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Abstract

Buckling analysis of thin-walled composite channel beams is presented in this paper. The displacement field
is based on classical beam theory. Both plane stress and plane strain state are used to achieve constitutive
equations. The governing equations are derived from Lagrange’s equations. Ritz method is applied to obtain
the critical buckling loads of thin-walled beams. Numerical results are compared to those in available literature
and investigate the effects of fiber angle, length-to-height’s ratio, boundary condition on the critical buckling
loads of thin-walled channel beams.
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1. Introduction

Composite materials are widely used in many fields of civil, aeronautical and mechanical engi-
neering owing to low thermal expansion, enhanced fatigue life, good corrosive resistance, and high
stiffness-to-weight and strength-to-weight ratios. A large number of structural members made of com-
posites have the form of thin-walled beams. In addition to the increasing in application, thin-walled
composite beams also attract a huge attention from reseachers to study their structural behaviours.

The thin-walled theories are presented by [1, 2]. Bauld and Lih-Shyng [3] then developed Vlasov’s
thin-walled isotropic material beam theory for the composite one. Gupta et al. [4] used finite element
method (FEM) for analysing thin-walled Z-section laminated anisotropic beams. Bank and Bednar-
czyk [5] proposed a thin-walled beam theory for bending analysis of composite beams by considering
shear deformation. In this study, the Timoshenko beam theory together with a modified form of the
shear coefficient are developed. An analytical study for flexural-torsional stability of thin-walled com-
posite I-beams is presented by [6, 7]. Based on FEM and classical lamination theory, [8—10] predicted
flexural-torsional buckling load of thin-walled composite beams. Navier solution is used by [11] for
buckling and free vibration analysis of thin-walled composite beams. Shan and Qiao [12] conducted
a combined analytical and experimental study for buckling behaviours of composite channel beams
by considering the bending-twisting coupling and shear effect. Cortinez and Piovan [13] used FEM
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for the stability analysis of thin-walled composite beams. The displacement fields in this study are
developed by using non-linear theory. The exact stiffness matrix method are proposed by [14, 15] for
flexural-torsional stability analysis of thin-walled composite I-beams. Vo and Lee [16, 17] used FEM
for flexural-torsional stability analysis of thin-walled composite beams. In recent years, buckling be-
haviours of thin-walled functionally grade open section beams are also analysed [18-21]. It can be
seen that Ritz method has seldom been used to analyse the buckling problem of thin-walled composite
channel beams.

In this paper, the bending and warping shears are considered. The main novelty of this paper is
to apply a Ritz solution for the buckling analysis of thin-walled composite beams. The governing
equations are derived by using Lagrange’s equations. Results of the present element are compared
with those in available literature to show its accuracy of the present solution. Parametric study is also
performed to investigate the effects of length-to-height ratio, fibre angle on critical buckling loads of
the thin-walled composite beams.

2. Theoretical formulation

The theoretical development requires three [ B
sets of coordinate systems as shown in Fig. 1. The W ny
first coordinate system is the orthogonal Cartesian
coordinate system (x, y, z), for which the y- and z- Ay
axes lie in the plane of the cross-section and the x r W
axis parallel to the longitudinal axis of the beam. N
The second coordinate system is the local plate co- q ( Os
ordinate (n, s, x) wherein the n axis is normal to ¢f\
the middle surface of a plate element, the s axis is “p P
tangent to the middle surface and is directed along -
the contour line of the cross-section. 8, is an angle Yp y y
of orientation between (n, s, x) and (x,y,z) coor-
dinate systems. The pole P, which has coordinate
(yp,zp), is called the shear center [22]. Figure 1. Thin-walled coordinate systems

N
<

2.1. Constitutive relations
The constitutive equations for the k”-ply in the global coordinate system (n, s, x) are given by:

) (k)

Oy Q:n Q:lz Qm Ex
o =| Qi On 0O & (D
O xs Oi6 Q% Oss Vs

where Q; ; are transformed reduced stiffnesses. The one-dimensional stress states of thin-walled com-
posite beams are derived from Eq. (1) by assuming plane strain or plane stress state [23, 24]:

Ox © _ éll ém “ Ex
= % < ()
Txs Q16 Yo Yaxs
- For plane strain state (g, = 0):
011 = 011, 016 = 016, Qg6 = Oss (3)
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- For plane stress state (o5 = 0):

