2

EB(z) = Em + (Ec − Em)
(

z2 − z
z2 − z1

)p

; ρB(z) = ρm + (ρc − ρm)
(

z2 − z
z2 − z1

)p

(2)

in which p ≥ 0 is the volume fraction index of FGM, Em, ρm are Young’s modulus and mass density
of the ceramic constituent, respectively; and Ec, ρc are modulus of elasticity and mass density of the
metal constituent, respectively. For simplicity, the Poisson ratio of FGM is assumed to be constant.

c. Auxetic core (C): z2 < z < z3

An auxetic honeycomb-structured core type “C” with a hexagonal unit cell is shown in Fig. 1(b).
Material properties are defined as follows [16]:

EC
1 = Eη3

3
cos θ[

η1 + sin θ
]
sin2 θ

; EC
2 = Eη3

3

[
η1 + sin θ

]
cos3 θ

νC12 =
cos2 θ[

η1 + sin θ
]
sin θ

; GC
12 = Eη3

3

[
η1 + sin θ

]
η2

1
[
2η1 + 1

]
cos θ

GC
13 = Gη3

cos θ[
η1 + sin θ

] ; GC
23 = Gη3

1 + 2 sin2 θ

2 cos θ
[
η1 + sin θ

]
ρC = ρ

η3 (η1 + 2)
2 cos θ

[
η1 + sin θ

] ; η1 =
h0

l0
, η3 =

t
l0

(3)

where E,G and ρ are modulus of elasticity, shear modulus and mass density of original material,
whereas l0, h0, θ, t represent the length of the inclined rib and vertical rib, the inclined angle and the
thickness of the cell, respectively.
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2.2. Displacement field and stress-strain relations

Following the FSDT, displacement components of an arbitrary point in Cartesian coordinates
(x, y, z) of a plate can be expressed as [21]:

u (x, y, z, t) = u0 (x, y, t) + zθx (x, y, t) ;

v (x, y, z, t) = v0 (x, y, t) + zθy (x, y, t) ;

w (x, y, z, t) = w0 (x, y, t)
(4)

where t is the time variable; and u0, v0,w0 represent the displacements at the mid-plane of the plate
in the x, y, z directions; θx, θy are the transverse normal rotations about the y and x-axes, respectively.

The linear strain-displacement relations of the plate are given as:
εx

εy

γxy

 =


u0,x
v0,y

u0,y + v0,x

 + z


θx,x
θy,y

θx,y + θy,x

 =

ε0

x
ε0

y
γ0

xy

 + z


κx
κy
κxy

 ;

{
γxz

γyz

}
=

{
w0,x + θx
w0,y + θy

}
=

{
γ0

xz
γ0

yz

} (5)

Mark (,) alongside displacement components indicates partial derivatives of corresponding variables.
The stress components in the nth layer are determined from the stress-strain relations:

σx

σy

σxy


(k)

=


Q(k)

11 Q(k)
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21 Q(k)

22 0
0 0 Q(k)
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}
(6)

where:

Q(C)
11 =

E(C)
1
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12 ν

(C)
21

; Q(C)
22 =

E(C)
2

1 − ν(C)
12 ν

(C)
21

; Q(C)
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ν12E(C)
2

1 − ν(C)
12 ν

(C)
21

;

Q(C)
66 = G(C)

12 ; Q(C)
55 = G(C)

13 ; Q(C)
44 = G(C)

23 ;

Q(i)
11 = Q(i)

22 =
E(z)

1 − ν2
; Q(i)

12 =
νE(z)
1 − ν2

; Q(i)
66 = Q(i)

55 = Q(i)
44 =

E(z)
2 (1 + ν)

; i = T, B

2.3. Governing equations

By employing the FSDT, the motion equations of the plate can be given as follows [22]:

Nx,x + Nxy,y = I0ü + I0θ̈x; Nxy,x + Ny,y = I0v̈0 + I0θ̈y; Qx,x + Qy,y + q + fe = I0ẅ0;

Mx,x + Mxy,y − Qx = I1ü0 + I2θ̈x; Mxy,x + My,y − Qy = I1v̈0 + I2θ̈y
(7)

in which, moments of inertia: Ii =

h/2∫
−h/2

ρ(z)zidz; (i = 0, 1, 2) ; fe is the density of reaction force of

foundation, which is determined by [23, 24]: fe = −kww0 + ksxw0,xx + ksyw0,yy.
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Internal force resultants of the plate are determined by:

Nx
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Nxy
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Mxy


=
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}
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(8)

The stiffness coefficients of the sandwich plate are defined by:

(
Ai j, Bi j,Di j

)
=

h/2∫
−h/2

Qi j
(
1, z, z2

)
dz with i j = 11, 12, 22, 66

As
i j = kc

h/2∫
−h/2

Qi jdz with i j = 55, 44

where kc is the shear correction factor (assumed to be kc = 5/6).
Substitute the stress resultants of Eq. (8) into Eqs. (7), we obtain the equations of motions in terms

of displacements:

A11u0,xx + A66u0,yy + (A12 + A66) v0,xy + B11θx,xx + B66θx,yy + (B12 + B66) θy,xy = I0ü + I0θ̈x;
(A12 + A66) u0,xy + A11v0,yy + A66v0,xx + (B12 + B66) θx,xy + B11θy,yy + B66θy,xx = I0v̈0 + I0θ̈y;

As
44w0,yy + As

44w0,xx + As
44θx,x + As

44θy,y − kww0 + ksxw0,xx + ksyw0,yy + q = I0ẅ0;

B11u0,xx + B66u0,yy + (B12 + B66) v0,xy + D11θx,xx + D66θx,yy + (D12 + D66) θy,xy

− As
44

(
θx + w0,x

)
= I1ü0 + I2θ̈x;

(B66 + B12) u0,xy + B66v0,xx + B11v0,yy + (D66 + D12) θx,xy + D66θy,xx + D11θy,yy

− As
44

(
θy + w0,y

)
= I1v̈0 + I2θ̈y;

(9)

The above five equations are the governing equations with five unknowns u0, v0,w0, θx, θy that can
be used to investigate the static and free vibration response of the FG-Auxetic sandwich plate resting
on Pasternak’s elastic foundation.

3. Navier solution

Considering a simply supported rectangular sandwich plate with the length a and width b. Bound-
ary conditions of the plate according to FSDT are obtained as:

x = 0, a : v0 = 0,w0 = 0, θy = 0,Nx = 0,Mx = 0;

y = 0, b : u0 = 0,w0 = 0, θx = 0,Ny = 0,My = 0
(10)
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The displacement unknowns satisfying the boundary conditions (10) are selected as:

u0 =

∞∑
m=1

∞∑
n=1

u0mneiωt cosαx sin βy; v0 =

∞∑
m=1

∞∑
n=1

v0mneiωt sinαx cos βy;

w0 =

∞∑
m=1

∞∑
n=1

w0mneiωt sinαx sin βy;

θx =

∞∑
m=1

∞∑
n=1

θxmneiωt cosαx sin βy; θy =

∞∑
m=1

∞∑
n=1

θymneiωt sinαx cos βy

(11)

where u0mn, v0mn,w0mn, θxmn, θymn are unknown coefficients, and need to be determined; α =
mπ
a
, β =

nπ
b

; m, n = 1, 3, 5, ...
The transverse distributed load q(x, y) can be also expanded in the double trigonometric series as:

q(x, y) =
∞∑

m=1

∞∑
n=1

qmn sinαx sin βy;

qmn =
1

4ab

a∫
0

b∫
0

q(x, y) sinαx sin βydxdy

(12)

Substituting Eqs. (11) and Eq. (12) into the equations of motion Eqs. (9), we get linear algebraic
equations (∀m, n) as follows:


s11 s12 0 s14 s15
s12 s22 0 s24 s25
0 0 s33 s34 s35

s14 s24 s34 s44 s45
s15 s25 s35 s45 s55


− ω2


m11 0 0 m14 0
0 m22 0 0 m25
0 0 m33 0 0

m14 0 0 m44 0
0 m25 0 0 m55







u0mn

v0mn

w0mn

θxmn

θymn


=



0
0

qmn

0
0


(13)

in which:

s11 = A11α
2 + A66β

2; s12 = (A12 + A66)αβ; s14 = B11α
2 + B66β

2;

s15 = (B12 + B66)αβ; s22 = A66α
2 + A11β

2; s24 = (B12 + B66)αβ;

s25 = B66α
2 + B11β

2; s33 = As
44α

2 + A66β
2 + kw + ksxα

2 + ksyβ
2; s34 = As

44α;

s35 = A66β; s44 = D11α
2 + D66β

2 + As
44; s45 = s54 = (D12 + D66)αβ;

s55 = D66α
2 + D11β

2 + A66; m11 = m22 = m33 = I0; m14 = m25 = I1; m44 = m55 = I2

For the static analysis, set ω = 0, we obtain:
s11 s12 0 s14 s15
s21 s22 0 s24 s25
0 0 s33 s34 s35

s41 s42 s43 s44 s45
s51 s52 s53 s54 s55





u0mn

v0mn

w0mn

θxmn

θymn


=



0
0

qmn

0
0


; ∀m, n (14)
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By solving these equations, we can determine the unknown coefficients {Qmn} = {u0mn, v0mn,w0mn,

