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Abstract

This study investigates the bending behaviour and free vibration response of a rectangular sandwich plate with
auxetic honeycomb core and functionally graded material (FGM) face sheets. Governing equations are estab-
lished from Hamilton’s principle in the framework of the first-order deformation theory (FSDT). The Navier
solution has been utilized to determine the deflection and the natural frequency of the simply supported sand-
wich plate. The reliability and accuracy of the proposed model have been validated via verification studies. The
numerical investigations are conducted to investigate the influence of geometric parameters of auxetic material,
volume fraction index of FGM, the thickness ratio of layers, and elastic foundation stiffness on deflection and
fundamental frequency of the FG-Auxetic sandwich plate.
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(FGM).
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1. Introduction

Sandwich shells/plates are multi-layered structures composed of two thin outer skins of strong
and stiff material separated by a thick core made from a low-density material [1]. Due to possess-
ing many outstanding properties, such as high strength and stiffness-to-weight ratios, lightweight, and
excellent absorption capacity in comparison with equivalent solid plates, sandwich plates are success-
fully utilized in aerospace, defense, civil, transportation, marine, and many mechanical engineering
applications. By choosing the appropriate material and layer thickness ratio, the designer can get the
desired sandwich structures, serving different purposes. The thin face sheets play important roles as
not only the main bearing function but also a protective surface layer from the impact of the envi-
ronment. The core materials of sandwich structures are commonly based on porous, lightweight foam
such as metal foam, polystyrene foam or honeycomb form which possess superior energy absorption
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capability [2]. These types of sandwich plates are commonly employed in constructing soundproof-
ing, heat insulation walls and floors. Therefore, many studies on the kinetic and static behavior of
sandwich structures with skin layers and a core made from different materials are conducted [3—10].

Auxetic materials are a class of advanced materials that exhibit numerous enhanced characteris-
tics, both physical and mechanical [11]. Due to their superior material properties compared to conven-
tional solid materials such as durability, lightweight, high stiffness and strength-to-weight ratio, good
energy-absorption capacity, etc., they are widely used in various industrial branches. In particular,
honeycombs are typical auxetic materials/structures that have many configurations such as triangular,
square, circular, hexagonal, re-entrant, chiral, ... Sandwich plates with honeycomb core have potential
application in aerospace, civil, and defense, thus studies on their mechanical behavior are attracted
significant interest from scientists.

Whal et al. [12] examined shear stress distribution in sandwich plates with an aluminium honey-
comb core by using an analytical solution, finite element (FE) method and experimental validation.
Streck et al. [13] studied the dynamic response of a sandwich panel with the auxetic core. Ruzzene
et al. [14] analyzed vibration of and wave propagation in a sandwich plate with the cellular core by
using the FE model. Based on the equivalent model in combination with 3D FEM, Wang et al. [15]
presented free vibration response of sandwich plates with a hierarchical sandwich core in the form of
a square honeycomb. In the framework of FSDT and FEM, Tran et al. [16] investigated the dynamic
analysis of auxetic honeycomb core sandwich composite plates placing on an elastic foundation. Nam
et al. [17] presented free vibration response, buckling analysis and dynamic instability of auxetic
honeycomb plates using graphene platelets as reinforcement to skin layers. Mazaev and Shitikova
[18] investigated the stressed state of sandwich plates with tetrarchical honeycomb core under static
bending. The nonlinear vibrational characteristic of an auxetic laminated plate under blast loading is
reported by Dat et al. [19] using an analytical approach. Quoc et al. [20] studied free vibration and
dynamic response of sandwich plates with isotropic face sheets and auxetic core.

From the above comprehensive literature review, this paper proposes a model of the sandwich
plate with FG face sheets and auxetic honeycomb core (re-entrant) applying for static and free vibra-
tion analysis for the first time. Following the FSDT, the Navier solution is utilized to predict deflection
and natural frequencies of simply supported rectangular sandwich plates. The influence of face-sheet
volume fraction index, geometric parameters of auxetic core, elastic foundation coefficients, layer’s
thickness ratios on deflection, and fundamental natural frequency is investigated in detail.