5 3 Q_%z 5 A 01202 = ~ Q§6
011 =0n-=-016=016— —=— 066 = Q66 — =— “4)
! 0n' ' On % On
Constitutive equation in Eq. (2) can be also applied for thin-walled isotropic beams [25]:
= = = E
Qllele6:0’Q66:G:m &)

where E,G and v are Young’s modulus, shear modulus and Poisson ratio of isotropic material, re-
spectively.
2.2. Kinematics

The mid-surface displacements (i, ¥, W) at a point in the contour coordinate system are written by
[26, 27]:

V(s,x) = V(x)sinbs(s) — W(x)cos s (s) — ¢ (x) g (s) (6)
w(s,x) =V (x)cosb(s) + W (x)sinb (s) + ¢ (x) r(s) (7
(s, ) =Ux) =V (x)y(s) =W (x)z(s) = ¢¥g (x) @ (5) 3

where the comma symbol indicates a partial differentiation with respect to the corresponding sub-
script coordinate. U, V and W are displacement of P in the x-, y- and z- directions, respectively; ¢ is
the rotation angle about pole axis; @ is warping function given by:

N

w (s) = fr(s)ds 9
S0
It can be seen that displacement fields in Eqgs. (6)—(8) are derived from Vlasov assumption which
ow i
shear strain of the mid-surface is zero in each plate ()‘/sx = E)_W + a—u = 0] [1, 27]. The displacements
x s

(u,v,w) at any generic point on section are obtained from Kirchhoff-Love’s the classical plate theory
which ignored shear deformation [27]:

v(n,s,x)=v(s,x) (10)
w(n,s,x) =w(s,x)—nv;(s,x) (1D
u(n, s, x) = i(s,x) —nv(s,x) (12)
The strains fields are obtained:
& = & + Nk, (13)
Vsx = NKgx (14)
where 5 5
ou o-v o0V

Ex = — Ky = ——,Ksx = — 1

& 0x 0x? . 0s0x (15
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In Eq. (15), &, ky and kg, are mid-surface axial strain and biaxial curvature of the plate, respec-
tively. Thin-walled beam strain fields can be obtained by substituting Egs. (6)—(8) into Eq. (15) as:

&y =sg+ykz+zky+wkw (16)
Ky = k;8In6 — Kk, €08 0 — Kiq (17)
Ksx = Kgx (18)

where 32, Ky, Kz, Ko7, Ksx are axial strain, biaxial curvatures in the y and z direction, warping curvature
with respect to the shear center, and twisting curvature in the beam, respectively defined as:

Q=U, (19)
Ky = =W 5y (20)
K; = _V,xx (21)
Ko = _¢,xx (22)
Ksx = _2¢,x (23)

Substituting Egs. (16)—-(23) into Egs. (13)—(14), the strains fields of thin-walled beam can be writ-
ten as:
sx=82+(y+nsin9)/<z+(z—ncos6)/<y+(w—nq)/<w (24)

Vsx = NKsx (25)

2.3. Variational formulation

The strain energy I1z of the beam is given by:

1
g = 5 f(o-xgx + O 5y Ysx)dQQ
Q

L

1
= E f(EllU’ZX - 2E12U,xV,xx - 2E13U,XW,XX — 4E14U’x¢’x + Ezzv’%cx + 2E24V,xx¢,xx
0

FE33 W2, + 2E34W o sx — AE3s W + Eas?, + 4Ess) dx

(26)

where Q is volume of beam, E;; is stiffness of thin-walled composite beam (see [9] for more detail).
The potential energy Il of thin-walled beam subjected to axial compressive load Ny can be

expressed as:
1 [N
HW = —5 fx (V’ZX + Wic)dQ
Q

| L 27
I
- f No (vﬁc W2+ 22,V — 25y Wy + qus?x)dx
0

where A is the cross-sectional area, Ip is polar moment of inertia of the cross-section about the cen-
troid defined by [8, 18]:
Ip=1,+1, (28)
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where 1, and I, are second moment of inertia with respect to y- and z-axis, respectively, given by:

I, = f ZdA (29)
A

I = f y2dA (30)
A

The total potential energy of thin-walled beam is expressed by:

II=T1Ig + Iy
L
1
=5 f (EnUZ = 2E0U Vay = 2E13U (Wi = 4E1aU 5 + Ena V3, + 2E24V ixp e
0
2 2 2 (3 1)
+E33 Vv,xx + 2E34W,xx¢,xx - 4E35W,xx¢,x + E44¢,xx + 4E55¢,x) dx
L
1 2 2 IP 2
- E No V,x + VV,x + ZZpV,x¢,x - 2ypvv,x¢,x + X¢x d x
0
2.4. Ritz solution
By using the Ritz method, the displacement field is approximated by:
m
U = ) ¢ (32)
j=1
m
V) = > @iV, (33)
j=1
m
W) = ) (oW, (34)
j=1
$x) = Y @00, (35)

j=1
where U;, V;, W; and ¢; are unknown and need to be determined; ¢; (x) are approximation functions
[21]. It should be noted that these approximation functions in Table 1 satisfy the various boundary
conditions (BCs) such as simply-supported (S-S), clamped-free (C-F), clamped-simply supported (C-
S) and clamped-clamped (C-C).
By substituting Egs. (32)—(35) into Eq. (31) and using Lagrange’s equations:
oIl
— =0 (36)
5]) j
with p; representing the values of (U.,-, Vi,W;, ¢ j), the buckling behaviours of the thin-walled beam
can be obtained by solving the following equations:
K!! K122 KB KM
TKI2Z K2 KB K2
TKIZ T2 K3 K3
T4 TR T34 g4
38
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Table 1. Approximation functions and essential BCs of thin-walled beams

BC goj_(jf x=0 x=1L
e L
X X
5-S Z(lx_ZZ) V=W=¢=0 V=W=¢=0
C-F (Z) U=V=W=¢=0 Vi=Wi=¢ =0
C-S (5)2(1_5) U=V =W=¢=0, V=W=¢=0
L L Vi=W,=6¢,=0
c-C (5)2(1_5)2 U=V =W=¢=0, U=V =W=¢=0,
L L Vi=W,=6¢,=0 Vi=W,=6¢,=0

where the stiffness matrix K is given by:

L

K,‘Ijl :Ellfsoi,xxﬁoj,xxd)ﬁ Klljz

0

L
K}f =2Es f Gixxpjxdx — Eq4

0
L
23 24
K,'j :E23f‘pi,xx§0j,xxdx> Kij
0

33
K,'j = E33

44
K,'j =Ey

S T~

3. Numerical results

L

L

L

wi,xxﬂoj,xxdx, K,314 =E3 f‘Pi,xx‘pj,xxdx - 2E3s

0

L
‘pi,xxSDj,xxdx —2Eys (Soi,xx‘Pj,x + SDi,XQDj,xx)dx + 4FE55

0

In this section, numerical results are carried
out to determine critical buckling loads of thin-
walled channel beams with various configurations
including boundary conditions, lay-ups. The mate-
rial properties and geometry of thin-walled beams

are given in Table 2 and Fig. 2.

Firstly, in order to verify the present solution,
a simply-supported beam with isotropic channel

section (b;y = by = 14.5cm, by = 30cm, h; =

hy = h3 = 1.0cm, E = 200GPa and G = 80 GPa)

39

0
L

0 0
L

0

L
= _E12f90i,xx‘10j,xxdxe K,1j3 =-E3
0
f
0

=FEy f‘pi,xx@j,xxdx —2Es

L
f¢i,xx90j,xxdxa
0

L

‘pi,xx‘pj,xxdx, Ki2jZ :E22fwi,xxﬁoj,xxdx+N0f80i,x§0j,xd)@

0
L

QDi,xx‘pj,xdx"'NOprQDi,x‘pj,xdx,

0
L

Qi xxpjxdx — Noyp f Pixpjxdx,

!

0

L
Nol,
QDi,xSDj,xdx + T ¢i,x¢j,xdx
0

(38)
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channel beams
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Table 2. Material properties of thin-walled beams

Material (MAT) properties MATI MAT.IL
Ey (GPa) 144 141.9

E, = E3 (GPa) 9.65 9.78

G2 = G153 (GPa) 4.14 6.13
G23 (GPa) 3.45 4.8

Vi2 = Vi3 0.30 0.42

is considered. The critical buckling load is presented in Table 3. It is clear that the present re-
sults are coincided with those obtained from [18]. Another verified example is also performed for
composite beams. The critical buckling load of channel beams (MAT.I, by = b, = b3 = 10cm,
hy = hy = h3 = 1.0cm and L = 20b3) is showed in Table 4 and compared with [13]. Good agreement
is also found. It should be noted that the buckling load for plane strain state (g; = 0) is bigger for
plane stress state (o-s = 0). This phenomenon can be explained by the fact that the plane strain state is
equivalent ignoring Poisson’s effect and causes the beams stiffer.

