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Abstract

In this paper, the effects of wind velocity according to height above the ground on the rain-wind induced
vibration (RWIV) of stay cables are investigated. RWIV of the cable is modeled using the linear theory of cable
vibration and the central difference algorithm. The wind speed profile according to height above the ground,
which affects both aerodynamic forces acting on the cable and the oscillation of the rivulet on the cable surface,
is taken into account in the theoretical formulation. The fourth-order method Runge-Kutta is used for solving
the system of differential equation of the cable oscillation. The proposed 3D model of the stay cable is then used
to assess the effects of wind velocity distribution on cable RWIV. The results obtained in this study showed that
in most current cable-stayed bridges, in which the height of pylons is lower than 200 m, the change of wind
velocity according to the height above the ground should be included in RWIV analyses.
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1. Introduction

Owing to the rapid development of construction technologies and new advanced materials, more
and more bridges with super long-span and slimmer shape have been built throughout the world.
However, the longer and slimmer the bridges are, the more difficulties we have to face in analysis and
design, especially aerodynamic effects such as buffeting, vortex, flutter and turbulence (refers Refs.
[1–4], among others). In among many components of a cable-stayed bridge, stay cables with a very
long length and a small cross-sectional area have low damping factors and a wide range of natural
frequencies. Hence, they are very sensitive with aerodynamic effects. Rain-wind induced vibration
(RWIV), first observed by Hikami and Shiraishi [5], is one of the critical aerodynamic phenomena of
stay cables that has a significant attention of researchers.

RWIV is a large amplitude and low frequency vibration of cables in cable-stayed bridges under
the effects of wind and rain [6]. Hikami and Shiraishi mentioned in [5] that this phenomenon might
not be explained by using vortex-induced oscillations or a wake galloping because the frequency of
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a RWIV vibration is lower than the critical one of the vortex-induced vibrations, and the distances
between cables are too large to a wake galloping phenomenon can occur. After the work of Hikami
and Shiraishi, a series of laboratory experiments and wind tunnel tests (Matsumoto et al. [7], Flamand
[8], Gu and Du [9], Gu [10], Gao et al. [11], Jing et al. [12], Du et al. [13], Jing et al. [14], etc.) were
conducted to find the cause of this phenomenon. The results of these studies proved that the formation
of the upper rivulet on cable surface under a normal wind speed and low or moderate rainfall, which
can oscillate with lower modes, was the basic RWIV characteristic. The vibration amplitude of RWIV
was also discovered by Wu et al. [15] to depend on the cable surface material, cable inclination direc-
tion, and wind angle. Cosentino et al. [16], Macdonald and Larose [17], Flamand and Boujard [18],
Zuo and Jones [19] found out that the RWIV phenomenon is related to Reynolds number effects, and
there are some similarities between the mechanisms of the RWIV and the dry galloping phenomenon
of cables. Recently, Du et al. [20] discovered that the significant change of aerodynamic forces acting
on the cable and the rivulet when the upper rivulet located at different positions may be the excitation
mechanics of the RWIV.

To look into the nature of this phenomenon, lots of theoretical models explaining it have been
developed. 2D models were first developed to study the behaviors of RWIV of the stay cables such
as the two-degree-of-freedom theory (2-DOF) proposed by Yamaguchi [21], the single-degree-of-
freedom (SDOF) model developed by Xu and Wang [22], Wilde and Witkowski [23], and Hung
and Viet [24]. In the 2D models, the upper rivulet is assumed to have the same frequency with the
cable’s. When the rivulet oscillates on the cable surface, the relative mean velocity and angle of
the wind to the cable are changed continuously. The drag and lift aerodynamic forces therefore are
constantly changed. In some specific terms of wind speed and upper rivulet position on the cable
surface, the aerodynamic damping is negative that leads to a great amplitude of the cable vibration.
In addition, Lemaitre et al. [25] modelled the rivulet formation by using the lubrication theory to
investigate the variation of water films around the cables. Thereafter, Bi et al. [26] combined vibration
and lubrication theories to develop a 2D coupled equations model of water film evolution and cable
oscillation. Jing et al. [27] used the boundary layer state to develop a theoretical 2D cable model.
Recently, a 3D model of cable has been used in the investigation of RWIV but the number of studies
is still limited. Some interesting works can be listed here are Gu [10], Li et al. [28–30], Liu et al.
[31], etc. In all aforementioned studies, the authors considered the wind impacting on the cable with
a constant speed. Obviously, this assumption is inconsistent with the fact that wind speed increases
with increasing height above the ground. With different wind speed, the unstable balance position of
the rivulet on the cable surface is changed. This leads to the change of aerodynamic forces acting
on the cable, and then the cable RWIV is not the same with the case where wind speed is constant.
Therefore, the results of the above researches may not match the reality.