2. Theoretical formulations

2.1. The FG-Auxetic sandwich plate

In this study, a sandwich plate with an auxetic core and two FGM face sheets is considered.
The plate total thickness is &, the width and length are a and b, respectively. The plate is rested on
the Pasternak elastic foundation (Fig. 1) with the Winkler stiffness of K,, and the shear stiffness of
Ksi (i = x,).

The thickness of face sheets and core layers are (zo—z1) = (z4—23) = hF, and (z3—22) = h¢, respec-
tively. The FGM face sheets are made of two constituents: ceramic and metal, the effective material
characteristics are adopted to vary along with thickness direction according to a simple power law.
The core layer is made of a negative Poisson ratio material called auxetic honeycomb. The mechanical
properties of the sandwich plate are defined as follows:
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(a) The FG-auxetic sandwich plate (b) Auxetic honeycomb unit cell

Figure 1. Configuration of an FG-auxetic sandwich plate resting on elastic foundtion

a. The top FGM face sheet (T): z3 <z < z4
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in which p > 0 is the volume fraction index of FGM, E,,, p,, are Young’s modulus and mass density
of the ceramic constituent, respectively; and E., p. are modulus of elasticity and mass density of the
metal constituent, respectively. For simplicity, the Poisson ratio of FGM is assumed to be constant.

c. Auxetic core (C): zp <7< 73

An auxetic honeycomb-structured core type “C” with a hexagonal unit cell is shown in Fig. 1(b).
Material properties are defined as follows [16]:

ET = Eny 3 -~ 2 0 2 = L 3
[171 + sin 8] sin” 6 cos” ¢

c _ cos? 6 o3 m+sing]

Vi = - 0 = En—
[T]] + sin 0] sin @ m [2171 + 1] cos 6 3)
cosd 1 +2sin%6

Gy=Gp————: G5 =G

13 =Y [171 + sin 6] 23 =135 050 [171 + sin 6]

c_ m(m+2) _ ho _t
P =Py coso [171 + sind]’ n lo 113 lo

where E,G and p are modulus of elasticity, shear modulus and mass density of original material,
whereas [y, hg, 0, t represent the length of the inclined rib and vertical rib, the inclined angle and the
thickness of the cell, respectively.
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2.2. Displacement field and stress-strain relations
Following the FSDT, displacement components of an arbitrary point in Cartesian coordinates

(x,y,7) of a plate can be expressed as [21]:

u(x,y,z,0) = uo (x,,0) + 26 (x,,0) ;
v(x,y,2,0) = vo (x,,1) + 26, (x,y,0); 4)
w(x,y,2,1) = wo (x,¥,1)

where ¢ is the time variable; and ug, vo, wo represent the displacements at the mid-plane of the plate

in the x, y, z directions; 6y, 6, are the transverse normal rotations about the y and x-axes, respectively.
The linear strain-displacement relations of the plate are given as:

0
Ex

Ex UQ, x ex,x x Kx
g ¢ = Vo,y +z Oyy = sg +z9 Ky ¢
Yxy U,y +Vox Ory + Oy Yy Kxy (35)

{ Yxz }:{ WO,x+9x }:{ 72z }
Yyz wo,y + 0y ng
Mark (,) alongside displacement components indicates partial derivatives of corresponding variables.