Table 3. Critical buckling load (kN) of simply-supported beam

Reference
L (m) Note
Present Nguyen et al. [18]
4 1569.64 1552.57 Torsional buckling
6 772.43 772.43 Flexural buckling
8 434.50 434.50 Flexural buckling
Table 4. Critical buckling load (105 N) of thin-walled channel beams
Lay-up
BC Reference
(0°/0°70°/0% (0°/90°/90°/0°)
S-S Present (g, = 0) 2.631 1.603
Present (o5 = 0) 2.617 1.595
Cortinez and Piovan [13] 2.674 1.635
C-F Present (g, = 0) 0.932 0.658
Present (o, = 0) 0.929 0.656
Cortinez and Piovan [13] 0.947 0.670
C-S Present (g5 = 0) 4.979 2.884
Present (o5 = 0) 4.952 2.869
Cortinez and Piovan [13] 5.058 2.941
C-C Present (g5 = 0) 9.364 5.270
Present (o = 0) 9.310 5.240
Cortinez and Piovan [13] 9.503 5.371
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Secondly, the symmetric angle-ply channel beams with the various BCs and lay-ups are consid-
ered. The thickness of flanges and web are of 0.0762 cm, and made of asymmetric laminates that
consist of 6 layers ([r7 — n]5). The critical buckling load of channel beams (MAT.IL, b; = b, = 0.6cm,
b3 = 2.0cm and L = 100b3) is showed in Table 5. It can be observed that the buckling load reduces
as lay-up increases for all BCs. From Table 5, it can be seen that there is a significant difference
between results of plane stress and plane strain state for beams with arbitrary angle. Available litera-
tures indicate that plane stress assumption is more appropriate and widely used for composite beams
[23, 24, 28-30]. Figs. 3(a)-3(f) show first three buckling mode shape of S-S beams with [30/ — 30]5
angle-fly in flanges and web. It can be seen that the buckling mode 1, 2 and 3 are first flexural mode
in y-direction (Mode V), first and second torsional mode (Mode ®) for both plane stress and plane
strain state.

Table 5. Critical buckling load (N) of thin-walled channel beams

Lay-up
BC
[0] [15/-15] [30/-30] [45/—-45] [60/—-60] [75/-75] [90/—-90]
S-S
e =0 28215 24.944 17.172 9.137 4.062 2.222 1.945
o;=0 27871 22.572 10.379 4.180 2.456 2.011 1.921
C-F
g =0 7.054 6.206 4.263 2.269 1.011 0.555 0.486
os=0 6.968 5.618 2.581 1.042 0.614 0.503 0.480
C-S
e =0 57720 50.864 34.951 18.598 8.283 4.543 3.978
os;=0 57018 46.038 21.152 8.532 5.022 4.113 3.930
C-C
gs=0 112.858 99.383 68.257 36.320 16.183 8.881 7.778
os;=0 111.486 89.958 41.322 16.673 9.817 8.043 7.684

Finally, effect of length-to-height ratio on buckling behaviours of the thin-walled composite beams
is investigated. Figs. 4(a) and 4(b) show the critical buckling load of beams (MAT.IL, b, = b, =
0.6cm, b3 = 2.0cm, hy = hy = hz = 0.0762 cm and [45/ — 45]5). It can be seen that the buckling
load reduces as length-to-height ratio increases for all BCs.

4. Conclusions

Ritz method is applied to analyse buckling of thin-walled composite channel beams in this paper.
The theory is based on the classical theory. The governing equations are derived from Lagrange’s
equations. The critical buckling loads of thin-walled composite channel beams with various BCs are
obtained and compared with those of the previous works. The results indicate that:

- The effects of fiber orientation are significant for buckling behaviours of thin-walled chan-
nel beams.

- For thin-walled beams with arbitrary angle, the buckling loads for plane stress and for plane
strain state are significantly different.
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Figure 3. First three buckling mode shape of S-S beams
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Figure 4. Critical buckling load of thin-walled composite channel beams

- The present solution is found to be appropriate and efficient in analysing buckling problems of

thin-walled composite channel beams.

Acknowledgment

This research is funded by Vietnam National Foundation for Science and Technology Develop-

ment (NAFOSTED) under grant number 107.02-2018.312.