θxmn, θymn
}T

, from which the displacements, strains, stresses can be obtained for static analysis.
For the free vibration analysis, set qmn = 0, the eigenvalue problem is obtained as:

s11 s12 0 s14 s15
s21 s22 0 s24 s25
0 0 s33 s34 s35

s41 s42 s43 s44 s45
s51 s52 s53 s54 s55


− ω2


m11 0 0 m14 0
0 m22 0 0 m25
0 0 m33 0 0

m41 0 0 m44 0
0 m52 0 0 m55


= 0 (15)

The eigenvalue problem (15) is solved by using the standard eigenvalue algorithm and the funda-
mental angular frequency can be determined.

4. Numerical results and discussion

4.1. Verification examples

a. Verifying the deflection of the FGM sandwich plate

Table 1 shows the non-dimensional deflection of a square FGM sandwich plate with two FGM
face sheets (face-sheet/core/face-sheet thickness ratio: 1-0-1) with a = b = 10h; Ec = 151 GPa; Em

= 70 GPa; ν = 0.3. The plate is subjected to a bi-sinusoidal load q = q0 sin
πx
a

sin
πy
b

. The present
numerical results are verified with the analytical solutions by Zenkour [25] using the Navier solution
approach. The non-dimensional deflection w̄ is defined as follows:

w̄ =
10hE0

q0a2 w0

(
a
2
,

b
2

)
; E0 = 1 GPa (16)

Table 1. Non-dimensional deflection w̄ of a square FGM sandwich (1-0-1) subjected to a bi-sinusoidal load

Source
p

0 1 2 5 10

Zenkour [25] 0.19605 0.32349 0.37319 0.40905 0.41750
Present 0.19607 0.32484 0.37514 0.41120 0.41919

b. Verifying fundamental frequencies of the FGM sandwich plate

Table 2 indicates the non-dimensional fundamental frequencies ω̄ of a square FGM sandwich
plate composed of two FGM face sheets (1-0-1). The input data for the FGM plate: a = b = 10h; Ec

= 380 GPa, ρc = 3800 kg/m3; Em = 70 GPa, ρm = 2707 kg/m3; ν = 0.3. The present numerical results
are validated with 3D solution by Li [26] using the Ritz method. The non-dimenstional frequency is
defined as follows:

ω̄ = ω f
a2

h

√
ρ0

E0
; ρ0 = 1 kg/m3; E0 = 1 GPa (17)
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Table 2. Non-dimensional fundamental frequencies of a square FGM sandwich plate (1-0-1)

Source
p

0.5 1 5 10

3D - Li [26] 1.44614 1.24470 0.94476 0.92727
Present 1.44168 1.24032 0.94256 0.92508

c. Verifying the natural frequency of a sandwich plate composed of isotropic face sheets and Auxetic
core
A simply supported (SSSS) rectangular FGM sandwich plate, which consists of two isotropic face

sheets and an auxetic core, is considered. The thickness of the upper face-sheet and the lower face-
sheet is assumed to be constant and is equal to hF , while the core’s thickness is hC . It is assumed that
the face sheets and the core layer are made from the same material, and the foundation is homogenous
and isotropic (ksx = ksy = ks). The following material and geometric properties of the sandwich plate
are adopted: h = hC + 2hF , hC = 1.5hF , E = 69 GPa, G = 26 GPa, ν = 0.33, and ρ = 2700 kg/m3.
The unit cell of hexagonal honeycomb with inclined angle θ and various ratios of h0/l0 is considered.
The fundamental natural frequencies of the sandwich plate are computed and then compared with the
results of Thanh Trung and co-workers [16] using the finite element method (FEM) following the
FSDT (see Table 3).