The stress components in the ™ layer are determined from the stress-strain relations:

(k) Q(k) & 0

o £ (k) k
) _ %kl) %kz) ) . Oxz Q( ' 0 Vxz 6
0-)7 = Q21 0 8)7 s o . O Q(k) y . ( )
O xy 0 O Q(k) Yxy 4 44 J
where: © © ©
00-_H o B 0 b
T 000 2 T 0 0 K12 T 0 (©)
12 21 12 721 12 721
©) _ ~O). O _ ~O). O _ ~0O),
O =G, 055 =G5 Oy =Gy
E(z) ) VE(Q) _E@ .
D) _ o) _ (i) N PN NG .
, = b 9 l = T’ B
Q=0 —_—el e 1 -2 Qos = 55 = Qua T2(1+v)

2.3. Governing equations

By employing the FSDT, the motion equations of the plate can be given as follows [22]:

Nx,x + ny,y = lpit + I()éx; ny,x + Ny,y = Ipip + I()é 5 Qx,x + Qy,y +q+ fe = Ipwy;

) . . -~ (7
Mx,x + Mxy,y - Qx = Iluo + IQ@X; Mxy,x + My,y - Qy = ]1V0 + I29y

h2
in which, moments of inertia: [; = f p(2)7'dz; (i = 0,1,2); f, is the density of reaction force of

—h/2
foundation, which is determined by [23, 24]: f, = —ky,wo + kgxWo,xx + ksyWo,yy.
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Internal force resultants of the plate are determined by:

[ A;n A2 0 By B 0

Ap An O Bp Bn 0
0 0 A¢ O 0 Begs

By B 0 Dy Dp O

By B 0 Dy D 0
0 0 Bs O 0 Des || Ky

. Ox - ASs 0}{)/%}8
’ {Qy} [0 Ay VSZ ®)

The stiffness coefficients of the sandwich plate are defined by:

\<
AN & >0

SXEFzzZ

h/2
(Aij,Bij,Dij)zfQij(l,z,zz)dz with ij=11,12,22,66
-h/2
h/2
A;:@L[ka with ij = 55,44
—h/2

where k. is the shear correction factor (assumed to be k. = 5/6).
Substitute the stress resultants of Eq. (8) into Egs. (7), we obtain the equations of motions in terms
of displacements:

At cx + Aesttoyy + (A12 + As6) Vo,xy + B110x.xx + Be6Oxyy + (Bi2 + Bes) Oy xy = loii + IpOy;

(A12 + Age) to,xy + A11V0,yy + A66Voxx + (Bi2 + Bes) Oxxy + B116yyy + BeeOyxx = loVo + IoBy;

AZ4W0J’Y + AZ4W0’XX + AZ49x,x + Ai49y’y — kywo + kgxwo xx + kSyW(),yy + g = Ilyvo;

Bi1ug,xx + BesUo,yy + (B12 + Bee) vo.xy + D116xxx + De6Oxyy + (D12 + D) 6y xy 9)
— Ay, (Ox + wox) = Liig + Loy

(Bss + B12) uo xy + BesVoxx + Bi1vo,yy + (Des + D12) Ox 5y + Degby xx + D116y

— A4, (6 + woy) = Liitg + Lfy;

The above five equations are the governing equations with five unknowns ug, vo, wo, 6, 6) that can
be used to investigate the static and free vibration response of the FG-Auxetic sandwich plate resting
on Pasternak’s elastic foundation.

3. Navier solution

Considering a simply supported rectangular sandwich plate with the length a and width . Bound-
ary conditions of the plate according to FSDT are obtained as:

x=0,a:vo=0,wy=0,0,=0,N,=0,M, =0;

(10)
y=0,b:up=0,wp=0,6,=0,N,=0,M, =0
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The displacement unknowns satisfying the boundary conditions (10) are selected as:

Vomne'®" sin azx cos By;

e
e

Uomne' cos axsinBy; vo =

S
I
[

<
M5 31 3D
DM i s

S
I
—
3
I
—_
S
I
—_

Womne™! sin ax sin By; (1)

S
11
—_

[ee]
Z Oymne'™’ sin ax cos By
1 n=1

Mg

iwt : .
Oxmne' cosaxsinBy; 0Oy =

3
I
S
I
3
I
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B=
a

where uomun, Vomns Womns Oxmn> Oymn are unknown coefficients, and need to be determined; a =

nm
—;m,n=1,3,5,...
b m,n

The transverse distributed load g(x, y) can be also expanded in the double trigonometric series as:

q(x,y) = Z Z Gmn Sin @x sin By;

m=1 n=
a
al
4

Substituting Egs. (11) and Eq. (12) into the equations of motion Egs. (9), we get linear algebraic
equations (Ym, n) as follows:

1

b (12)
g(x,y) sin ax sin Bydxdy

0

sitos12 00 sieosys myp 0 0 my O UOmn 0
s12 52 0 524 825 0 myp O 0 mps Vomn 0
0 0 53 s s35 |- 0 0 my3 0 O Womn ¢ =3 Gmn (13)
S14  S24  S34  S44  Sas mys 0 0 my O Oxmn 0
$15 825 S35 S45 555 0 mys O 0 mss Oymn 0
in which:

s11 = Ana® + AesB s12 = (A + Age) @B s14 = Bria® + Begf’;

sis = (Bio + Beg) ;522 = Aes@® + A1f% 524 = (B12 + Beg) o;

8§25 = B66012 + Bllﬂz; $33 = Afma’2 + Aﬁéﬂz + kW + ksxcyz + ksyﬂz; $34 = Afma;
535 = AeeB3;  sas = D11@” + DeoB> + A3,;  sas = ssa = (D12 + Deg) afs;

2 2 ) _ _ _ . _ _ 7. _ _
s55 = Dee™ + D11B° + Age;  mi1 =moy =m33 =1lo; mig=mos =115 mas=mss =D

For the static analysis, set w = 0, we obtain:

sit sz 0 sig sys UOmn 0
s21 522 0 524 525 Vomn 0
0 0 533 s3¢0 535 Womn ¢ =13 qmn (> Ym,n (14)
S41  S42  S43  S44  S45 Oxmn 0
$51 552 553 S54 855 Oymn 0
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By solving these equations, we can determine the unknown coefficients {Q.,} = {40mn> Vomn> Womn»

T . . . . . .
(7 — Hymn} , from which the displacements, strains, stresses can be obtained for static analysis.
For the free vibration analysis, set g,,, = 0, the eigenvalue problem is obtained as:

sit s12 0 s14 815 mip 0 0 my O
s21 s22 0 s04 825 0 mypn 0 0 ms
0 0 s33 s34 35 |—-w?| 0 0 myz 0 0 [=0 (15)
541 S42  S43 S44  S45 my 0 0 my O
$51 S52 853 Ss4 855 0 ms 0 0 mss

The eigenvalue problem (15) is solved by using the standard eigenvalue algorithm and the funda-
mental angular frequency can be determined.

4. Numerical results and discussion

4.1. Verification examples

a. Verifying the deflection of the FGM sandwich plate

Table 1 shows the non-dimensional deflection of a square FGM sandwich plate with two FGM
face sheets (face-sheet/core/face-sheet thickness ratio: 1-0-1) with a = b = 10h; E. = 151 GPa; E,,

=70 GPa; v = 0.3. The plate is subjected to a bi-sinusoidal load g = gg sin ™ in™. The present
a

numerical results are verified with the analytical solutions by Zenkour [25] using the Navier solution
approach. The non-dimensional deflection w is defined as follows:

10hEy ab
W = -, =15 E = 1 GP 16
v qoa? WO(Z 2) 0 4 (16)

Table 1. Non-dimensional deflection w of a square FGM sandwich (1-0-1) subjected to a bi-sinusoidal load

p
Source
0 1 2 5 10
Zenkour [25] 0.19605 0.32349 0.37319 0.40905 0.41750
Present 0.19607 0.32484 0.37514 0.41120 0.41919

b. Verifying fundamental frequencies of the FGM sandwich plate

Table 2 indicates the non-dimensional fundamental frequencies @ of a square FGM sandwich
plate composed of two FGM face sheets (1-0-1). The input data for the FGM plate: a = b = 10h; E,.
=380 GPa, p. = 3800 kg/m?; E,, = 70 GPa, p,, = 2707 kg/m>; v = 0.3. The present numerical results
are validated with 3D solution by Li [26] using the Ritz method. The non-dimenstional frequency is