References

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
(10]

(11]

Vlasov, V. (1961). Thin-walled elastic beams. Israel program for scientific translations, Jerusalem.
Gijelsvik, A. (1981). The theory of thin walled bars. Krieger Pub Co.

Bauld Jr, N. R., Lih-Shyng, T. (1984). A Vlasov theory for fiber-reinforced beams with thin-walled open
cross sections. International Journal of Solids and Structures, 20(3):277-297.

Gupta, R. K., Venkatesh, A., Rao, K. P. (1985). Finite element analysis of laminated anisotropic thin-
walled open-section beams. Composite Structures, 3(1):19-31.

Bank, L. C., Bednarczyk, P. J. (1988). A beam theory for thin-walled composite beams. Composites
Science and Technology, 32(4):265-2717.

Pandey, M. D., Kabir, M. Z., Sherbourne, A. N. (1995). Flexural-torsional stability of thin-walled com-
posite I-section beams. Composites Engineering, 5(3):321-342.

Sherbourne, A. N., Kabir, M. Z. (1995). Shear strain effects in lateral stability of thin-walled fibrous
composite beams. Journal of Engineering Mechanics, 121(5):640-647.

Lee, J., Kim, S.-E. (2001). Flexural-torsional buckling of thin-walled I-section composites. Computers
& Structures, 79(10):987-995.

Lee, J., Kim, S.-E. (2002). Lateral buckling analysis of thin-walled laminated channel-section beams.
Composite Structures, 56(4):391-399.

Lee, J., Kim, S.-E., Hong, K. (2002). Lateral buckling of I-section composite beams. Engineering Struc-
tures, 24(7):955-964.

Cortinez, V. H., Piovan, M. T. (2002). Vibration and buckling of composite thin-walled beams with shear
deformability. Journal of Sound and Vibration, 258(4):701-723.

43


https://doi.org/10.1016/0020-7683(84)90039-8
https://doi.org/10.1016/0020-7683(84)90039-8
https://doi.org/10.1016/0263-8223(85)90026-1
https://doi.org/10.1016/0263-8223(85)90026-1
https://doi.org/10.1016/0266-3538(88)90065-6
https://doi.org/10.1016/0961-9526(94)00101-e
https://doi.org/10.1016/0961-9526(94)00101-e
https://doi.org/10.1061/(asce)0733-9399(1995)121:5(640)
https://doi.org/10.1061/(asce)0733-9399(1995)121:5(640)
https://doi.org/10.1016/s0045-7949(00)00195-4
https://doi.org/10.1016/s0263-8223(02)00022-3
https://doi.org/10.1016/s0141-0296(02)00016-0
https://doi.org/10.1006/jsvi.2002.5146
https://doi.org/10.1006/jsvi.2002.5146

(12]
(13]

[14]

(15]

[16]

(17]

(18]
(19]
(20]

(21]

[22]
(23]
(24]
[25]
(26]
[27]
(28]

(29]

(30]

Duong, N. N., et al. / Journal of Science and Technology in Civil Engineering

Shan, L., Qiao, P. (2005). Flexural-torsional buckling of fiber-reinforced plastic composite open channel
beams. Composite Structures, 68(2):211-224.

Cortinez, V. H., Piovan, M. T. (2006). Stability of composite thin-walled beams with shear deformability.
Computers & Structures, 84(15-16):978-990.

Kim, N.-I., Shin, D. K., Kim, M.-Y. (2007). Improved flexural-torsional stability analysis of thin-walled
composite beam and exact stiffness matrix. International Journal of Mechanical Sciences, 49(8):950—
969.

Kim, N.-I., Shin, D. K. (2009). Dynamic stiffness matrix for flexural-torsional, lateral buckling and free
vibration analyses of mono-symmetric thin-walled composite beams. International Journal of Structural
Stability and Dynamics, 9(03):411-436.

Vo, T. P, Lee, J. (2009). On sixfold coupled buckling of thin-walled composite beams. Composite
Structures, 90(3):295-303.

Vo, T. P, Lee, J. (2009). Flexural-torsional coupled vibration and buckling of thin-walled open section
composite beams using shear-deformable beam theory. International Journal of Mechanical Sciences, 51
(9-10):631-641.

Nguyen, T.-T., Thang, P. T., Lee, J. (2017). Flexural-torsional stability of thin-walled functionally graded
open-section beams. Thin-Walled Structures, 110:88-96.