Table 3. Fundamental natural frequency f =
ω

2π
(Hz) of a sandwich plate consists of isotropic face-sheets and

auxetic core (h = 0.1 m, a = b = 20h, t/l0 = 0.01385, θ = −55◦)

(kw, ks) Source h0/l0 = 0.5 h0/l0 = 1 h0/l0 = 2 h0/l0 = 4

(0, 0)
Tran et al. [16] 158.6420 142.8576 150.7676 151.7532

Present 155.9038 140.3700 148.1536 149.1236

(0.1 GPa/m, 0)
Tran et al. [16] 206.6414 185.9790 196.3308 197.6211

Present 204.5937 184.1132 194.3731 195.6519

(0.1 GPa/m, 0.05 GPa.m)
Tran et al. [16] 293.6156 264.1513 278.9102 280.7500

Present 291.8352 262.5256 277.2061 279.0363

From three verification examples, it can be observed that the present results are in very good
agreement with those gained by other authors. Thus proposed model, as well as the self-written Matlab
code, are reliable.

4.2. Influence of plate parameters and foundation properties on the deflection and fundamental fre-
quency of the FG-Auxetic sandwich plate

A rectangular FG-Auxetic sandwich plate composed of two FGM (Al/Al2O3) face sheets and an
auxetic honeycomb core made of the same metal component of the FGM face sheets. The plate is
rested on an homogenous and isotropic elastic foundation with input data: h = 0.1 m, a/h = 20, b/a =
1, η3 = 0.0138571. For the static analysis, the uniformly distributed load q = −104 Pa is applied.

The influences of elastic foundation stiffness on the deflection and fundamental frequencies of the
FG-Auxetic sandwich plate (1-2-1) are depicted in Figs. 2 and 3, respectively. As expected, an increase
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in elastic foundation stiffness (kw, ks) can enhance the plate stiffness. As a result, the deflection of the
sandwich plate reduces, while the natural frequency goes up.
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decreases, and fundamental natural frequency increases. Furthermore, the Pasternak 

stiffness ks has more effect on increasing fundamental natural frequency and reducing 

deflection than the Winkler stiffness kw. 

In addition, the significant effect of face sheet-core-face sheet thickness ratio on 

deflection, and fundamental natural frequency also can be observed in Figures 4 and 5. 

The thicker core layer, the lower deflection, and the higher natural frequency. 
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Figure 3. Influence of elastic foundation stiffness on
fundamental frequency ω of the FG-Auxetic

sandwich plate

Figs. 4 and 5 illustrate the influence of volume fraction index and face sheet-core-face sheet
thickness ratio on deflection, and fundamental natural frequency ω of the FG-Auxetic sandwich plate
resting on elastic foundation, respectively. It is clear that an increase in volume fraction index p
results in increasing the metal content of FGM, leading to a decrease in the stiffness of the plate. As a
result, deflection decreases, and fundamental natural frequency increases. Furthermore, the Pasternak
stiffness ks has more effect on increasing fundamental natural frequency and reducing deflection than
the Winkler stiffness kw.
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Figure 5. Influence of volume fraction index and
face sheet-core-face sheet thickness ratio on the
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In addition, the significant effect of face sheet-core-face sheet thickness ratio on deflection, and
fundamental natural frequency also can be observed in Figs. 4 and 5. The thicker core layer, the lower
deflection, and the higher natural frequency.

The influences of inclined angle θ of auxetic honeycomb unit cell on the deflection and the natural
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frequency of the FG-Auxetic sandwich plate are illustrated in Figs. 6 and 7, respectively. It can be
seen that the inclined angle θ has a significant effect on the natural frequency ω. In particular, a
considerable increase in the natural frequency is observed followed by varying the inclined angle
from 80◦ to −40◦. This effect is extraordinary η1 = 1. Nevertheless, the change in the inclined angle
takes a very slight influence on the deflection of the FG-Auxetic sandwich structure.
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Figure 7. Influence of inclined angle θ on the natural
frequency of the FG-Auxetic sandwich plate

5. Conclusions

Following the FSDT, in conjunction with Navier’s technique, the bending and free vibration be-
havior of simply supported rectangular sandwich plates have been studied. The FGM face-sheet sand-
wich plate with an auxetic honeycomb core resting on Pasternak elastic foundation is considered. The
reliability of Navier’s solution and self-written Matlab code has been verified for the deflection of the
FGM sandwich plate, and the natural frequency of the auxetic sandwich plate. The significant effect
of volume fraction index of FGM, the inclined angle of auxetic honeycomb unit cell, face sheet-core-
face sheet thickness ratio, elastic foundation stiffness on the deflection and the natural frequency of
the FG-Auxetic sandwich plate is explored through numerical examples.
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