defined as follows:
wfﬁ ,/ . po=1kg/m’; Ey=1GPa (17)
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Table 2. Non-dimensional fundamental frequencies of a square FGM sandwich plate (1-0-1)

p
Source
0.5 1 5 10
3D - Li [26] 1.44614 1.24470 0.94476 0.92727
Present 1.44168 1.24032 0.94256 0.92508

c. Verifying the natural frequency of a sandwich plate composed of isotropic face sheets and Auxetic
core

A simply supported (SSSS) rectangular FGM sandwich plate, which consists of two isotropic face
sheets and an auxetic core, is considered. The thickness of the upper face-sheet and the lower face-
sheet is assumed to be constant and is equal to ir, while the core’s thickness is A¢. It is assumed that
the face sheets and the core layer are made from the same material, and the foundation is homogenous
and isotropic (kg = kg, = k). The following material and geometric properties of the sandwich plate
are adopted: h = h¢ + 2hp, he = 1.5hp, E = 69 GPa, G = 26 GPa, v = 0.33, and p = 2700 kg/m®.
The unit cell of hexagonal honeycomb with inclined angle 6 and various ratios of %/l is considered.
The fundamental natural frequencies of the sandwich plate are computed and then compared with the
results of Thanh Trung and co-workers [16] using the finite element method (FEM) following the
FSDT (see Table 3).

Table 3. Fundamental natural frequency f = 23 (Hz) of a sandwich plate consists of isotropic face-sheets and
Vi
auxetic core (h=0.1m, a = b = 20h, t/ly = 0.01385,0 = —55°)

(kw, ks) Source ho/l() =0.5 /’lo/lo =1 ho/lo =2 ho/lo =4
Tranetal. [16]  158.6420  142.8576 150.7676  151.7532

(0,0) Present 155.9038 1403700 148.1536  149.1236
Tranetal. [16] 206.6414 1859790 196.3308 197.6211

(0.1 GPa/m, 0) Present 204.5937  184.1132 194.3731  195.6519
Tranetal. [16]  293.6156  264.1513 278.9102  280.7500

(0.1 GPa/m, 0.05 GPa.m) Present 201.8352  262.5256 277.2061  279.0363

From three verification examples, it can be observed that the present results are in very good
agreement with those gained by other authors. Thus proposed model, as well as the self-written Matlab
code, are reliable.

4.2. Influence of plate parameters and foundation properties on the deflection and fundamental fre-
quency of the FG-Auxetic sandwich plate

A rectangular FG-Auxetic sandwich plate composed of two FGM (Al/Al,O3) face sheets and an
auxetic honeycomb core made of the same metal component of the FGM face sheets. The plate is
rested on an homogenous and isotropic elastic foundation with input data: 2= 0.1 m, a/h =20, b/a =
1, 73 = 0.0138571. For the static analysis, the uniformly distributed load g = ~10* Pais applied.

The influences of elastic foundation stiffness on the deflection and fundamental frequencies of the
FG-Auxetic sandwich plate (1-2-1) are depicted in Figs. 2 and 3, respectively. As expected, an increase
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in elastic foundation stiffness (k,,, k5) can enhance the plate stiffness. As a result, the deflection of the
sandwich plate reduces, while the natural frequency goes up.