In this study, the influences of wind velocity according to height above the ground on the RWIV of
stay cables are investigated. To achieve this goal, a 3D model for RWIV of stay cables of cable-stayed
bridges is developed first using the linear theory of cable vibration [32] and the central difference
algorithm. The aerodynamic force functions proposed by Hung and Viet [24] are employed to estimate
the aerodynamic forces acting on cable elements. The change of wind velocity, inclination angle of the
cable, and the initial position of rivulet according to the cable height, which affect both aerodynamic
forces and the rivulet vibration, is taken into account in the theoretical formulation. The developed
model of the cable is then used to investigate the influences of the wind velocity distribution according
to height above the ground.
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2. 3D model for analysis of RWIV of inclined cables

In this section, a 3D model of an inclined cable with two fixed points is developed using the linear
theory of cable vibration [32] and the central difference algorithm. The mean wind velocity profile
is taken into account in the theoretical formulation. The aerodynamic forces acting on the cable are
obtained by using the equations proposed by Hung and Viet [24] but the effects of the cable height are
considered since the wind velocities, inclination angle, and the initial position of rivulet are changed
according to the cable height.

2.1. Theoretical formulation

 

 

 

Fig. 1. Model of 3 – D continuous cable 

 

Fig. 2. Equilibrium of a cable element 
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where H   and H   are the horizontal components of cable tension and 

Figure 1. Model of 3 - D continuous cable

Fig. 1 is a schematic diagram of a 3D continuous cable under RWIV. The equations governing the
motions of a 3D continuous cable in the in-plane motion can be written as

∂

∂s

[
(T + ∆T )

(
dx
ds

+
∂u
∂s

)]
+ Fx(y, t) = m

∂2u
∂t2 + c

∂u
∂t

(1a)

∂

∂s

[
(T + ∆T )

(
dy
ds

+
∂v
∂s

)]
+ Fy(y, t) = m

∂2v
∂t2 + c

∂ν

∂t
− mg (1b)

where u and v are the longitudinal and vertical components of the in-plane motion, respectively; T
and ∆T are the tension and additional tension generated, respectively; m and c are the mass per unit
length and damping coefficient of the cable, respectively; Fx(y, t) and Fy(y, t) are wind pressure on
the cable according to the x and y axes, respectively; and g is the gravitational acceleration.

In Fig. 2, vertical and horizontal equilibriums of the isolated element of the cable located at (x, y)
require that

d
ds

(
T

dy
ds

)
= −mg (2a)

T
dx
ds

= H (2b)

∆H = ∆T
dx
ds

(2c)
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∂

∂s
=

1√
1 + y2

x

∂

∂x
(2d)

V + ∆V =
∂ (M + ∆M)

∂s
≈ −EI

(
d3y
ds3 +

d3ν

ds3

)
≈ −EI

d3v
ds3 (2e)

where H and ∆H are the horizontal components of cable tension and additional tension, respectively;
V and ∆V are the vertical components of cable tension and additional tension, respectively; yx is

the first derivative of the cable equation at the initial position. In Eq. (2e),
d3y
ds3 is eliminated owing

to the assumption of the cable shape function as a quadratic equation of the horizontal coordinate
(presented later).

Tác giả Vũ Quang Việt: đổi địa chỉ từ Ngo Quyen district thành Le Chan 
district 

Trang số  8, Eq. (10) (chỗ bôi vàng) đổi thành Eq. (23) 

 

 

Hình 2 

 

 

 

Hình 3 

 

 

Figure 2. Equilibrium of a cable element

Substituting Eq. (2) into Eq. (1) and neglecting the terms of the second order, the equations of
motion are written as follows:

1√
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x

∂
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[
(H + ∆H)

(
1 +

∂u
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)]
+ Fx(y, t) = m
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(3a)
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]
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Besides that, by applying Hooke’s law and neglecting the second order, we have:

∆H
(

ds
dx

)3

EA
=

du
dx

+
dy
dx

dv
dx

(4)

where E and A are the elastic modulus and cross-sectional area of cable, respectively.
Substituting Eq. (2d) into Eq. (4), we obtain:

∆H =
EA(

1 + y2
x

)3/2

(
∂u
∂x

+ yx
∂v
∂x

)
(5)
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Substituting Eq. (5) into Eq. (3), the motion of the cable can be written as

a1
∂2u
∂x2 + a2

∂2v
∂x2 + a3

∂u
∂x

+ a4
∂v
∂x

+ Fx(y, t) = m
∂2u
∂t2 + c

∂u
∂t

(6a)

a5
∂2v
∂x2 + a2

∂2u
∂x2 + a6

∂v
∂x

+ a4
∂u
∂x

+ Fy(y, t) = m
∂2v
∂t2 + c

∂v
∂t

(6b)

where a1, a2, a3, a4, a5, and a6 are given in Appendix A.

2.2. Discretization of differential equations

Tác giả Vũ Quang Việt: đổi địa chỉ từ Ngo Quyen district thành Le Chan 
district 

Trang số  8, Eq. (10) (chỗ bôi vàng) đổi thành Eq. (23) 
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Figure 3. Model of dividing nodes on the cable

To solve Eqs. (6a) and (6b), the cable will be divided into N parts so that the horizontal length of
one part is lh with lh = L/N as presented in Fig. 3. Using the central difference algorithm for points i

from 2 to N − 2, the components
∂2u
∂x2 and

∂2v
∂x2 are estimated as

∂2u (xi)
∂x2 =

1
l2h

(ui−1 − 2ui + ui+1) , (7a)

∂2v
∂x2 =

1
l2h

(vi−1 − 2vi + vi+1) . (7b)

At point 1 and point N − 1,
∂2u
∂x2 and

∂2v
∂x2 are calculated as follows:

∂2u (x1)
dx2 =

1
l2h

(−2u1 + u2) ,
∂2v (x1)

dx2 =
1
l2h

(−2v1 + v2) , (8)

∂2u (xn−1)
dx2 =

1
l2h

(un−2 − 2un−1)
∂2v (xn−1)

dx2 =
1
l2h

(vn−2 − 2vn−1)

The initial conditions are:
u0 = v0 = uN = vN = 0 (9)

Substituting Eqs. (8) and (9) into Eq. (7), the discrete equations of motion can be written as follows:

[M]
d2 {u}

dt2 + [C]
d {u}

dt
+ [K] {u} = {F} (10)
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where [K], [M], and [C] are the stiffness, mass, and damping matrices, respectively, given in Ap-
pendix A; {u} is the displacement vector with {u} = [u1, v1, . . . , ui, vi, . . . , uN−1, vN−1]T ; and {F} is the
force vector with {F} =

[
Fx (y1, t) , Fy (y1, t) , . . . , Fx (yN−1, t) , Fy (yN−1, t)

]T
.

The forces Fx (yi, t) and Fy (yi, t) can be calculated as

Fx(yi, t) = Faerodynamic (i) × sin (α (i)) (11a)

Fy(yi, t) = −Faerodynamic (i) × cos (α (i)) (11b)

where α (i) is the inclination angle at point i and Faerodynamic (i) is the aerodynamic force on the cable
per unit length in the localy-axis of the cable cross-section at point i. Faerodynamic (i) is calculated as

Faerodynamic (i) =
U2

rel (yi, t) Dρ

2
(
CL (φe (i)) cos

(
φ∗ (i)

)
+ CD (φe (i)) sin

(
φ∗ (i)

))
(12)

where D is the diameter of the cable; ρ is the density of the air; Urel (yi, t) is the relative velocity of
mean wind to the cable with moving rivulet at point i; φe (i) is the angle between the relative velocity
Urel (yi, t) and the horizontal axis; CD, CL are the drag and lift coefficients, respectively; Angle φe is
computed by the following formula:

φe (i) = φ∗ (i) − θ (i) − θ0 (i) (13)

where θ0 (i) and θ (i) are the unstable balance angle and the angle oscillation of the rivulet at point i.
The aerodynamic force Faerodynamic (i) can be calculated by using the following equation proposed

by Truong and Vu [24]:
Faerodynamic (i) = Fdamp (i) · ẏ + Fexc (i) (14)

in which y is the vertical direction in the cross-section of the cable; and:

Fdamp =
Dρ
2

(
S 1 + S 2 sin (ωt) + S 3 sin (2ωt) + S 4 sin (3ωt) + S 5 sin (4ωt) +

S 6 cos (ωt) + S 7 cos (2ωt) + S 8 cos (3ωt)