Nguyen, T.-T., Thang, P. T., Lee, J. (2017). Lateral buckling analysis of thin-walled functionally graded
open-section beams. Composite Structures, 160:952-963.

Nguyen, T.-T., Lee, J. (2018). Flexural-torsional vibration and buckling of thin-walled bi-directional
functionally graded beams. Composites Part B: Engineering, 154:351-362.

Nguyen, N.-D., Nguyen, T.-K., Vo, T. P., Nguyen, T.-N., Lee, S. (2019). Vibration and buckling behaviours
of thin-walled composite and functionally graded sandwich I-beams. Composites Part B: Engineering,
166:414-427.

Lee, J. (2001). Center of gravity and shear center of thin-walled open-section composite beams. Com-
posite Structures, 52(2):255-260.

Lee, J. (2005). Flexural analysis of thin-walled composite beams using shear-deformable beam theory.
Composite Structures, 70(2):212-222.

Lee, J., Lee, S.-h. (2004). Flexural-torsional behavior of thin-walled composite beams. Thin-Walled
Structures, 42(9):1293-1305.

Nguyen, T.-T., Kim, N.-I., Lee, J. (2016). Analysis of thin-walled open-section beams with functionally
graded materials. Composite Structures, 138:75-83.

Nguyen, T.-T., Kim, N.-L., Lee, J. (2016). Free vibration of thin-walled functionally graded open-section
beams. Composites Part B: Engineering, 95:105-116.

Lee, J., Kim, S.-E. (2002). Free vibration of thin-walled composite beams with I-shaped cross-sections.
Composite Structures, 55(2):205-215.

Sheikh, A. H., Asadi, A., Thomsen, O. T. (2015). Vibration of thin-walled laminated composite beams
having open and closed sections. Composite Structures, 134:209-215.

Nguyen, N.-D., Nguyen, T.-K., Vo, T. P., Thai, H.-T. (2018). Ritz-based analytical solutions for bend-
ing, buckling and vibration behavior of laminated composite beams. International Journal of Structural
Stability and Dynamics, 18(11):1850130.

Li, J., Huo, Q., Li, X., Kong, X., Wu, W. (2014). Vibration analyses of laminated composite beams
using refined higher-order shear deformation theory. International Journal of Mechanics and Materials
in Design, 10(1):43-52.

44


https://doi.org/10.1016/j.compstruct.2004.03.015
https://doi.org/10.1016/j.compstruct.2004.03.015
https://doi.org/10.1016/j.compstruc.2006.02.017
https://doi.org/10.1016/j.ijmecsci.2007.01.007
https://doi.org/10.1016/j.ijmecsci.2007.01.007
https://doi.org/10.1142/s0219455409003107
https://doi.org/10.1142/s0219455409003107
https://doi.org/10.1016/j.compstruct.2009.03.008
https://doi.org/10.1016/j.ijmecsci.2009.05.001
https://doi.org/10.1016/j.ijmecsci.2009.05.001
https://doi.org/10.1016/j.tws.2016.09.021
https://doi.org/10.1016/j.tws.2016.09.021
https://doi.org/10.1016/j.compstruct.2016.10.017
https://doi.org/10.1016/j.compstruct.2016.10.017
https://doi.org/10.1016/j.compositesb.2018.08.069
https://doi.org/10.1016/j.compositesb.2018.08.069
https://doi.org/10.1016/j.compositesb.2019.02.033
https://doi.org/10.1016/j.compositesb.2019.02.033
https://doi.org/10.1016/s0263-8223(00)00177-x
https://doi.org/10.1016/j.compstruct.2004.08.023
https://doi.org/10.1016/j.tws.2004.03.015
https://doi.org/10.1016/j.compstruct.2015.11.052
https://doi.org/10.1016/j.compstruct.2015.11.052
https://doi.org/10.1016/j.compositesb.2016.03.057
https://doi.org/10.1016/j.compositesb.2016.03.057
https://doi.org/10.1016/s0263-8223(01)00150-7
https://doi.org/10.1016/j.compstruct.2015.08.025
https://doi.org/10.1016/j.compstruct.2015.08.025
https://doi.org/10.1142/s0219455418501304
https://doi.org/10.1142/s0219455418501304

	Introduction
	Theoretical formulation
	Constitutive relations
	Kinematics
	Variational formulation
	Ritz solution

	Numerical results
	Conclusions