T
; .

k [Pam ¢« K [Pa/m X100y Pam ( k [Pam <1
Figure 2. Influence of elastic foundation stiffness on Figure 3. Influence of elastic foundation stiffness on
deflection w(a/2, b/2) of the FG-Auxetic sandwich fundamental frequency w of the FG-Auxetic
plate sandwich plate

Figs. 4 and 5 illustrate the influence of volume fraction index and face sheet-core-face sheet
thickness ratio on deflection, and fundamental natural frequency w of the FG-Auxetic sandwich plate
resting on elastic foundation, respectively. It is clear that an increase in volume fraction index p
results in increasing the metal content of FGM, leading to a decrease in the stiffness of the plate. As a
result, deflection decreases, and fundamental natural frequency increases. Furthermore, the Pasternak
stiffness kg has more effect on increasing fundamental natural frequency and reducing deflection than
the Winkler stiffness k,,,.

x10° 300¢
Sandwich FG-Auxetic plate: (12 .. o SZB
h=0.1m, ah=20,bla=1 —m(1-41 ] - - (s
7 =27, ~0.0138571 9= -55° --asvy L T T eI Io .-
% 1_—01GPafm k =0.05GPan -
w ] 2500 e

~..
~

wlrad/s|

ook e ]

Sandwich FG-Auxetic plate:
h=01m ah=20,ba=1,7 =21, =0.0138571

§=-55, kw =0.1 GPa/m, k =0.05 GPar

150C - - - -
C z < € & 10
p r
Figure 4. Influence of volume fraction index and Figure 5. Influence of volume fraction index and
face sheet-core-face sheet thickness ratio on the face sheet-core-face sheet thickness ratio on the
deflection of the sandwich plate fundamental frequency of the sandwich plate

In addition, the significant effect of face sheet-core-face sheet thickness ratio on deflection, and
fundamental natural frequency also can be observed in Figs. 4 and 5. The thicker core layer, the lower
deflection, and the higher natural frequency.

The influences of inclined angle 6 of auxetic honeycomb unit cell on the deflection and the natural
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frequency of the FG-Auxetic sandwich plate are illustrated in Figs. 6 and 7, respectively. It can be
seen that the inclined angle 8 has a significant effect on the natural frequency w. In particular, a
considerable increase in the natural frequency is observed followed by varying the inclined angle
from 80° to —40°. This effect is extraordinary n; = 1. Nevertheless, the change in the inclined angle
takes a very slight influence on the deflection of the FG-Auxetic sandwich structure.

o4 X0 . . . . . . 2200 o QARG
Sandwich FG-Auxetic plate (1-2-1) -~ = <
4gl h=01mah=20,bla=1.p=2 —5] 200( Sandwich FG-Auxetic plate (1-2-1)
’ n, =0.0138571,} =01 GPa/m o h=01m,ah=20,ba=1,p=2
4 | b =0.05GPan -1 =4 | 180¢ 7, =0.0138571.1  =0.1 GPa/m
’ k =0.05GPan
__160C
24t =
£ T 1400
o £
F 249 3
120¢
_2.5‘—%\“\- 1 L00¢
-1 = |
oy T 5 800 o) = 2 |
—0--7) =4
25 ‘ ‘ ‘ ‘ ‘ ‘ ‘ 600 ‘ ‘ ‘ ‘ ‘ ‘
8C  -6C -4 ¢ C 20 4¢ 6C 8C 8C 60 -4C € C 2C 4c 6C 8C
[ G

Figure 6. Effect of inclined angle 6 on the deflection Figure 7. Influence of inclined angle 6 on the natural
of the FG-Auxetic sandwich plate frequency of the FG-Auxetic sandwich plate

5. Conclusions

Following the FSDT, in conjunction with Navier’s technique, the bending and free vibration be-
havior of simply supported rectangular sandwich plates have been studied. The FGM face-sheet sand-
wich plate with an auxetic honeycomb core resting on Pasternak elastic foundation is considered. The
reliability of Navier’s solution and self-written Matlab code has been verified for the deflection of the
FGM sandwich plate, and the natural frequency of the auxetic sandwich plate. The significant effect
of volume fraction index of FGM, the inclined angle of auxetic honeycomb unit cell, face sheet-core-
face sheet thickness ratio, elastic foundation stiffness on the deflection and the natural frequency of
the FG-Auxetic sandwich plate is explored through numerical examples.
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