)
(15)

Fexc =
Dρ
2

(
X1 + X2 sin (ωt) + X3 sin (2ωt) + X4 sin (3ωt) + X5 sin (4ωt) +

X6 cos (ωt) + X7 cos (2ωt) + X8 cos (3ωt) + X9 cos (5ωt)

)
(16)

where D and ω are the diameter and frequency of the cable; ρ is the density of the air; and, S i and Xi

are the parameters which can be found in [24]. In summation, the aerodynamic forces acting on the
cable element ith are written as

Fdamp (i) = Fdamp (U (i) , γ0 (i) , α (i) , θ0 (i) , am (i) , t) (17a)

Fexc (i) = Fexc (U (i) , γ0 (i) , α (i) , θ0 (i) , am (i) , t) (17b)

As can be seen in Eq. (13), aerodynamic forces include two components Fexc and Fdamp, in which
Fdamp continuously changes the damping ratio of oscillation. Thus, the damping matrix [C] and force
vector {F} in Eq. (10) are rewritten as

[DAMP] = [C] +
[
Fdamp

]
(18)

{F} = {Fexc} (19)

where
[
Fdamp

]
and {Fexc} are given in Appendix A. Now, Eq. (10) is rewritten as

[M]
d2 {u}

dt2 + [DAMP]
d {u}

dt
+ [K] {u} = {Fexc} (20)
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2.3. Wind velocity function according to height above the ground

As presented in Eqs. (17), the aerodynamic forces acting on the cable element ith are dependent
on the wind velocity at the height of point i that is well-known to increase when the height above
the ground increases. Wind velocity function according to height above the ground can be calculate
as follows:

U0(y1, t)
U0(y2, t)

=

(
y1

y2

)n

(21)

where U0(y1, t) and U0(y2, t) are wind velocities at the heights y1 and y2, respectively; n is an em-
pirically derived coefficient that is dependent on the stability of the atmosphere. For neutral stability
conditions, n is approximately 1/7, or 0.143. Therefore, n is assumed to be equal to 0.143 in this study.

2.4. Unstable balance angle and aerodynamic forces

Unstable balance angle θ0 of the rivulet on the cable surface can be found by using the unstable
motion of the cable as [29]

∆ =
A
B

[
2ζ + ε

1
πµr

(CD (θ)) +
∂CL (θ, θ0)

∂θ

]
+ ε

1
πµ2

r

∂CL (θ, θ0)
∂θ

< 0 (22)

where A/B is the amplitude ratio of the cable and rivulet; ζ is the damping ratio of the cable system;
µr = Rω/U; ε = πR2ρ/m.

Notes that, A/B is difficult to precisely predict, thus the criteria for the two limit conditions are
assumed as follows:

(a) When A/B → ∞ or B → 0, Eq. (22) corresponds to the galloping of the cable. Unstable
balance angle can be found from the following equation:

2ζ + ε
1
πµr

(CD (θ)) +
∂CL (θ, θ0)

∂θ
< 0 (23)

(b) When A/B → 0, this means that the nondimensional amplitude of the cable is much smaller
than that of the rivulet. Eq. (18) is rewritten as follows:

∂CL (θ, θ0)
∂θ

< 0 (24)

Obviously from Eq. (22), the unstable balance angle θ0 depends on A/B, so it is difficult to calcu-
late by using numerical analyses. To overcome this problem, in this study the experiment results given
in [10] and [16] are used to determine the unstable balance angle θ0 and the lift and drag coefficients
of the cable.

Fig. 4 provided in [23] shows the relationship between the unstable balance angle θ0 and the
amplitude am of rivulet according to wind velocity. As presented in this figure, RWIV only occurs
when wind velocity is in the range (6.5 m/s, 12.5 m/s). The function of θ0 and am can be fitted from
this figure as follows:

θ0 = 0.0525U3
0 − 1.75U2

0 + 14.72U0 + 24.938 for 6.5 < U0 < 12.5 (m/s) (25)

am = −1.9455U4
0 + 60.543U3

0 − 699.05U2
0 + 3557U0 − 6738.4 for 6.5 < U0 ≤ 9.5 (m/s) (26a)

am = −2.1667U4
0 + 97.167U3

0 − 1626.2U2
0 + 12028U0 − 33137 for 9.5 < U0 < 12.5 (m/s) (26b)

am = 0 for U0 ≤ 6.5 or 12.5 ≤ U0 (26c)
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Figure 4. Initial rivulet vs. wind velocity

2.5. Inclination angle of the cable

The function of cable shape is assumed as a quadratic equation of the horizontal coordinate as
follows:

y = −
mg
2H

sec (α) x2 +
mgL
2H

sec (α) x + tan (α) x (27)

The matrix of inclination angle {α} has are defined as

tan (α (i)) =
mg
H

sec (α) x (i) (28)

The matrix of the effective wind speed {U} and the wind angle effect {γ0} in the cable plane are
defined as

U (i) = U0 (i)
√

cos2 β + sin2 α (i) sin2 β (29)

where {U0} is the matrix of initial wind velocity calculated from Eq. (23), and

γ0 (i) = sin−1

 sinα (i) sin β√
cos2 β + sin2 α (i) sin2 β

 (30)

2.6. Nonlinear solution procedure

Eq. (20) is a system of second-order differential equations. Among the several numerical meth-
ods, the fourth-order method Runge-Kutta appears to be one of the most effective methods for solving
nonlinear problems, especially for a system of differential equation. Fig. 5 presents the basic process
of a numerical solution for a system of second-order differential equations of the 3D wind-rain in-
duced cable vibration. Firstly, the matrix of initial parameters {U0}, {α}, {U}, {γ0}, {am}, and {θ0} are
calculated by using Eqs. (21), (27), (29), (30), (26), and (25), respectively. Secondly, the matrices
[M], [K], and [C] are obtained by using Eqs. (A.7), (A.8), and (A.9). Lastly, the fourth-order method
Runge-Kutta is used to solve the differential equation of Eq. (20).
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Figure 5. Flowchart of numerical calculation

3. Case studies

In this section, the surveyed cable has the following properties: the length Lcab = 330.4 m, mass
per unit length m = 81.167 kg/m, diameter D = 0.114 m, first natural frequency f = 0.42 Hz, and
structural damping ratio ξs = 0.1%. RWIV appears in the range of wind velocity from 6.5 m/s to
12.5 m/s, and the maximum amplitude peaks at 9.5 m/s. Eq. (20) is solved with the initial conditions
of y0 = 0.001 m and ẏ0 = 0. The inclination and the yaw angles are assumed to be 27.8◦ and 35◦,
respectively. The drag and lift coefficients CD and CL are fitted according to the actual angle between
the wind acting on cable and the rivulet, φe, as the following equation by using Fig. 6 which is given
in [20]:

CD = −1.6082φ3
e − 2.4429φ2

e − 0.5065φe + 0.9338 (31a)

CL = 1.3532φ3
e + 1.8524φ2

e + 0.1829φe − 0.0073 (31b)

To consider the impact of the change of wind velocity, seven cases will be discussed. The first
case is that wind velocity is constant and equals 9.5 m/s. The remaining six cases are different wind
velocity distributions on the cable corresponding to the different cable heights of 1000 m, 500 m,
300 m, 250 m, 200 m, and 170 m. The range of wind velocities is chosen so that wind velocity at the
midpoint of the cable is 9.5 m/s.

Fig. 7 presents the cable responses at t = 799.7 (s), showing a maximum cable amplitude at the
midpoint. The results are compared with other numerical ones provided in [10] and [28] in Table 1.
Note that there are no significant differences between the present results and those of Gu [10] and
Li et al. [28], except in the 2D model result. Clearly, the 2D cable model does not consider the cable
tension and stiffness, so the results obtained are smaller than those obtained by the 3D model.
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Hình 8 

 

Figure 6. Wind force coefficients for cable with rivulet (α = 30◦, β = 35◦)

 

 

 

Fig. 7. Cable responses with different range of wind speed 

 

Fig. 8. Cable amplitude according to cable damping ratio 

 Next, the cable with varied wind velocity according to height is discussed 

with different cable damping ratios. The cable damping ratio changes from 0.01% 

to 5%, and the results are compared with those of Li et al. [28] and Li et al. [29]. 

Fig. 8 shows the relationship between maximum cable amplitude and cable 
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Figure 7. Cable responses with different range of wind speed

Further, the influence of a range of wind velocity on RWIV is obtained. It can be seen in Fig. 7
and Table 1, when the upper cable support is higher, the cable amplitude is larger. When the cable
supports are higher than 300 m, the difference of maximum cable amplitudes is not significant (below
3%). When the height of upper cable supports is smaller than 200 m, the difference of maximum cable
amplitudes is from 7.08% to 11.64% that cannot be neglected in analysis. According to Gimsing and
Georgakis [33], the ratio of the optimum height from the bridge desk to upper cable support to the
main span length of a cable-stayed bridge is about 0.17. Since most current cable-stayed bridges have
the main span length smaller than 600 m, the distance from the bridge desk to upper cable support is
smaller than 100 m, and the height of upper cable support is lower than 200 m. In this case, calculation
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of RWIV should include the change of wind velocity according to height above the ground.

Table 1. Comparison of maximum cable displacement responses

Feature
Range of

wind velocity
(m/s)

Maximum cable
displacement

(cm)

Deviation
from Gu’s
result (%)

Deviation
from present
Case 1 (%)

Present

Constant wind velocity 9.5 33.26 0.77 -
Upper cable end: 1000 m 9.38–9.6 33.09 0.26 −0.51
Upper cable end: 500 m 9.22–9.7 32.85 −0.44 −1.21
Upper cable end: 300 m 8.92–9.85 32.27 −2.20 −2.96
Upper cable end: 250 m 8.71–9.925 31.79 −3.66 −4.40
Upper cable end: 200 m 8.26–10.06 30.90 −6.36 −7.08
Upper cable end: 170 m 7.64–10.322 29.39 −10.95 −11.64

Present 2-D model 9.5 25.80 −21.82 −22.42

Gu, [9] Varied wind velocity 6.9–8.3 33 - −0.77

Li, [29] Constant wind velocity 11 28 −15.15 −15.80

 

Hình 6 
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Figure 8. Cable amplitude according to cable damping ratio

Next, the cable with varied wind velocity according to height is discussed with different cable
damping ratios. The cable damping ratio changes from 0.01% to 5%, and the results are compared
with those of Li et al. [28, 29]. Fig. 8 shows the relationship between maximum cable amplitude and
cable damping ratio. Clearly, cable amplitude increases when the cable damping ratio decreases and
vice versa. However, when the cable damping ratio is greater than 0.5% the cable amplitude reduces
slowly, and when the cable damping ratio is smaller than 0.5% it increases rapidly. These results are
similar to those of Li et al. [28, 29].
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4. Conclusions

The following points can be summarized from the present study:
- A 3D model for analysis of RWIV of inclined cables using the linear theory of cable vibration

and the central difference algorithm is successfully developed that can consider the change of wind
speed according to height above the ground.

- When the height of upper cable supports is smaller than 200 m, the difference of maximum cable
amplitudes between the RWIV models considering and not considering the change of wind velocity
according to height above the ground is from 7.08% to 11.64%. Most current cable-stayed bridges
have the main span length smaller than 600m, so the height of their upper cable supports is lower
than 200 m. Therefore, calculation of RWIV should include the change of wind velocity according to
height above the ground.

- When the height of upper cable support is above 300 m, the effect of wind velocity change
according to height can be neglected since the difference of maximum cable amplitudes between the
RWIV models considering and not considering the change of wind velocity according to height above
the ground is smaller than 3%.

- The amplitude of cable RWIV reduces slowly when the cable damping ratio is higher than 0.5%,
but it increases rapidly when the cable damping ratio is lower than 0.5%.
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[M] = m [I] , where [I] is the unit matrix (A.7)

[C] = c [I] (A.8)

[K] = −



[B1] [C1]
[A2] [B2] [C2]

....... .......

[Ai] [Bi]
.......

[Ci]
.......

[AN−2] [BN−2] [CN−2]
[AN−1] [BN−1]


(A.9)

[Ai] =


a1(i)

l2h
−

a3(i)
2lh
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l2h
−
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2lh
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l2h
−
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2lh

a5(i)
l2h
−

a6(i)
2lh

 (A.10)

[Bi] =


−

2a1(i)
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−
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l2h
−

2a2(i)
l2h

−
2a5(i)

l2h
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[Ci] =


a1(i)

l2h
+

a3(i)
2lh

a2(i)
l2h

+
a4(i)
2lh

a2(i)
l2h

+
a4(i)
2lh

a5(i)
l2h

+
a6(i)
2lh

 (A.12)

[
Fdamp

]
=


Fx,damp (y1, t)

Fy,damp (y1, t)
.........

Fx,damp (yN−1, t)
Fy,damp (yN−1, t)


(A.13)

{Fexc} =
[
Fx,exc(y1, t), Fy,exc(y1, t), . . . , Fx,exc(yN−1, t), Fy,exc(yN−1, t)

]T
(A.14)
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